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PREFACE TO PART L 


TN the following work I have aimed at writing a 

working text-book on Statics for tK3 use of Junior 
Students. 

Throughout th<i bool^will be found a large number 
of examples; most of them, with the exception of 
many of those at the end of the Chapter on Friction 
and the Miscellaneous Examples at the end of the 
volume, arc of a.i easy type. 

I have tried to make the book com^'^letc as far as 
it goes; it is suggested, however, that the student 
should, on the first reading of the subject, omit every- 
thing marked with an asterisk. 

I must express my obligations to my fn-.n.l 
Mr H. C. Robson, M.A., Fellow and Lecturer of 
Sidney Sussex College, Cambridge, for his kindness 
in reading through the proof-sheets, and for many 
suggestions that he has made to me. 

Any corrections of errora, or hints lor improvement 
will be thankfully received. 

S. L. LONEY. 

Barnes, S.W. 

Decef}}hery 1890 . 



PREFACE TO TElSTIJ EDITION 

T he book has been some«fhaf altered, and 1 liopo 
improved, for this edition, and the type entirely 
re-set. Graphic solutions have been introduced much 
earlier, and moijp use has been*made of graphic methorls 
throughout ^e book. More expcrijnental work has also 
been introduced. • t 

The chapter on Work hat been placed earlier, and 
jpuch greater stress has been IdSd upon the Principle of 
Work. 

Sundry somewhat long analytical proofs have been 
relegated to tb'^last chapter, and ^cre I have not 
scrupled to ^ftroduce alternative proofs involving the 
use oj the Differential Calcuh^s. 

For ten of the new figures in this book I am much 
indebted to the kindness and courtesy of Dr K. T. 
Glazebrook, who allowed me to use the blocks prepared 
for l^s Statics. Most of these figures have the additional 
merit of having been drawn from actual apparatus in 
use at the Cavendish Laboratory at Cambridge. 

S. L. LONEY. 


UovAii Holloway Colleois 

Enolbfield Greek, Subaey. 
Jahj 23rd, 1906. 
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STATICS. 


OlIAPTEK I. 

H 

1NTR()DU(T1C)N. 

1. A Body ia a portion of matter limited in every 
direction. 

2« Porce is anything which changes, or tends to 
change, the state of rest, or uniform motion, of a t>ody. 

3. Rest. A bcKly is .said to 1x3 at rest when it does 
not cliango its position with respect to surrounding objects. 

4. Statics is tlic science which treats of the aci'iion 
of forces on bodies, the forc^es being so arranged that the 
bodies are at rest. 

The science which tieats of the action of force on Ixxiies 
in motion is called Dynamics. 

In the more modern systenn of noiuenclalure \\hieh is gradually 
gaining general acceptance, the science whicli treats of the action of 
force on bodies is called Pynamics, and it has two subdivisions, 
Statics and Kinetics, treating of the action of forces on .bodies which 
are at rest and in motion respectively. 

5. A Particle is a portion of matter which is in- 
definitely small in size, or which, for the purpose of our 
investigations, is so small that the drstaiices between its 
different parts may bo neglected. 


L. 8. 


1 
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STATICS 


A' body may be regardedjas an indefinitely large number 
of indefinitely small portions, or ^ a ^conglomeration of 
particles. ‘ 

6. A Rigid Body is a body whose parts always 
preserve an invariable position with respect to one another. 

This conception, like that oi a particle, is idealistic. 
In nature no bfcdy is perfectly rigid. Every body yields, 
perhaps only very slightly, if force «be applied to it. If a 
rod, made of wood, have one end firilily fixed and the other 
end be pulled, the wood stretches slightly ; if the rod be 
“taade of iron the deformation is very much less. 

To simplify our enquiry we shall assume that all the 
bodies with which we have to deal are perfectly rigid. 

7. Eqi^l Forces. Two forces are said to be equal 
when, if they act on a particle in opposite directions, the 
particle remains at rest. 

8. Mass. The mass of a Ixxly is the quantity of 
matter in the body. The vinit of mass used in England is 
a i^ound and is defined to bo the mass of a certain piece of 
platinum kept in the Exchequer Office. 

Hence the mass of a body is two, three, four... lbs., 
when it contains two, three, four... times as much i!»atter 
os the standard lump of platinum. 

In France, and other foreign countries, the theoretical 
unit of mass used Is a gramme, which is equal to about 
15*432 grains. The practical unit is a kilogramme (1000 
grammes), which is equal to about 2*2046 lbs. 

9. Weight. The idea of weight is one with which 
everyone is familiar. Wo all know that a certain amount 
of exertion is rcquh*ed to prevent any body from falling to 
the ground. The ^rth attracts every body to itself with 
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a force whicli, as we 8e4 in Dynamics, is proportional 

to the mass of tli# body. 

The force with wliich the earth attracts any body to 
itself is called the weiglit of the body. 

10 . Measurement of Force. We shall choose, as our 
unit of force in Statics, the weight of ono^ound. The unit 
of force is therefore equal to the force which would just 
support a mass of one pound when hanging freely. 

Wo shall find in .Dyrxtimics that the weight of one 
pound is not quite the ^ame at ditierent points of tl|^ 
earth^s surface. 

In Statics, howtwer, we shall not have to compare forces 
at different points o^ the earth’s surface, sc^hat this variation 
in the weight of a pound is of no practical%jportancc ; w’e 
shall therefore neglect this variation and assume the weight 
of a pound to b<^ constant. 

11 . In practice the expression “ weight of one pound ” 
is, in Statics, often shortened into “one pound.'’ Tlif 
student will therefore undei’stand that “a force of lOfbs.” 
means “a force equal to the weight of 10 lbs.” 

12 . Forces represented hy straight lines. A force will 
be completely known when wo know (i) its nK\gnitude, 
(ii) its direction, and (iii) its point of application, i.e. the 
point of the body at which tlio force afts. 

Hence we can conveniently represent a force by a 
straight line drawn through its point of application; for 
a straight line has both magnitude and direction. 

Thus suppose a straight line OA represents a force, 
equal to 10 lbs. weight, acting at a ^>oint 0. A force of 
5 lbs. weight acting in the same direcjioi^ would be repre- 
sented by OB, where B bisects the distance OA, whilst a 

1—2 
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force, equal to 20 lbs. ^veigIl(|^ would-be represcjutecl by OG, 
whore OA is produced till AG equals OA.^ 




All arrowhead is often used ho denote the diroetiou iu 
which a force acts. ^ 

13 . Suhdivisioiis of Force, * There are throe diflbrent 
fomis under which a force may appear when applied to a 
mass, viz, as (i) an attraction, (ii) a tension, and (iii) a 
reaction. 


Mractwn, 


14 . Ati'faction, An attraction is a force exerted by 
one Body on another without tlio intervention of any 
visible instrument and without the bodies being necessarily 
in contact. The only example we shall have in this book 
is the attraction which the earth has for every body ; this 
attiaction is (Art. 9) called its weight. 

15 . Tension. If we tie one end of a string to any 
point of a body and pull at the other end of the string, we 
exert a force on the body ; such a force, exerhjd by means 
of a string or rod, is called a texiBion. 

If the string bo* light \i.e. one whose weight is so small 
that it may be neglected] tlie force exerted by the string is 
the same throughout its length. 

For example, if a weight W be 
supported by means of a light 
string passing oyer the smooth 
edge of a table it is found that the 
same force mustllie applied to the 


B, 


q: 


w 
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siring "whatever l)e th<? point, ll, li, or (7 of the siring at 
which the force ia^applied. 

Now the force at ^ Required to support the weight 
is the same in each case : hence it is clear that the effect 
at A is the same whatever bo the point of the strings to 
which the tension is applied and that the tension of the 
string is therefore the same throughout ^ts lengtlL 

Again, if the weTghi# W be sup- 
ported by a light string pasisi ng round 
a smooth peg A, it is fo’ind that the 
same force must Ixj exerted at the other A 
end of the string whatever Ik 3 the 
direction (AB, AG^ or AD) in which 
the string is pulled and that this force 
is equal to tho weight W. 

[These forces may l)o measured by attitching tl?e free 
end of the string to a spring-balance.] 

Hence the tension of a Injht string 2 ^nssing rouml a 
smooth peg is the same throiMjhout its length. 

If two or more strings be knotted fogetlier tho tensions 
arc not necessarily tho same in each string. 

The stiulcnt must, carefully notice that the tension of a r h'ing is 
not proportional to its lengi^h. It is a coiiimon error to that 

the longer a string tho greater is its tension; it js t:i.o that we can 
often apply our force more advantageously if wn u>e a longer piece of 
string, and hence a beginner often asRunics*that, other things being 
equal, tho longer string has tho greater tension. 

16 . Reckction, If one body lean, or be pressed, against 
another body, each body experiences a force at the point of 
contact ; such a force is called a reaction. 

The force, or action, that one Ixxjy exerts on a second 
body is equal and opposite to the fq^*ce,^or rcjaction, that 
tho second body exerts on the first 
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This statement will bo fol ind to Ire included in Newton’s 
Third Ltaw of Motion [Part II., Art. 73]» 

Examples. If a ladder lean against a wall the force 
exerted by the end of the ladder upon the wall is equal and 
opposite to that exerted by the wall upon the end of the 
ladder. 

If a cube of '^rood is placed upon a table the force which 
it exerts upon the table is equal and: opposite to the force 
which the table exerts on it. ^ 

^ 17. Equilibrium. When two or more forces act 

upon a body and are so arranged that the body remains at 
rest, the forces are said to be in equilibrium. 

18. Introdpf^iion, or removal^ of ^qual and opposite 
forces. We smU assume that if at any point of a rigid 
body |We apply two equal and opposite forces, they will 
have no effect on the equilibrium of the body; similarly, 
that if at any point of a body two equal and opposite 
forces are acting the} may be removed. 

19. Principle of the Tran-smissihilify of Force. If a 
force act at any point of a rigid hody^ it may he considered 
to act at any other point in its line of action provided that 
this latter point he rigidly connected with the hody. 

Let a force F act at a point A of a body in a direction 
AX. Take any point B in AX and at B introduce two 
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• If 

equal and opposite fovees, ca«i equal to acting in the 

directions BA ant* BX \ these will have no effect on the 
equilibrium of the bodjr. 

The forces F acting at A in the direction AB^ and F at 
B in the direction BA are equal and opposite ; we s^ll 
assume that they neutralise one another and hence that 
they may be removed. ^ 

Wo have thus left the force F vAt B acting in the 
direction BX and its# efiect is the same as that of the 
original force F at A. 

Tlie internal forces in the above body would bo dilfereif^ 
according ns the fon^e F is supposed applied at ^ or 
of the internal forces, howcivcr, we do not treat in the 
present book. ' 

20 . Smooth bodies. If we place a piece of smooth 
polished wood, liaving a plane face, upon a table whoso top 
is made as smooth as possible we shall find that, if we 
attempt to move the block along the surface of the table, 
some resistance is experienced. There is always some 
force, liowever small, between the wood and the sm^ace 
of the table. 

If the Ixxlics Avere perfectly smooth there would be 
no force, parallel to the surface of the table, licd %veen the 
block and the table; the only force Ixitwe a them would 
be perpendicular to the table. 

Def. When two bodies, which are in contact, are 
perfectly smooth the force, or retxction, between them is 
perpendicular to their common surface at tho point of 
contact. 



CHAPTER IT. 

COMPOSITION AND RESOLUTION OF FORCES. 

21. Suppose a flat piece of wood is resting on a 
smooth table and that it is pulled by means of three strings 
attached to tl^^e of its corners, the forces exerted by the 
strings being iiorizontal ; if the tensions of the strings be 
so adjusted that the wood remains at rest it follows that 
the three forces are in equilibrium. 

Hence two of the forces must together exert a force 
equal and opposite to the third. This force, equal and 
oppfsite to the third, is called the resultant of the first two. 

22. Resultant. Def. If two or itwre forces P, Q, 
S,., act upon a rigid body and if a single forccy jB, can he 
found whose effect upon the body is the scwie as that of the 
forces P, Qy S. . . this single force R is called the resvltafU of 
the other forces and ihs forces P, Qy S... are called the com- 
ponents of R. 

It follows from the definition that if a force be applied 
to the body equal and opposite to the force P, then the 
forces acting on the body will balance and the body be in 
equilibrium ; conversely, if the forces acting on a body 
balance then either pf them is equal and opposite to the 
resultant of the others. 
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23 . Rmltma offsTm (ukng in the gam gtraigfil line. 

If two forces act on a iKxiy in the same direction theii* 
i*esultant is clearly equal to llujir siiiri ; thus two forces 
acting in the same direction, equal to 5 and 7 lbs. weight 
respectively, are equivalent to a force of 1*2 lbs. weight 
acting in the same direction as -the two forces. 

If two forces act on a liody in oppositf?^ directions their 
resultant is equal to tlwir difference and acts in the direction 
of tlie greater; thus two forces ^acting in opposite directions 
and equal to 9 and 4 lbs. weiglit resi>ectively are equivalent 
to a force of 5 lV>s. weight acting in the direction of the 
first of the two forces. 

24. When two forces act at a point ^f a rigid lK)dy in 
different directions their resultant may obtained by 
means of the following 

Theorem. Parallelogram of Forces. ^ tivo 
forces^ acting at a point, he represented in magnitude and 
direction hy the two sides of a paraUelograyn dranm from mie 
of its angula/r points, their resultant is re^rresented both in 
magnitude and direction hy the diagomd of the parallcloflram 
passing through that angular point. 

This fundamental theorem of Rtaties, or rather another 
form of it, viz. the Triangle of Forces (Art. 36), Wits first 
enunciated by Stevinus of Ilruges in the year 1 ocG. Before 
his time the science of Statics rested* on tlio Principle of 
• the Ijever as its basis. 

In the following article we shall give an experimental 
proof; a more formal proof will be found in the last chapter. 

In Ai-t. 72 of Part II. of tliis book will bo found a proof 
founded on Nowton^s I^aws of Motion. 

«i 

25. Experimental proof. I^t F and G be two 

light pulleys attached to a fixed support; over them let 



A second string is knotted at 0 and carries a third 
scale-pan K. 

Into these soahvpans are phiced known weights, and the 
whole system is allowed to take np a position of equilibrium. 
Let the weights in the scale-pans, together with the weights 
of the scale-pans themselves, be Q and lbs. respectively. 

On a blackboard^ or a piece of paper, conveniently 
placed behind tho^syaitem draw the lines OG^ ON as in 
the figura 
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Taking some convenient sctle (say three inches, or less, 
per one lb.) mark»off OA^ OBy and OD to represent P, Q*, 
and R lbs. Complete tho parallelogram OACB, Then OC 
will be found to bo equal in length, and opposite in direction, 
to OB. 

But, since 1\ Q, and biilance, therefore R must be 
equal and opposite to the resultant of P a/itl Q . ' 

Therefore the resultant of P and Q is represented by 
OC, i.fi, by the diagotial of^the parallelogram whoso sides 
represent P and Q. 

This will be found to be true whatever be the relative; 
magnitudes of P, Q, and R, provided only that one of them 
is not greater than the sum of the other two. 

I 

In tho figure P, and li arc talvon resiiectivI-V to be 4, 3, and 
5 lbs. In this case, since the angle OP is a right 

angle. ^ 

When the experiment is performed, it will probably bo 
found that the point 0 may bo moved into one of several 
positions close to one another. The reason for this is tliat 
wo cannot wholly get rid of the friction on tho pivots of^the 
pulleys. The effect of this friction will be minimised, in 
this and similar statical experiments, if the pulleys are of 
fairly large diameter; aluminium pulleys are suitable be- 
cause they can be made of comparatively large size and yet 
bo of small weight. 

Apparatus of tho solid type showu*in the above figure 
is not necessary for a rough experiment. The pulleys F 
and G may have holes bored through them through which 
bradawls can be put ; these bradawls may then l>o pushed 
into a vertical blackboard. 

The pulleys and weights of the forcgoi*ig experiment may be 
replaced by three Salter’s Spring Balances. Each of these balances 
shews, by a pointer which travels up and dowfi a ^aduatod face, what 
force is applied to the hook at its end. 
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Three light strings are knottc|». at O and attached to the ends of 
the spring balances. The three balances are then drawn out to shew 
any convenient tensions, and laid on a horizontati table and fixed to it 
by hooks or nails as shewn. The readings of the balances then give 
the tensions P, Q, and R of the thred' strings. Just as in the 



precfding experiment we draw lines 0/i, OP, and OC to represent 
P, Qy and R on any scale that is convenient, and then verify that OC 
is equal in magnitude and exactly opposite in direction to 07>), tho 
diagonal of the parallelogram of which OA and OU are adjacent 
sides. 

26 . To find tlie direction and magnitude of tlu‘ re- 
sultant of two forces, we have to find the direction and 
magnitude of the diagonal of a parallelogram of which tho 
two sides represent the forces. 

Bz. 1. Find the resultant of forces etpinl to 12 and 5 Ihs. weight 
respectively acting at right angles. 



O lo A 
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* Let OA and Oh represent the l>rc(^8 so that OA is 12 lihita of 
length and OB is 5 units 6f length'; ooinplete the rectangle OACB, 
Then 0C2=0^«+i4C“=122+53=:169. /. 0C=13. 

Also 

Ilence tlio resultant is a force equal to 13 lbs. weight making ^th 
the first force an angle whose tangent is i.c. about 22° 37'. 

Bx. 2. Find ihe reaultant of forces equal io%1ie weights of 5 and 
3 Ihs. respectively acting an angle of 60'‘. 



Ijot OA and OB represent the forces, so that 5 units and OB 
3 units of length ; also let the angle AOB be 60°. 

Coinplcto the parallelogram OACB and draw CD perpcndiqular to 
Od. Then 00 represents the required resultant. 

Now d7;=ylCcosC;d7>=3cos60°^S; 

Also /)C'=vlCsin60"=-3>f?. 

2 

••• ^49 = 7 , 

and tan CO = -3997. 

Hence the resultant is a force equal to 7 lbs. weight in a direction 
making with OB an angle whose tangent is *3997. 

On reference to a table of natural tangents this angle is easily seen 
to be about 21° 47'. 

27m Tlie resultant, i?, of two forces P and Q acting at 
an angle a may be easily obtained by Trigonometry. 

For let OA and OB represent the forces P and Q acting 
at an angle a. Complete the parallelogram OACB and draw 
CD perpendicular to OA, produced if fiecessary. 

Let R denote the magnitude of tile resultant. 
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\ 

Tiien OD = OA + AD — ^A + AC. cos DAG 

= P + Q cos BOP = P+Q COSO. 

[If I) full between O and as in tbe second'flgure, wa have 
OX) = 0/1 - D/t = Od - yi C 003 C= i* - Q cos ( 180 ® - o) = P + Q COB o.] 



Also DC = AG sin DA G=Q sin a. 

7f» - OiP = 0D'‘ + GIP = (/’ + <) cos a)“ + ((i sill o)’ 

^ + 2P<2 cos a. 

R ss <^1^+ + 2PQ cos a (i). 

A, ^ Csina .... 

OD P^-(?cosa ' ' 

These two equations give tlie required magnitude and 
direction, of the resultant. 

< 

Oor. 1. If tho forced be at right aiiglc.s, we have a~90'^, Bu that 
XE= Vi^TO*. and tan COA . 


Cor. a. If the forces be each equal to 1\ wo have 

Jf=Vi«(l + l + 2co8o) = PV2(r+co8o) 


and 




2 . 2 COB- * = 2Piioa ^ , 


tan COA = 


Psin a 
P+Pcosa * 


iBin^cos" ^ 
~=tan^, 


2 cos® 


2 


BO that the resultant of two equal forces bisects the angle between 
them : this is obvibua akso from first principles. 
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J 

, EXAMPLES. I. 

1. In the following seven examples P and Q denote two com- 
ponent forces acting at an angld a and P denotes their resultant. [The 
results should also be verified by a graph and measurement.] / 

(i) . If P=24; Q= 7; a= 90^; find Ji. 

(ii) . If 7^=13; 72=14; a= 90°; find Q. 

(iii) . I£7»= 7; <?= 8; a= 60°; find 72. 

(iv) . If7^= 5; Q=:-9; a = r20°; find 72. 

(v) . If7^= 3; g=^r);j2 = 7; find a. 

(vi) . If P ---- 13 ; (i) = 14 ; a = sin“^ | ; find 72. 

(vii) . lfP= 5; 72= 7; a= 60"; find Q. 

2. Find the greafest and loa.'st resultants of two forces whose 
magnitudes are 12 and 8 lbs. weight respectively. 

3. Forces equal respectively to 3, 4, 5, and 6 lbs. weight act on a 
particle in directions respectively north, south, east, and west; find 
the direction and inagniliulc of their resultaut. 

4. Forces of 84 and 187 lbs. w'eight act at right angles; fiild their 
resultant, 

5. Two forces whoso magnitudes arc P and i\''21bs. w^eight act 
on a particle in directions inclined at an angle of 13o° to each other; 
find tlic magnitude and direction of the resultant. 

6. Two forces acting at an angle of 6(F have a resultant equal to 
2^3 lbs. weight; if one of the forces be 2 lbs. weight, find the other 
force. 


7. Find the resultant of two forces equal to the weights of 13 and 
11 lbs. respectively acting at an angle whose tangent is * Tt,rily by a 
drawing. 

8. Find the resultant of two forces equal to the weights of 10 and 
9 lbs. respectively acting at an angle whose tangent is Verify by a 
drawing. 

9. Two equal forces act on a particle; find the angle between 
them when the square of their resultant is equal to three times their 
product. 


10. Find the magnitude of two foroes^^uoh that, if they act at 
right angles, their resultant is ^10 lbs. weigl^, whilst when they act at 
an angle of 60° their resultant is ^13 lbs. ^ight. 
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11. ' I'ind the angle betwee^ two equal forces P when their 
resultant is (1) equal to P, (2) equal to ^ 

12. At what angle do forces, equpl h' (^1 -1- B) and (-1 - Jf), act so 
that the resultant may he 

13. Two given forces act on a particle; find in wliat direction a 
third force of given magnitude must act so tliat the resultant of the 
three may be as gfeat as xx>ssible. 

Id. By dfawing alone solve the followilig : 

(i) . IfPrrlO; a=37^^;fiBdP. 

(ii) . IfP= 9; g= 7; a=133^; find P. 

*. (iii). IfP= 7; g= 5; P=10;*findo. 

(iv). IfP=7*3; P = 8-7; a= 65°; find g. 

28. Two forces, given in magnitude and direction, have 
only one resultant ; for only one parallelogram can bo con- 
structed having two lines OA and OB (Fig. Art. 27) as 
adjacent sides. 

29. A force may be resolved into two coinx^onents in 
an infinite numlx 3 r of ways: for an infinite number of 
parallelograms can ]:>e constructed having OC as a diagonal 
and each of these parallelograms would give a pair of such 
components. 

30. Tlio most important case of the resolution of foicea 
occurs when wo resolve a force into tw’o components at 
right angles to one another. 

Suppose we wish to resolve a force Jf\ represented by 
OC, into two components, one of which is in the direction 
OA and the other is perpendicular to OA, 

Draw CM pei-pendicular to OA and complete the paral- 
lelogram OMCN. The forces represented by OM and ON 
have as their resultant the force OC, so that OM and ON 
are the required ^inpbnents. 
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Ijet the angle AOG be a. | 




Then OM^ OQ cos a~ F cos a, 

and OF = = 00 sin a — J^’sin a. 

[If the point M lie in 0^1 produced backwards, ns in the second 
figure, the component of F in the direction OA < 

= - Oil/= - OC cos COM = - OC cos (180'^ - a) = OCcoaa. = F cos a. 
Also the component perpendicular to OA 

= ON^MC=: OG sin COM^Fsin a.] 

Hence, in each cise, the required components are 
j^^cosa and i^'sina. 

Thus a force equal to 10 lbs. weight acting at an angle of 60® with 
the iiorizontal is equivalent to 10 cos 60^ (= 10 x ^ =5 lbs. weight) in a 

horizontal direction, and 10 sin 60® (= 10 x ^ ~ 5^ l’732rsr8*66 lbs. 
weight) in a vertical direction. 

31. Def. The Resolved Part of a given force in a 
given direction is the component in the given direction 
which, with a component in a direction perpendicular to the 
given direction, is equivalent to the** given force. 

Thus in the previous article the resolved |>art of the 
force F in the direction OA is F cos^a. Hence 

Tlie .Resolved Fart of a given force in a given directum is 
obtained by multiplying tlie given force by the cosine of the 
angle between tlie given force a/nd the given direction, 

32. A force cannot produce any effect in a direction 
perpendicular to its own line of action. For (Fig, Art. 30) 
there is "no reason why the force OSf should have any 
tendency to itiake a particle at 0 niovft^n direction <9^1 

2 


L. S. 
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rather than to make it inovl. in tlie direction AO produced ; 

hence the force O.V cannot have any tendency to make tho 

particle move in either the direction OA or AO produced. 

For example, if a railway carnage bo standing at rest 
oi^'^a railway line it cannot be m£^e to move along the rails 
by any force which is acting horizontally and in a direction 
perpendicular to. the rails. * 

33 . The resolved part of given force in a given 
dii'ection represents the whole effect of the force in the given 
direction. For (Fig. Art. 30) the force OC is completely 
Represented by the forces ON and OM. But the force ON 
has no effect in the direction OA, Hence the whole effect 
of tho force in the direction OA is represented by OJf, 
i.e. by the resolved part of the force in* the direction OA. 

a4. A force may be resolved into two components in any two 
assigiled directions. 

Let tho components of a force rexiresented by OC, in the 



O ^ M A 

directions OA and OB be required and let the angles A OC and COB 
be a and p respectively. 

Draw CM parallel "to OB to meet OA in M and complete the 
parailelograih OMCN. 

Then OM and ON are the required components. 

Since MC and ON are parallel, we have 

OCM:=P\ also OJlfC=18(P-Ci*fi4 = 18(r-(a+i8). 

Since the sides of the triangle iQil/C are proportional to tho sines 
gf the opposite angles^ we have 

OK ^ MC OC 
SNocS ~ sin ii/oc sm'OJtfC ’ 
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OM ^MC ^ F 

flinjS Bin a sin(a + ^)* 

Hence the required components are 

, Biit/9 • * sin a 

F . - - and . 

ain(o + j8) Rm(o + ^) 

35. Tho student nmat carefully noti(ro that the com- 
ponents of a force in twef assigned diredlions are not the 
same as the resolved parts of the forces in these directions. 
For example, the resijJvtKf part of F in tlie direction OA is, 
by Art. 30, Foosa. 

EXAMPLES. II 

1. A force equal to 10 lbs. weight is inclined at an angle of 30® to 
the horizontal; find ya resolved pai*ts in a horizontal and vertical 
direction respectively. 

2. Find the resolved part of a force P in a directiem makin|r (1) an 
angle of 45®, (2) an angle equal to cos~^ (| ij) with its direction: 

3. A truck is at rest on a railway lino and is pulled by a hori- 
zontal force equal to the weight of 100 lbs. in a direction making an 
angle of 60® with the direction of the rails ; wliat is the fbroe tending 
to urge the truck forwards ? 

4. Besolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 00® to each other. Verify by a graph and measurument. 

5. Besolve a force of 60 lbs. weight into two forces making angles . 
of 60® and 45° with it on opposite sides. Verify by a graph and 
measurement. 

6. Find the components of a force P ahmg two directions making 
angles of 30° and 45® with P on opposite eideff. 

7. If a force P be resolved into two forces making angles of 45° 
and 16° with its direction, shew tliat the latter force is 

8. Find a horizontsi force and a force inclined at an angle of 60® 
witli the vertical whose resultant shall be a given vertical force P. 

two comjtoncnt forces and ii one 
force an^eqt^l to it in magnitude, 
the othSr cozSpOnent. 


9. H a force be resolved into 
component be at right angles to the 
And the direction ai^ magnitude of 
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10. A force equal to the weight of 20 lbs. acting vertically up< 
waiSs is resolved into two forces, one being horizontal and equal to 
the weight of 10 lbs. ; what is the magnitude 'and direction of the 
other force? 

11. By a graphic construction ai^ measurement resolve a force 
equal to 35 lbs. wt. into components making angles of 98° and 40° with 
it or. opposite sides. 

36. Triangle of Forces, If three forces^ acting at 
a point, he represented in magnitude and direction hy the 
sides of a triangle, taken in or^er,*'ihey will he in equi- 
lihrium. ^ 

Let the forces P, Q, and M acting at the point 0 be 
represented in magnitude and direction by the sides AB^ 



BG, and CA of the triangle ABQ ; they shall be in equi- 
librium. , 

Complete the parallelogram ABGD, 

The forces represented by BO and AJ) are tlie same, 
since BC and AD are equal and parallel. 

Now the resultant of the forces AB and AD, is, by the 
parallelogram of forces, represented by AC, 

Hence the resultant of AB, BG, and OA is equal to the 
resultant of forces AG and GA, and is therefore zero. 

Hence the three forces P, Q, and R are in equilibrium. 
Cor. Since forces represented by AB, BG, and GA 
are in equilibrium, * and since, when throe forces are in 
equilibrium, each is equal and opposite to the resultant 
of the other two, it follows that the resultant of AB and 
BC is equal and dgposite to CA, i,e, their resultant is 
represented by AC, * 
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Hence the resultant of two forces, acting atr a point 
and represented by the sides AB and BG of a triangle, 
is represented by the tiii^ side AO. 

37. In the Triangle of Forces the student must carefully Aote 
that the forces must be parallel to the sides of a triangle Uike% in 
order^ i.e. taken the same ivay round. 

For example, if the first ioiee act in the dire^ion AB, the second 
must act in the direction BC, and the third in the direction OA ; 
if the second force were i}} the direction CB, instead of BC, the forces 
would not be in equilibrium. • 

The three forces must^also act at a point ; if the lines of action of 
the forces were BC, CA, and .dZf they would not be in equllbrium ; for 
the forces AB and BC would hAve a resulhint, acting at B, equal aq^ 
parallel to A C, The system of forces would then reduce to two equal 
and parallel forces acting in opposite directions, and, as we shall 
see in a later chapter, such a pair of forces could not be in 
equilibrium. 

* • * 

38 . The converse of the Triangle of Forces is also 

true, viz. that 1/ three forces acting at a point be m equi- 
librium they can be rejn'esented in magnitude and direction 
by the sides of any triangle which Is drawn so as to have its 
sides respectively parallel to the directions of the forces. 

Let the three forces P, Q, and if, acting at a point '7, 
be in equilibrium. Measure off lengths OL and OM along 
the directions of P and Q to represent these forces respec- 
tively. 



Complete the parallelogram OLN Jif^and join ON. 

Since the three forces P, Q, and^i? in equilibnum, 
each must be eqiftal and opposite to the resultant of the 



STATICS 


other t'^o. Henco K must' be equal and opposite to the 
resultant of P and <2> fnust therefore t)e represented 
by NO, Also ZiV is equal and parallel to OM, 

.Hence the three forces P, and B are parallel and 
proportional to the sides OZ, ZiV, and NO of the triangle 
OLN 

Any other triangle, whose sides arc parallel to those of 
the triangle OLNy will have its side^ proportional’ to those 
of OLN and therefore proportional to the forces. 

Again, any triangle, whoso sides are respectively per- 
pendicular to those of the triangle OLN, will have its sides 
proportional to the sides of OZA and therefore pro[)ortional 
to the forces. 

* <■ 

39> The proposition of the last article gives an easy 
graplrical method 'of determining the relative directions of 
three forces wliich arc in equilibrium and whose magni- 
tudes are known. We have to construct a triangle whose 
sides are prqportional to the forces, and this, by Euc. l. 22, 
can always bo done unless two of the forces added together 
are less than the third. 

40. liami^S Theorem. If three forces ailing on a 
jXLrticle keep it in equilibrium^ ecteh is proportional to the 
sine of the angle between the other two. 

Taking Fig., Apt 38, let the forces P, and Z? be in 
equilibrium. As before, measure off lengths OL and OM to 
represent the forces P and Q, and complete the parallelo- 
gram OLNM. Then NO represents 11, 

Since the sides of the triangle OLN are proportional to 
the since of the opposite angle.s, we have 

^ LN ^ NO 
sin LNd sin LON ~ sin 0£N' 
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But 

sin LNO ^ sill NOM=^ sin^l80“ — QOR) = sin QOR, 
sin LON sin (180** — LOR) = sin ROP^ 
and sin OL N = sin (1 80“ — POQ) = sin POQ, 

Also LN — OM. 


Ilcnco 


OL 


^OM 


N(i 


t.a. 


sin mn ROP m\P0Q^ 

p " Q n 


sin QOR sin ROP sin POQ * 

41 . Polygon of Forces. If any number of forcei^ 
acting on a particle^ be repreeeniedy in maynilude and 
direction^ by the sides of a polygon^ taken in order, th^ 
forces shall he in equilibrium- * 




Let the sides AB, BC, CD, PE, EF and FA of the 
polygon ABO BE F represent the forces ac^'ag on a particle 
0, * Join AG, AD and AE.^ • 

By the corollary to Art. 36, the resultant of forces AB 
and BG is represented by AO- 

Similarly the resultant of forces AC and CD is repre- 
sented by AD j the resultant of forces AD and DE by AE ; 
and the resultant of forces AE and EFhy AF. 

Hence the resultant of all the forces is equal to the 
resultant’^ of AF and FA, i,e, tho i^sultant vanishes. 
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Hence the forces are in 'equilibrium. 

A similar method of prbof will apply whatever bo the 
number of forces. It is also clear^ from the proof that the 
sides of the polygon need not be in the same plane. 

The converse of the Polygon of Porces is not true ; for the ratios of 
the sides of a^lygon are not known when the directions of the sides 
are known. For j‘'xamplc, in the dbove figure, we might take any 
point A* on AB and draw A*F' parallel to AF to meet KF in F' ; the 
new polygon A'DCDEF* has its sides rcsil^ctively parallel to those of 
the polygon ABCDEF but the correspoiYiing sides are clearly not 
proportional. 


42 . The resultant of two forces^ actiruj at a iwint 0 in 
directions OA and OB wnd rejiresented in magnitude by 
X . OA and fx . 02?, is rejyresented by (k + y) , 00, where C is 
a point in A B such that \ . CA = p . 02?. 

For let 0 divide the line AB, such that 

X.Oil-ft.Oi?. 


B 



Complete the parallelograms 00 AD and OOBE, 

By the parallelogram of forces the force X . OA is 
equivalent to forces represented by X . 00 and X . OD. 

Also the force p . OB is equivalent to forces represented 
00 and p, . OE^ 

Hence the forces X . OA and p . (SB are together equiva- 
lent to a force (X + m) 00 together with forces X . OD and 
a.OE, ' 
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But, (since X . OD = X ► (7il = yu . C7i = fi . 0^ these two* 
latter forces are equal and opposite and therefore are in^ 
equilibrium. 

Hence the resultant is (X + /x) . 0C» 

Cor. The resultant of forces represented by 0A^afai\ 
OB is 20C, where G is the middle point of AB. 

This is also clear from the fact that **0(7 is half the 
diagonal OD of the paYiillqlogram of which OA and OB are 
adjacent sides. ^ 


EXAIVCPLES. m. 

1. Three Uircen acting at a point are in eqiiilihrimn; if they 
make angles of 120“ with one another, shew that they are equal. 

If the angles are 6()P, lo0“, and 150“, in what proportions are the 
forces? 

2. Three forces acting on a particle are in equilibrium; the angle 
between the first and second is 90“ and that between the secolid and 
third is 120“ ; find the ratios of the forces. 

3. Forces equal to 7P, 5P, and BP acting on a x^article are in 
equilibrium; find, by geometric construction and by calculation, the 
angle between the latter pair of forces. 

4. Forces equal to 5P, 12P, and 13P acting on a particle ui 
equilibrium; finid by geometric construction and by calculation the 
angles between their directions. 

5. Construct geometrically the directions of two forces 2P and 
dP which moke equilibrium with a force of 4P whose direction is 
given. 

6. The sides Ali and AC oi b, triangle ABC fire bisei^ted in D and 
E ; shew that the resultant of forces represented’ by BE and DC is 
represented in magnitude and direction by |7?C. 

7. ^P is a particle acted on by forces represented by X . AP and 
X . PB where A and B are two fixed points; shew that their resultant 
is constant in magnitude and direction wherever the point P may be. 

8. ABCD is a parallelogram ; a particle P is attracted towards A 
and C by forces which are proportions to PA and PC respectively and 
repelled from B and D by forces proportional to PB and Pi) ; shew 
that P is in equilibrium wherever it is situate^V 

Thq following are to be solved by geomeMo constrnotion. In 
each cafie P and Q are ^wo forces inclined attgle a and J2 is their 
xesidtant making an angle ^ with P. 
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9. P=25lbs. wt., (;)=s201b8. wt. and find B and a. 

10, P=60 kilog., ^=60 kilog. and 70 kilog. ; find a and d. 

11, P=30, jR=r40 and a = 130°; find Q and d. 

^12. P=60, a = 75° and d=40°; find Q and B. 
t k3. P=60, B=40 and d=50°; find y and a. 

14. P=80. a=55° and JR=100; find Q and d. 

15. A boat i/ boing towed by means of a rope which makes an 
angle of 20° with the boat’s length; assuming that the resultant 
reaction B of the water on the boat«is inclined at 40° to the boat’s 
length and that the tension of the rope is equal to 5 cwt., find, by 
drawing, the resultant force on the boat, supposing it to be in the 
direction of the boat’s length. . 


EXAMPLES. IV. 

1. Two forces act at an angle of 120^^. greater is represented 
by 80 and the resultant is at right angles to Uie less. Find the latter. 

2. If one of two forces be double the other and the resultant be 
equal to the greater force, find the angle between the forces. 

3. Two forces acting on a particle are at right angles and are 
balanged by a third force making an angle of 150° with one of them. 
The jgreater of the two forces being 3 lbs. weight, what must be the 
values of the other two? 

4. The resultant of two forces acting at an at^le equal to Jds 
of a right angle is perpendicular to the smaller component. The 
greater being equal to 30 lbs. weight, find the other component and 
the resultant. 

5. The magnitudes of two forces are as 3 : 5, and the direction of 
the resultant is a.t right angles to that of the smaller force ; oom'pare 
the magnitudes of the larger force and of the resultant. 

6. The sum of two forces is 18, and the resultant, whose direction . 
is perpendicular to the lesser of the two forces, is 12 ; find the magni- 
tude of the forces. 

7. If two forces P and Q act at such aiv angle that P=P, shew 
that, if P be doubled, the new resultant is at right angles to Q. 

8. The resultant of two forces ^ and Q is equal to jiJSQ and' 
makes an angle of 80° with the direction P ; shew that P is either 
equal to^ or is double of, y. 

9. Two forces equal to 2P and P respectively act on a parole ; if 
the first be doubl<M addtthe second increos^ by 12 lbs. wwbt the 
direotlon of the resultant is unaltered; find the value of P, 
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10. The result ant of two forces V and Q acting at an angle 0 is 
equal to + ^ ; when they act at an angle the 

resultant is (2«i-l)Vi^+ f/** ; prove that * 


• ♦’ 

11. The* resultant of forces P and Q is J2; if Q be doubled 12 is 
doubled, whilst, if Q be reversed^ li is again doubled shew that 


12. If the resultant, 12, of two forces P and inclined to one 
another at any given angle, make an angle 0 with the direction of P, 
shew that the resulUnt of forces (P+22) and Q, acting at the same 

given angle, will make an angle - with the direction of (P+ P). 


13. Tliree given forces acting at a point are in equilibrium. If 
one of them be turned about its point of application thiough a given 
angle, find by a simple omstruction the resultant of the three, and, if 
the in6llpation of the force continue to alter, show that the inclination 
of the resultant alters by half the amount. 

0 

14. Decompose a force, whoso magnitude and line of action arc 
given, into two equal forces passing through two given points, giving 
a geometrical construction, (1) when the two points are on the same 
side of the force, (2) when they ore on opposite sides. 

15. Two given forces aet at two given points of a body; if thnj 
are turned round those points in the same direction through any two 
equal angles, shew that tlieir resultant will always pass through a 
fixed point. 

4' 

16. d, B, and C are three fixed points, and P is a mint such 

that the resultant of forces PA and PB always passes throu^ C ; shew 
that the locus of P is a straight line. ^ 

17. A given force acting at a given j^intin a given direction is 
Tcsolv^ into two components. If for all directions of the components 
one reiSains of invariable magnitude, shew that the extremity of the 
line representing the other lies on a definite clrole. 

18r Show that the system of forces represented by the lines 
joining any point to the angular points of a triangle is equivalent to 
the system nnpresented by strafght lines drawn from the same point to 


19. Find a point within a quadrilateral such tliat, if dt be acted 
on by forces represented by the linos joining, ¥t tcf the angular pointb 
of the quadrilateral, it will be in equilibrium. 
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20. Four {oroes act along and are proportional to the sides of tho 
quadrilateral 'ABC1>\ threo act in the directions AB^ BC, and CD and 
the fourth acts from A io D; find the magnitude and direction of 
their resultant, and determine the point in which it meets CD. 

r 21. ^he sides BC and DA of a quadrilateral ABCD are bisected 
iiaF and H respectively ; shew that if two forces parallel and equal to 
aB and DC act on a particle, then the resultant is parallel to HF and 
equal to 2 . HF. 

22. The sides AB^ BGj CD, and DA of a quadrilateral ABCD Are 
bisect^ at E, F, O, and H respectively. Shew that the resultant of the 
forces acting at a point which are^ represented in magnitude and 
direction by EG and HF is represented magnitude and direction 
by .4C. 

23. From a point, P, within a circle whoso centre is fixed, 
straight lines PA-j^fPA^, P-dj, and PA^ are dniwn to meet the circum- 
ference, all being equally inclined to the radius through P; shew 
that, if the|e lines repiresent forces radiating from P, their result- 
ant is independent of the magnitude of thp radius of the circle. 



CHAPTER HI. 

c 

COMPOSITION ANP RESOLUTION OF FORCES {cmitirmed). 

* 

43 . TKr 8um of the rasolved parts of two forces in 
a given direction is equal td the resolved part of their re-f 
mltant in same direction. 

Let OA and OB represent the two iorces P and and 
OC their resultant that OACB is a parallelogram. 



Let OX be the given direction; draw AL, BM^ and C/V 
perpcmdicular to OX and AT perpendicular to CN. 

The sides of the two triangles itCP avo respec- 

tively parallel, and OB is equal to .4(7 in in«tgnitude; 

/. OM^AT^LN. 

Hence ON^ OL+LN^OL + OM. 

But OZ, OMf and OX represent respectively the resolved 
parts of P, and R in the direction OX. 

Hence tTie theorem is proved. 

The theorem may easily be extended to the resultant of 
any number of forces acting at a point.® * 
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44 . To fitul the resultant of miy number of forces 
in one plane acting upon a particle. 

Let the forces P, R... act upon a particle at 0, 



Through 0 draw a fixed line OX and a lino OY at right 
angles to OX. 

Let the forces Py Q, R, ... inake^anglcs a, with 

OX. ^ * 

The components of the force P in the directions OX 
an(f OF are, by Art. 30, Pcosa and Psina respectively; 
similarly,, tlie components of ^ are Q cos j3 and Q sin J3} 
similarly for the other forces. 

Hence the forces are equivalent to a component, 

Pcosa + Q cos J3 + Pcosy... along OX, 
and a component, ^ 

Psin a + 0 sin ^ + P sin y. . . along OF. 

Let these components be X and F respectively, and let 
P be their resultant inclined at an angle 0 to OX. 

Since P is equivalent to Pcostf along OX, and Psin ^ 
along 0 F, we have, by the previous article, * 


Pcosd= X...... (1), 

hnd Psintf= F (2). 

Hence, by squaring and adding. 

P« = X»+F» 


Also, by dWisihv, tan ^ 
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% , 

. These two equations give N and Oy ix.y the magnitude 

and direction' of the required resultant. 

fix. 1. A article U acted up<m hy three ftyrccs^ in one ptane^ equal 
to 2, 2j^2, and 1 Ihs. weiyhp respectively ; the first is iiorizontaty the 
second acts at 45° to' the horizon^ and the third is vertibal ; find tlteir 
resultant. # 

Hero X=2+V2«>845“+0=2+2^2.-^=4, 

• v% 

r=0 + 2V2mn45° + l = 2.y2. 4i+l=3- 
• va 

Hence Fcqp <?= 4 ; Fain 0=3; 

/. i<’=\/42+3*=3, and tan^ = -J. 

Tlie resultant is therefore a force equal to 5 lbs. weight acting af 
an angle with the horizontal whose tangent is i.e. 36° 52'. 

Bx. a. A particle js acted upon hy forces represented hy P, 
‘2P, 3j^/BP, and 4P/ the angles betweeti the first and second, the 
second ami third, and the third and fimrth are 60°, 90°, mid 150° 
respectively. Shew that the resultant is a force P f» a di^.etion 
inclined at an angle of 120° to that of the first force. ^ 

In this Example it will bo a simplidcation if wo take the fixed line 



OX to coincide with the direction of the first force P ; let XOX' and 
yOT' be the two fixed lines at right angles. 


The second, third, and fourth forces are rtspeotively in the first, 
second, and fourth quadrants, and we have ctej^rly ^ 

BOZ=60°; COX'=30°; and I)0-Y=60°. 
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Tiie first foroo has no component along OY. 

The second force is equivalent to components 2Pcos60^ and 
2PBin60^ along OX and OY respectively. 

The third force is equivalent to forces 

^3^y3Pcos30® and 3i^3Psin30° 
along OX' and OY respectively, 

i.e. to forces - 3;^3Pco8 30® and 30® along OX and OY. 

So the fourth force is equivalent to 4Pcos60® and 4/^ sin 60° along 
OX and OY\ i.e. to 4Poos 60° and -4Psin60° along OX and OY. 
Hence X= P + 2P cos 60® - 3 ^SP cos ZT + 4P cos 60® 

=P+P_9^+2P=-|, 


aad 


r =. 0 + 2P sin 60° + 3 ./3P sin 30° - 4P si n 60° 
= P^3+?-^P-4P.^ = ^P. 


Hence, if F be the resultant at an angle $ with OX, we have 
P=N/X*+li=P, 

and • tan®=!^= - ^0=4®“ 120°, 

V. 

so that the resultant is a force P at an angle of 120® with the first 
force. 


45. Graphical Construction. The resultant of 
a system of forces acting at a point may also be obtained 
by means of the Polygon of Forces. For, (Fig. Art. 41,) 
forces acting at a point 0 and represented in magnitude 
and direction by the sides of the polygon ABC DBF are in 
equilibrium. Hence the resultant of forces represented by 
AB, BC, CD, DE, and A'P'must be equal and opposite to* 
the remaining force FA, i.e., the resultant must be repre- 
sented by AF. 

It follows that th*e resultant of forces F, Q, E, S, and T 
acting on a particle may be obtained thus ; take a point A 
and draw AB parallel and proportional to F, and in 
succession BC, CD, DE, and EF parallel and proportional 
resp^tively to Q, A, S, and T*, the required resultant will 
be represented m iiia|;nitude and direction by tbo 
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Tlie same construction would clearly apply for* any 
number of forces. 

Ex. Four forces equal to 2, 2^, 1 aud 3 kilogrammes wl. act along 
straightlincs 01\ OQt Oli niu^OSf such that i P0(^— 40^ I QOR^IOQ'\ 
and I ROS — 12/5*^; find their resiilUint in magnitude and direction, • 


D 



Dmw A B parallel to OP and equal to 2 inches ; throufjli B draw BC 
parallel to 0<5ancl equal to 2*5 inches, and then CD panxllel to (>7{aTul 
equal to 1 incli, and hiially DE parallel to and equal to 3 inrhe.’. 
On ineasiirenient wo have ^ AJ equal to 2 '99 inches and L BA 7-7 equal 
to a little over 14'^. 

Henco the resultant is 2*99 kilogrammes wt. acting at 14'’ to OP. 


EXAMPLES. V. 

[Questions 2, 3, 4, 5, and 8 are suitable for gr..^hic 

• 

1. Foices of 1, 2, and i^/3 lbs. weight act at a point A in 
directions AF^ AQ, and the angle i*J4Q being 60'’ and PAIi a 
right angle; find their resultant. 

2. A particle is acted on by forces of 5 and 3 lbs. weight which 
are at right angles and by a force of 4 lbs. weight bisecting the angle 
between thorn ; find the force that will keep it at rest. 

3. Three equal forces, P, diverge from appoint, the middle one 

being inclined at an angle of 60® to each of^the others. Find the 
resultant of the throe. • * * 


3 


L. 8. 
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4 . Three forces 6P, lOP, and 13P act in one plane on a particle, 
the angle between any two of their directions being 120°. Find the 
magnitude and direction of their resultant. 

5. Forces 2P, 3P, and 4P act at a point in directions parallel to 
the sides of an equilateral triangle taken In order ; iind the magnitude 
and line of action of the resultant. 

6. Forces Pj , Pj , Pg , and Pa act on a particle O at the centre of a 
square AUCD\ Pj and P^ act along the diagonals 0.1 and Ofl, and 
Pg and P4 perpendi .ular to the sides *A B and BC. If 

Pi : P, : P 3 : P 4 :: 4 : 6 ^: 5 : 1, 
find the magnitude and direction of th3ir resultant. 

7. ABCD is a square ; forces of 1 lb. wt.. 6 lbs. wt., and 9 lbs. wt. 
act in the directions A /t, C, and -1 /^.respectively ; find the magnitude 
of their resultant correct to two places of decimals. 

8. Five forces, acting at a point, are in equilibrium; four of 
them, whose respective magnitudes are 4, 4, 1 , and 3 lbs. weight make, 
in succession, angles of 60° with one another. Find the magnitude 
of the fifth force. Verify by a drawing and n.casuremont. 

9. Four equal forces P, Q, P, and S act on a particle in one 
plane, the angles between P and between Q and It^ and between 
R and S are all eqmd and that between P and S is 108°. Find their 
resultant. 

10. Forces of 2, 5, ^3, and 2 lbs. wt. respectively act at 

one of the angular tK)ints of a regular hexagon towards the five other 
angular points; find the direction and magnitude of the resultant. 

11. Forces of 2, 3, 4, 5, and 6 lbs. wt. respectively act at an 
angular point of a regular hexagon towards the other angular points 
taken in order; find their resultant. 

12. Shew that the resultant of forces equal to 7, 1, 1, and 3 lbs. 
wt. rosi)ectively acting at an angular point of a regular pentagon 
towards the other angular points, taken in order, is Vtl lbs. wt. 
Verify by a drawing and measurement. 

13. Equal forces P act on an angular point of an octagon towards 
each of the other angular points; find their resultant. 

By the use of trigonometricid Tables, or bv a graphic construction 
find the magnitude (to two places of decimals) and the direction (to 
the nearest minute by calculation, and to the nearest degree oy 
drawing) of the resultant of 

14. three forces equal to 11 , 7, and 6 lbs. weight, making angles 
of 18° 18', 74° 60', uMl i30°20' with a fixed line, 
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15 . four forces equal to 4, 3* 2, and 1 lb. weight, making angles 
of 20°, 40°, 60°, and 80° with a fixed line, 

16. four forces equal to 8, 12, 15, and 20 lbs. weight, making 
angles of 30°, 70°, 120° 15', and •155° with a fixed line, 

• 

17. three forces equal to 85, <17, au'l 63 kilog. wt. acting alo^g 
lines OA, OH, and OC, wliere l dO/y = 7H° and / /IOC = 125°. 

46 . To find the. conditions of equilihriuin of any 
number of forces acting upon a particle. 

Let the forces act upon a particle 0 as in Art. 44. 

• ^ 

If the forces balance one anotlier the resultant must 

vanish, i.e, F must be zero. 

Hence A'-* + i'-® - - 0. 

Now the sum of the squares of two real quantities 
cannot be zero unless each quantity is separately zeMb; 

A'=0, and r = 0. 

Hence, if the forces acting on a particle be in equi- 
librium, thf^ algebraic sum of their resolved parts in t'- e 
directions at right angles are separately zero. 

Conversely, if the sum of their resolved parts in two 
directions at riglit angles sejwirately vanisli, the forceji .tre 
in e<iuilibrium. 

For, in this case, both X and F are ^(u o, and therefoi*e 
F is zero also. 

Hence, since the resultant of the forces vanishes, the 
forces are in equilibrium. 

47 . When there are only three forces acting on a 
particle the conditions of equilibrium are often most easily 
found by applying Land's Theorem (Art.* 


3—2 
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48. Bx. 1. A hotly of 65 Ihn. weiyht is suspended hy two strings 
of lengths 6 and 12 feet attached to two points in the same horiztmtal 
line whose distance ainirt is Vi feet; find the tensions of the strings. 

Let AG and BC be the two strings, bo that 

AC=5ft., -RC=12ft., and ^P=13ft. 



Since 132=122+5-, the angle ACIi ia a right nTigle. 

Let the direction GB of the weight be produced to meet A B in J) ; 
also let the angle CBA be 6^ so that 

AACD=dO^^ iBCJ)^ 

Let Ti and be the tensions of the strings. By Lami’s theorem 
we liave 

Vj __ JZ’,_ _ Jf>5 

sin BCB sTr. £CA ‘ ' sin A CB ’ 

sin JjGD sin 0 sin 90^ ’ 

Tj = 65 cos d, and = 65 sin d. 


But 


^ BG 12 , . ^ AG 


13’ 


.*. y’i = 60, and jr3=25 lbs. wt. 


OtbarwlM tliiia; The triangle C/? has its sides respectively per- 
pendicular to tlio directions of the forces T.^t and 65 ; 

Tj_ 65 , 

" ~bg'"ca'^ab' 


2i = 6«fR = 60> 2’, = ( 5^.= 26. 


OraphieaUy ; produce BG to meet a vertical line through A in O. 
Then A CO is a triangle having its sides parallel to the three forces 
^8 9 a*nd W, Hence it is the triangle of forces, and 

• o . 

^ * AC^C6''0A^ 
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Sx. 2. A string ABCD^ attached to tiro fixed yoints A and J), hm 
two e<ixuil ireightSf W", knotted to it at B and G and remls with the 
•portions AB and Cl) inclined at angles of 30® and 60° respccticchj 
to the vertical. Find the tensions of the portioris of the string and the 
inclination of BC to the verticals 

Let tlje tensions in the strings be 2\, 3’^,iuid !Z 3 respectively h.nd 
let BC be inclined at an angle 0 to the vcrticiU. • 

[N.B. The string BC pulls B towards C and pulls C towards i?, 
the tension being the same tiiroiighout its length.^ 

Since B is in equilibrium the vertical C(jniix»nents and the hori- 
y^ontal components of tlfe forces acting on it must both vanish 
(Art. 46). 



f Icnco 2\ cos 30° -- cos 0 -^W ( 1 ) , 

and Ti sin 30° - 7 ^ sin = 0 L 

Similarly, sijico C is in equilibrium, 

Tg cos 00° + 7 a cos = 1 r (3) , 

and 7 g sin 60° - T.j sin ^ s= 0 (4) , 

Vrom ( 1 ) and ( 2 ), substituting for 7j, we have 

]r= 73 [cot 30° sin d ^ cos 0] = [v/3 sin 0 - to^• f»J . . ..(5). 

fcJo from (3) and (4), substituting for we ha' 

IF = 7«[cot 60° sin 0 H- cos 7^ sin 0 \ cos (G) ; 


there foi-o from (5) and ( 6 ), 

.^/3 sin 0 - cos 0 = ^ sin 0 f cos 0 ; 

2 sin ^=2^3 cos ^ ; 
tan^=i,y3, and hence 0=60^. 
Bubstituting this value in (5), wo have * 



8TATW8 


dd 

r 


Hence from (2), -we have 


T —T ~W 1*6 


anil from (4) '£ 3 = 2’, -^^^=^.,=1^. 

t 

Hence the inclination of BC to the vertical is 60'^, and the tensions 
of the portions AB^ BC, and CD ore WJ 6 , W, and Tr respectively. 


EXAMPLES. VI. 

1. Two men carry a weight TF'" between them by means of two 
ropes fixed to the weight ; one rope jis inclined at 45“ to the vortical 
and the other at 30“ ; find the tension of each rope. 

2. A body, of mass 2 lbs., is fastened to a fixed point bv means 
of a string of length 25 inches ; it is acted on by a horizontal force F 
and rests at a distance of 20 inches from the vertical line through 
the fixed point ; find the value of F and the tension of the string. 

3. A body, of mass 130 lbs., is suspended from a horizontal beam 
by swings, whose lengths are respectively 1 ft. 4 ins. and 5 ft. 3 ins., 
the strings being fa.stened to tbc beam at two points 5 ft. 5 ins. ax)art. 
What are the tensions of the strings? 

4 . A body, of mas.s 70 ^bs., is suspended by strings, whose lengths 
are 6 and 8 feet respectively, from two points in a horizontal line 
whose distance apart is 10 feet; find the tensions of the strings. 

5. A mass of 60 lbs. is suspended by two strings of lengths 
9 and 12 feet respectively, the other ends of the strings being attached 
to two points in a horizontal line at a distance of 15 feet apart ; find 
the tensions of the strings. 

6. A string suspended from a ceiling supports three bodies, each 
of mass 4 lbs., one at its lowest point and each of the others at 
equal distances from ^ its extremities; find the tensions of the parts 
into which the string is divided. 

7 . Two equal masses, of weight W, are attached to the extremities 
of a thin string which passes over 3 tacks in a wall arranged in the 
form of an isosceles triancle, with the base horizontal and with a 
vertical angle of 120“; find the pressure on each tack. 

8. A stream is 96 feet wide and a boat is dragged down the middle 
of the stream by twG« men on opposite banks, each of whom pulls 
with a force equiu to 100 lbs. wt. ; if the ro|^ be attached to the same 
point of the boalT and oach be of length 60 feet, find the resultant 
icttoe on the boat. 
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9. A string passing over two smooth parallel bars in the same 

horizontal plane ^has two equal weights fastened to its ends and 
another equal weight is fastened to a point of the string between the 
bars; find the position of equilibrium of the system and the thrust 
upon eiwih bar. • • 

• 

10. A string is tied to two points in a horizontal plane ; a ring of 
weight 27 lbs. can slide freely along the string and is pulled by a 
horizontal force equal to the weight of P lbs. If in the position of 
equilibrium the iiortions of the ^ring be inclined •t angles of 45° and 
75° to the vortical, find the value of P. 

11. Two weightless rings %lide on a smooth vertical circle and 
through the rings passes %, string which carries weights at the two 
ends and at a point between the rings. If equilibrium exist when 
the rings are at points distant from the highest point of the circl^ 
lind the relation between the three w'eights. 

12. Two masses, esuih equal to 112 lbs., are joined by a string 
which passes over two small smooth pegs, A and By in the same 
horizontal plane ; if a ijjass of 6 lbs. be attac'hed to the string halfway 
between A and P, find in inches the depth to which it will descend 
below the level of AB^ suiiposing yf P to bo 10 feet. 

What would liappen if tho small mass were athichcd to anj^other 
point of the string ? 

13. A body, of mas.s 10 IbvS., is suspended by two strings, 7 and 24 
inches long, their other ends being fastened to the extremities of a 
rod of length 25 inches. If the rod be so held tliat the body bang=; 
immediately below its middle point, find the tensions of the string. 

14. A heavy chain has w*eights of 10 and 16 lbs. attivched to its 
ends and hangs in equilibrium over a smooth pulley ; if the greatest 
tension of the chain be 20 lbs. wt., find the weight of the chain. 

15. A heavy chain, of length 8 ft. 9 ins. and weighing 15 lbs., 

has a weight of 7 lbs. attached to one end and in equilibrium 
hanging over a smooth peg. What length of tLo chain is on each 
side? • 


16, A body is free to slide on a smooth vertical circular wire and 
is connected by a string, equal in length to the radius of the circle, 
to the highest point of the circle ; find the tension of the string and 
the reaction of tho circle. 

17. A uniform plane lamina in the form of a rhombus, one of 

whose angles is 120°, is supported by two forces applied at the centre 
in the directions of the diagonals so that oae side of tbe rhombus 
is horizontal; shew that, if P and Q be the forces and P bo the 
greater, then • 
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« 

18. Tlio entla of a driving rein nro passed tlirougli two pmootli 
rings which are fastened, one to each side of the Mt, They are then 
doubled bock and tied to fixed points in the headpiece one on each 
side of the horse’s head. Find the pressure produced by the bit on 
the horse’s tongue by a given pull P of tke driver. 


'19. Three equal strings, of no sensible weight, are knotted 
tojjether to form an equilateral triangle ABC and a weight W is 
suspended from A, If the triangle and weight be supported, with BG 
horizontal, by nie^ns of two strings at B and C, each at the angle 
of 135® with PC, shew that the hjnsion in BG is 


W 

^(3-JS). 


II 


20. Three weightless strings ACt BG, and AB are knotted to- 
gether to form an isosceles triangle wViosc vertex is C. If a weight IF 
be suspended from C and the whole bo supported, withvlP horizontal, 
by two forces bisecting the angles at A and B, find the tension of the 
string AB. 

21. A weightless string is suspended fropi two points not in the 
same horizont^ line and posses through a small smooth heavy ring 
which is free to slide on the string ; find the position of equilibrium of 
the ri|^g. 

If the ring, instead of being free to move on the string, be tied to 
a given point of it, find equations to give the ratio of the tensions of 
the two portions of the r iriug. 

22. Four pegs arc fixed in a wall at the four highest points of a 
regular hexagon (the two lowest points of the hexagon l)eing in a 
horizontal straight line) and over these is thrown a loop supporting a 
weight IF; the loop is of such a length that the angles formed by 
it at the lowest pegs are right angles. Find the tension of the string 
and the pressures on the pegs. 

23. Kxplflin how the force of the current may be used to urge 

a feny-boat across the river, assuming that the centre of the boat 
is attached by a long rope to a fixed point in the middle of the 
stream. » 


24. Explain Jtew a vessel is enabled to sail in a> direction nearly 
opposite to that of the wind. 

Shew also that the sails of the vessel sJumld he set so as to bisect 
the angle between the heel and the apparent direction of the wind in 
order that the force to urge the vessel forward may he as great a>s 
possible. 

[Let AB be the dirootion of the keel and therefore that of the 
ship’s motion, and OA the apparent direction of the wind, the angle 
OA B beinff acute and eqfi^ to a. Let AC he the direction of the 
AC being between OA and AB and the angle BAC being $. 
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Let 1* be the force of tlie wind on tbo sail ; resolve it in directions 
alon{< and perpendicular to tlic sail. The component (KA = ) /^cos (a - 0). 
alontj the sail Inis !lo cHect. The component (I A — ) Pain (a - 6) per- 
])on(licular to the sail may again be resolved into two, viz, (N;d=) 
Pv\n(a-0)co^Q perpendicular Vj AB and (JI-fl=)Psin(a-^)Bin0 
along AB, • • 



The former coiniKinent pnxlnres motion sideways, i,c. in a direction 
porpendicnlar to the length of the ship. U'his is called lec-way and is 
eoijsiderubly lessened by the shai»o of tiic keel wliieh is so designed as 
to give the greixtest i)ossil)le nssistaiicc to this motion. 

The latter coiiiiKjnent, Psin(a- <?)sin<?, along is iie\t*r K**ro 
unless the sail is sot in either the direction of the keel or of tiie wind, 
or unless a is zero in which case the wind is directly opposite to the 
direction of the ship. 

Tims there is always a force to make the ship move forwnid; but 
Iho rudder ha*< to l>e ccmtinually ai^plied to counteract tlie lendeney 
of the w'ind to turn the Iwat about. 

This force -■ JP[cos (a - 2&) - cosa] and it is ti^erefore greatest when 

cos(a“‘2<y) is greatest, i.e. when a -2^=0, t.e. when i.e. when 

Ihc direction of the sail bisects the angle between the keel and the 
apparemt direction of the wind.] 

49. Examples of graphical solution. JVIany 
l>roblem3 which would bf3 difficult or,^at any rate, very 
laborious, to solve by analytical method^ aro comparatively 
easy to solve graphically. * 
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These questions are of common occurrence in en- 
gineering and other pmctical work. There is generally 
little else involved besides the use of the Triangle of Forces 
ai^d Polygon of Forces. ^ 

• The instruments chiefly used are: — Compasses, Rulers, 
Scales and Diagonal Scales, and Protnujtors for measuring 
angles. * 

The results obtained are of K^ourse not mathematically 
accurate; but, if the student l>e 'careful, and skilful in 
the use of his instruments, tliQ answer ought to be trust- 
worthy, in general, to the first place of detninals. 

In the following worked out examples the figures arc 
reduced from the original drawings ; the student is recom- 
mended to re-draw them for himself on the scale mentioned 
in e^h example. 

50. Bz. 1. ACDB is a string v*7me ends are attached to iu'O 
points^ A and B, which are in a tiorizontal line and arc seven feet 


O 
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apart. The lengths ofACy CD, and DB are Sji 3, and 4 feet respec- 
tively y and at C U attached a om-pound weight. An unknown weight 
is attached to I) of such a inagriitiide that, in the position of equilihriuvij 
CDB is a right angle. Find the nuignitude of this weight and the 
tensions of the strings. • • 

Let 'I\ , T 2 1 and 7 g be the required tensions and let x lbs. be the 
weight at D. * 

Take a vertical line OL^ one inch in length, to represent the 
weight, one pound, at C. Through O draw 03/^mrallcl to -dC, and 
through L draw LM parallel to Cl). 

By the triangle of forces OM represents , and LM represents T 2 . 

Produce 01, verticalljf downwards and through 3/ draw MN 
parallel to BJ). 

Then, since L 3/ represents it follows that is represented 
3/JV, and x by 2,S. 

By actual measurement, we have 

OM=3*05ins., L3f=5 2*49 ins., 3/i^=5*l ins., 
and • 3^7^ =5*03 ins. 

Hence the weiglit at D is 5*63 lbs. and the tensions are respectively 
3 05, 2-49, and 5*1 lbs. wt. I 

Ex. 2. A and B are two points in a horizontal line at a distance 
of feet ax>art ; AO and OB are tiro strings of lengths 6 and 12 feet 



M 



44 


STATICS 


carrying^ at O, a hmly of weight 20 Iha.; a third Hiring , attached to tlie 
body at O, jMsses oner a small smooth pulley at the middle pointt C, of 
AB and is attached to a htnly of weight 5 Iha.; find the tensions of the 
strings AO and OB, 

Let I\ and be tbo required (enstons. On OC mark off OL, 
eqCal to one inch /to represent the tension, 5 lbs. wt., of the string OC, 
Db'.w TM vertical and equal to 4 inches.' Through M draw J/xV, 
parallel to OiJ, to meet AO produced in N. 

Then, by the J^olygon of Forces, the linos OxV and A'J/ will 
represent the tensions and 'T.j. 

On measurement, ON and NM are^iound to be respectively 3*9 and 
2*45 inches. 

Hence ^1 = 5x3 9 =19*5 lbs. wt., 

If nd T3=5 X 2*45--- 12*25 lbs. wt. 

Sx. 8. Tbe Crane. The essentials of a Crane arc represented 
in the annexed figure. -47? is a vertical p4>st; A V a bcaiii, called tlio 
jib/ capable of turning about its endyl; it is supported by a wooden 
bar, or chain, CD, called the tie, which is attached to a point D of the 
post AB, At C is a pul ley, over which passes a chain one end of which 



is attached to a weight to be lifted and to the other end of which, 7?, is 
applied the force which raises This end is usually wound round 
a drum or cylinder. Tlie tie CD is sometiracs hmizonial, and often 
the direction of the chain Cy^ coincides with it. In the above crane 
the actions in the jib and tic may be determined graphically as follows. 

Draw Kfj vertically to represent W on any scale, and then draw 
LM equal to KL and pi*raUel to CE ; through M draw MN narallel to 
AC and KN parallel to 
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Then KLMNib a polygon of forces for the equilibrium of C; for 
we assume the tension of the chain to be unaltered in passing over the 
pulley Gf and hence that the tension of CK is equal to W* Hence, if T 
be the thrust oi AC and V the pull of C/>, we have 

Hence T and T* are represented by MN and NK on the same sdUe 
that KL represents JK 


EXAMPLES. Vn. 

[The following examples age to he solved hy geometric coiistruetuyn.'] 

1, A boat is towed along a ^Iver by moans of two ropes, attached 
to tlie same point, which arc pulled by two men who keep at opposift 
points of the bank 50 feet apart; one rope is 30 feet long and is pulled 
with a force equal to the weight of 35 lbs., aiid the other rope is 
45 feet long; the boat is in this way made to move uniformly in a 
straight lino; find the resistance offered to the boat by the stream and 
the tension of tlio second rope. 

2, The jib of a crane is 10 feet long, and the tie-rod is hori|onial 
and attached to a point 6 feet vertically above the foot of tbe jib" find 
the tension of the tie-rod, and tlic thrust on the jib, w4icn the crane 
supports a mass of 1 ton. 

3, yi and li are two fixed points, B being below A, and the 
horizontal and vertical distances bt'tw^cen them are 4 feet and 1 <“> <>1 
respectively ; At- and BC are strings of length 5 and 3 feet respcictively, 
and at G is tied a body of weight 1 cwt. ; find the tensions of the 
strings. 

4. ABCB is a light string attached to two points, A and Z), in the 
same horizontal line, and at the points B and 0 are attached "-eights. 
In tlie position of equilibrium the distances of the points B and 0 
below the line A I) are respectively 4 and 6 feet. U the lengths 
of A B iuid CD bo respectively 6 and 8 feet and the distance AIJ bo 
14 feet, find the weight at C, the magnitude ot the w^eight at B being 
4 lbs. 

5. A framew'ork ABC i.s kept in a vertical plane with AB hori- 
zontal by sunporis at A and B; if the lengths A By BO, and CA be 10, 
7, and 9 feel roRp«x5tiYely, and a weight of 10 cwt. he placed at C, find 
the reactions at A and B and the forces exerted by the different 
portions of the framework. 

6. A framework ABC is supported at A and B so that it is in a 
vertical plane with AB horizontal, and a wei^t of 200 lbs. is hung 
on at C; if .4 B=t) feet, BC=4 feet, and AG==^ feeyb, find the tensions 
or thrusts in AC and OB, and the reactions ft A and B. 
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7. The jib of a crane is 20 feet long, the tie 16 feet, and the post 
10 feet. A load of 10 cwts. is hung at the end of a chain which 
passes over a pulley at the end of the jib and then along the tie. 
Find the thrust in the jib and the pull in the tie. 

8. In the figure of Ex. 3, Art. 30, Hie tie DC is horizontal and 
the* chain coincides with it; if ir=500 lbs., .40=11 feet, and 
DO*=5 feet, find the actions along DC and AC. 

9. In the figure of Ex. 3, Art. 50, the angle CDIi=^5P, and the 
angle .4 CD =15°; tLe chain A'C coincides with DC; if IK be one ton, 
find the forces exerted by the parts AC, CD. 

10. In the figure of Ex. 3, Art. 50, DA = 15 feet, DC— 20 feet and 
AC =30 feet, and a weight of one ton is sispended from C, find the 
thrusts or tensions produced in AC, CD, and DA when the chain 
qoincides with 

(1) the jib CA, 

(2) the tie CD. 

11. In tbe figure of Ex. 3, Art. 50, the jib AC ia 25 feet long, 

the tie CD is 18 feet, AD = 12 feet and AK = H feet; find the tensions 
or thrusts in AC and CD, when a weight of 2 tons is suspended from 
the end of the chain. 

li, ABCD is a frame- work of four weightless rods, loosely jointed 
together, AB and AD being each of length 4 feet and BC and CD of 
length 2 feet. The hinge C is connected with A by means of a fine 
string of length 5 feet. Weights of 100 lbs. each are attached to li 
and D and the whole is suspended from A . Show that the tension in 
AC is 62 lbs. weight. 

13. In the preceding question, Instead of the string AC a weight- 
less rod BD of length 3 feet is used to stiffen the frame; a weight of 
100 lbs. is attached to C and nothing at B and D. Shew that the 
thrust in the rod BD is about 77 lbs. weight. 

14. In question 12 there arc no weights attached to B and D and 
the whole framework is placed on a smooth horizontal table; the 
hinges B and D are pressed toward one another by two forces each 
equal to the weight of 25 lbs. in the straight line BD. Shew that the 
tension of the string is about 31*6 lbs. weight. 

15. A BCD is a rhombus formed by four weightless rods loosely 
jointed together, and the figure is stiffened by a weightless rod, of 
one half the length of each of the four rods, joined to the middle 
points of AB and AD. If this frame bo suspended £rom A and a 
weight of 100 lbs. be attached to it at C, shew that the thrust of the 
cross rod is about 115*5 lbs. weight, 



CHAPTER IV. 


PARALLEL FORCES. 

51. In Chapters K. and in. we have shewn how to 
the resultant of forces^ which nic(it in a point, 
the present chapter we shall consider the composition of 
parallel forces. 

In the ordinary statical problems of every-day life parallel 
forces are of constant^occurrence. 

Two parallel forces arc s^iid to be like when they|act 
ill the same direction ; when they act in opposite parallel 
diitictions iliey are said to be unlike. 

52. To find the remltant of tvjo jmndlnl forces acthhj 
upo^i a rigid body. 

Case 1. Let the. forces he like. 

Let P and Q be the forces acting at points A and B of 
tho body, and let them bo represented by the lines AL and 
BM. 

J oin AB and at A and B apply two egual and opposite 
forces, each equal to and acting in tho directions BA ami 
AB i-ospectivcly. Let tlieso forces be represented by AB 
and BB. These two forces balance one another and have 
no effect upon tho equilibrium of the body. 

Complete the parallelograms ALFD and BMGE\ let 
the diagonals FA and GB be produced t<]^inect in 0, Draw 
pc parallel to AL or BM to meet AB ijL«C, 
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Tho forces P and S at A have a resultant , represented 
by AF, Lot its point of application be removed to 0. 



So the forces Q and S at B have a resultant lepro- 
sented by BG. Let its point of application bo traiisffUTod 
to On 

The force 7\ at 0 ma^ bo resolved into two forcCvS, 
S parallel to AD^ and P in tho direction OC. 

So the force at 0 may be resolved into two forcjcs, 
S parallel to BE^ and Q in the direction 0(7. 

Also these two forces S ficting at 0 are in ecj[uilibriuni. 

Hence the ori^mj.1 forces P and Q are equivalent to a 
force (P + Q) acting along 0(7, Le. acting at £7 parallel to 
the original directions of P and Q, 

To determine the j)osition of the -point (7, The triangle 
OCA is, by construction, similar to tho triangle ALF \ 

. 0C .^_P 
'CA'~LF"S^ 

PnCA^S.OC ( 1 ). 


so tliat 
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So, since the triangles OCB and BMG are similar, we 
have 

qc BM Q 
CB i' 

so that < 3 . CB-~S , OG (2)i* 

Hence, from (1) and (2), we liave 

1\CA=^Q.GB, 

H f *0 (2 

so that •CB~~P^ 

i.e. C (]ivi<lcs tlie line AB htfteTmilly in tiro inverse ratio oft 
the frjrcos. 


Case II. Li'i he unlike. 

Tx^t Py Q ho tlie forces (7* Ireing the greater) acting at 
points A and B of the bo<ly, and let them be represented by 
the lim‘.s AL and BM, 


Join A By and at ^1 ainl B apply two equal and opposite 
forces, each (H]ual to S, and a<?ting in the directions BA 
and AB I'esj^ectively, let these forces bo represented b} 
AE and BE respectively; they balances one another and 
have no eflect on the equilihriuin of the body. 

C<nnplete the parallelograms ALFD and BMGKy and 
produce the diagonals AF and GB to meet in 0, 

[These diaf?ornils will always meet unless they ' . parallel, in 
which case the forces P and (} will be equal 

Draw OC parallel to -dZ or BM to meet ^7? in C. 

The forces P and S acting at A have a resultant P^ 
represented by Alf\ Let its point of application be tnins- 
ferrod to 0. 


"So the forces Q and S acting at B h 9 .vo a resultant 
represented by BG, Jjet its point of application be trans- 
ferred to 0. ^ 


L. a. 
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Tbe force at 0 may be resolved into two forces 
8 parallel to AT)^ and P in the direction CO produced. 



M G 


So tlio forc(Js at 0 may be resolved into two forces, 
H j^arallel to HE, and Q in the directioji 00, 

Also these two forces E acjting at 0 are in equilibrium. 

Hence the original forces P and Q are equivalent to 
a force P — Q acting in the direction CO produced, 
i,e, acting at C in a direction parallel to that of P, 

To detemiine tha 2 >osUion of ilie point C, The triangle 
OCA is, by construction, similar to the triangle FDA ^ 

• 0 ^ ^ 

'* CA 

so that P . CA = E . OC ( 1 ), 

Also, since the triangles OGB and BMC are similar, we 
have 

oo_:m_Q 

GB'' MG'^ E* 

80 that Q.CB^E.OC 

Hence, from (l)**and (2), P. CA ^ Q . CB, 


( 2 ). 
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Hence ~ , iA, C divides the lino AB externally * 

in tlio inverse mtio of the forces. 

To 8uxn up f If twA parallel forces, P and act at 
points A and ^ of a rigid body, • 

(i) their resultant is a .force whose l^ie of jiction is * 
parallel to the lines of iiotioii of the component forces; 
calso, when the component forces are like, its direction is 
tlio same iis that of th% two forces, and, wlmii the forces 
are unlike, its direction is tke same as that of tlie greatei^ 
component. 

(ii) the point of application is a point G in AB such 

that ^ 

\\AC=^Q.BC. 

(iii) the magnitude of the rcsultiuit is the sum of the 
two component forces when the forces are like, and the 
difference of the two component forct)s when they are 
unlike. 

53. Case of failure of the •preceding co?iet7'uctio-n. 

In the second figure of the last article, if the forces 
P and Q bo equal, the triangles FDA and GEB are e<][ual 
in all respects, and hence the angles DAF and FB<J will be 
equal. 

In this case the lines Ji^’and GB will bo parallel and 
will not meet in any such point as 0 ; hence the construction 
fails. 

Hence there is no single force which is equivalent to two 
equal unlike parallel forces. 

We shall return to the consideration of this case in 
Chapter vi. • 


4—2 
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54 . If we have a number of like parallel forces acting 
on a rigid body we can find their resultant by successive 
applications of Art. 63. We must find the resultant of the 
first and second, and then the fesultant of this resiiltant 
^and the third, and so on. 

The magnitude of the final resultant is the sum of the 
forces. • 

If the parallel forces bo not all like, the magnitude of 
the resultant will be found to be the algebraic sum of the 
forces each with its proper sign prefixed. 

‘ Later on (see Art. 114) will be found formulae for 
calculating the centre of a system of parallel forces, Le. the 
point at which the resultant of the system Jicts. 


55 . Uesultant of ttvo forces. Experimental 

verification. 

Take a uniform rectangular bar of wtx)d about 3 feet 
long, whose cross-section is a square of side an inch or 
rather more. A face of this bar should bo graduated, say 
in inches or half inches, jus ia the llj^ure. 



Let the ends A and B be supported by spring balances 
which are attached firmly to a support. For this purpose 
a Salter’s circular«balance is the more convenient form as 
it drops much less than the ordinary form when it is 
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stretched. On the bar AB let there be a movaVde loop C. 
carrying a hook from which weights can be suspended; 
this loop can be moved intb any position along the bar. 

Before putting on an^ weights, and when C is at the 
middle point of A let the reailings of the balances D aiKl* 
E be taken. The bar being uniform, tliese readings should . 
be the same and equal to R ^say). * 

Now hang known weights, amounting in all to IF, on 
to (7, and move C into Jtny position on the bar. Observe 
tlie now readings of the bahyices D and and lot them be 
P and Q respectively. 

Then — and Q--R{~.Q^) are the additional 

readings due to the weight TF, and therefore P^ and are 
the forces at D and E which balance the force IF at 6\. 


It will bo found tliat the sum of f 

and is equal to IF (1). 

Again measure carefully the distances ACi and BCi. 
It will be found that 

P,xAC\^Q,. BC, ^ 2 ). 


Ill other words tlie resultant of forces Pj and Qi at A 
and R is equal to Pj + acting at where 
P,.AG^^Q^. BC^, 

But this is the result given by the theoretical investigation 
of Art, 52 (Case I). 

rerforin the experiment again by shifting the position 
of Cl, keeping IF the same; the values of Pj and will 
alter, but their sura will still be IF, and the new value of 
Pi . ACy will be found to bo equal to the new value of 
Q.-BGy. 

Similarly the theorem of Art. 52 wjll be found to be 
true for any position of Gy and any valtie of IF. 
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Numerical illuetratum. Suppose the weight of the beam and the 
attached apparatus (without any weights) to bo 2 lbs. Then the 
original reading, R, of. the balances wiU be each 1 lb. Put on 
a weight of 4 lbs. at C and move C to until the readings of the 
balances A and B are respectively *4 a^d 2 lbs. 

' Then a force 4 lbs. at C, is balanced by a force 3 lbs. (=4 - 1) at 
^•and 1 lb. (=2-1) at B. 

Measure the distances and BO^; they will be found to bo 
9 inches and 27 veches respectively (assuming the length to bo 
3 feet, i.e. 36 inches). 

We thus have Pi . yi CjsiS x 95 

and Q^.BCi=lxff7, 

and these are equal. 

, Hence tlie truth of Art. 52 (CasO I) for this case. 

Urdike parallel forces. 

Ill the last experiment the forces W ami at 
6'i, and B are in equilibrium, so th/it the resultant of /\ 
upwards and W downwards is equal and oppasite to Qi* 
Meliflure the distances AB and CiB. Then it will bo 
found that 

and 1\.AB--:^W.C^B. 

Hence the truth of Art. 52 (Case II) is verified. 

66. Sx. A horizontal rod^ Qfeet long^ whose weight rruty he neglected ^ 
rests on two supports at its extremities; a body, of tveight 6 cwt.^ is 
suspended from the rod at a distance o/2j feet from one end; Jn^d the 
reaction at each point of support. If one support could oiily hi ir a 
thrust equal to the weight ofl cwt.^ wJmt is the greatest distance from 
the other support at which the body could he suspended f 



Ijet AB be the rod%[)d R and S the reactions at the points of sup- 
port. Let O be the point at which the body is suspended so that 
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>4(7=3^ and CB-=2\ feet. For equilibrium the resultant of R and S 
must balance 6 cwt. Hence, by Art. 52, 


Ji + -S’==6, 


and 




5 


( 1 ). 



Hence the reactions 


aro 2\ and 3 J cwt. respectively. * ** 

If the reaction at A ca« only be equal to 1 cwt., S must be 5 cwt. 
Hence, if AO be a;, we have < 


\_BC _^-x 
5~~‘Ad~ X 
x=5 feet. 

Ilenco BC is 1 foot. 


EXAMPLES. Vni. 

i- t 

111 the four following examples ^4 and B denote the points of impli- 
caiion of xwnallel forces P luid Q, and C is the ]Knnt in wliich tlieir 
resultant Jl meets AB. 

1. Find the magnitude and position of the resultant (tlio forces 
being like) wlien 

( i) P - 4 ; Q -- 7 ; A B = 11 inches ; 

(ii) P=:ll; f? = 19; ^P=:2ifeet; 

(iii) P=5; g==5; .*lP=3*feet. 

2. Find the magnitude and position of the resultant (the forces 
being unlike) when 

(i) P=17; Q=25; JP- 8 inches; 

(ii) 7’ =23; Q-15; /1P= 40 inches; 

(iii) P=26; g=9; .4/?=3feot. 

3. The forces being like, 

(i) ifP=8; P=17; -4C=4^ inches; find Q and .4P; 

(ii) ifQ = ll; ^ (7= 7 inches; .dP=8f inches; findPondP; 

(iii) ifP=6; .dC?=9 inches; CP=8 inches; find Q and P. 

4. The forces being unlike, 

(i) ifP=8; P=17; .4(7=4-^ inches; find Q and .4P ; 

(ii) if g = ll; ^C=-7mchos; 4P=8'4jinohcs; fmdPandP; 

(iii) ifP=6; .4C= -9 inches; .4P=l?inches; find g and P. 
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5. Find two like parallel forces acting at a distance of 2 feet 
apart, which are equivalent to a given force of 20 lbs. wt., the line 
of action of one being at a distance of 6 inches from the given force. 

6. Find two unlike parallel forces acting at a distance of 18 
inches apart which are equivalent to a f«L)rce of 30 lbs. wt., the greater 
of^the two forces being at a distance of 8 inches from the given force. 


7, Two parallel forces, P and Q, act at given points of a body ; 

if Q be changed shew that the line of action of the resultant is 

Q 

the same os it would be if the forces were smiply interchanged. 


8, Two men cany a heavy cask of w iight l.j- cwt., which hangs 

from a light pole, of length 6 feet, each end of which rests on a 

'’boulder of one of the men. The point from whidi the cask is hung 
is one foot nearer to one man than to the oilier. What is the pressure 
on each shoulder? 


9. Two men, one stronger than the other, have to remove a 
block of stone weighing 270 lbs. by means of a light plank whose 
length is 6 feet; the stronger man is able to carry IHO lbs. f how must 
the block be placed so a.s t>o allow him that share of the weight? 

l\), A uniform rorl, 12 feet long and weighing 17 lbs., can turn 
freely about a point in it and the roil is in equilibrium when a weight 
of 7 lbs. is hung at one end ; how far from the end is the point about 
which it can turn? 

N.B. 2'he u-ciyht of a uniform rod miy he taken to act at its 
middle point. 

11. A straight unifonn rotl is 3 feet long; when a load of 5 lbs. 
is pbiced at one cud it balances about a x)oint 3 inches from that end; 
find the weight of the rod, 

12. A uniform bar, of weight 3 lbs. and length 4 feet, passe ; over 
a prop and is supported in a horizontal position by a force equal to 
1 lb. wt. acting vertically upwards ut the other end; find the distance 
of the prop from the ^entro of the beam. 

13. A heavy uniform rod, 4 feet long, rests horizontally on two 
IKJgs which are one foot apart; a weight of 10 lbs. suspended from 
one end, or a weight of 4 lbs. suspended from the other end, will just 
tilt the rod up; hnd the weight of the rod and the distances of the 
pegs from the centre of the rod. 

14. A uniform iron rod, 2^- feet long and of weight 8 lbs., is 
placed on two rails, fibred at two points, A and P, in a vertical waJL 
AB is horizontal and 5 inches long; find the distances at which the 
ends of the rod extend(heyoiid the rails if the diil'erenco of the thrusts 
on the rails be 6 lbs. wt. 
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15. A uniform beam, 4 feet long, is supported in a horizontal 
position by two props, which are 3 feet apart, so that the beam pro< 
feels one foot beyond one of the props; shew tliat the force on oho 
prop is double that on the other. 

16. A straight weightless rod, 2 feet in length, rests in a horizon- 
tal position between two pegs placed at a distance of 3 inches apart, 
one peg being at one end of the rod, and a weight of 5 lbs. is suspended 
from the other end ; find the pressure on the pegs. 

17. One end of a heavy uniform rod, of weight ir, rests on u 
smooth horizontal plane, , and a string tied to the other end of the 
rod is fastened to a fixed poinL above the plane; find the tension 
of the string. 

18. A man carries n bundle at the end of a stick which is placed 
over his shoulder; if the distance between his hand and his shouldei' 
be changed how does the pressure on his shoulder change ? 

19. A man carries a weight of 50 lbs. at the end of a stick, 3 feet 
long, resting on his shoulder. He regulates the stick so that the 
length between his shoulder and his hands is (i) 12, (ii) 18 and (iii) 24 
inches; how great are the forces exerted by his hand and the pressures 
on his shoulder in Ciich cose? 

20. Tliree parallel forces act on a horizontal bar. Each is equal 
to 1 lb. wt., the right-hand one acting vertically upward and the other 
two vertically down at disbince.s of 2 ft. and 3 ft. respectively from 
the first; find the magnitude and i»o.sition of their resultant. 

21. A jwrtmanteau, of length 3 feet and height 2 feet and whoso 
centre of gravity is at its centre of figure, is carried upstaiis by two 
men who liold it by the front and back edges of its lower face. If this 
be inclined at an angle of 30^ to the horizontal, and the weight of the 
portmanteau be 1 cwt., find how much of the weight each supports. 



CHAPTER V. 

MOMENTS, 

' 57. Def. TJie moment of a force abmit a given point 

is the product of the force and the perj>endiculnr drawn 
from the given point upon the line of actiim of the force. 
Thus the moment of a force F abc«it a gi\"oa point 0 i« 



Fy. ONy wliere OF is the perpendicular drawn from 0 upon 
tlie line of action of F. 

It will he noteU that the moment of a force F about 
a given point 0 never vanishes, unless either the force 
vanishes or the force passes through the point about which 
the moment is taken. 

68 . Qemmtrical representation of a monienL 

Suppose the force F to be represented in magnitude, 
direction, and line eft taction by the line Ah. Ij43t 0 bo any 
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given point and O^tlio perpendicular from 0 upon AB ov 
AB produced. 



A "FNbA FBn 


Join OA and OB. 

By definition the moment of /’about 0 is FxON, i.e. 
AB X ON. But AB x ON is equal to twice the area of the 
triangle OAB [for it is c^jual to the area of a rectangle 
whose l)ase is AB rnd whose height is Hence the 

moment of the force F about the point 0 is represented by 
twice the area of the triangle OAB^ i.e. by tunce the area of 
the iruvngle whose base is (he Ivie represeniiTig the, force anul 
whose vertex is the 2>oint about which the moment is (akeri. 


59. Physical meaning of the moment of a foi ce abou t a 
yoint. 

Suppose the body in the figure of Art. 67 to be a plane 
lamina [i.e. a body of very small thickness, such as a piece 
of sheet-tin or a thin piece of board] resting on a smooth 
table and suppose the point 0 of the body to be fixed. 
The effect of a force F acting on the body would be to 
cause it to turn about the point (!) as a centre, and this 
effect would not l)e zero unless (1) the force /’were zero, or 
(2) the force F passed through 0, in which ca.se the distance 
ON would vanish. Hence the product Fx (?/r would seem 
to be a fitting measure of the tendency of F to turn the 
body about 0. This may be experipien tally verified as 
follows; 


60 STAWc'8 

liCt lamina be at rest under the action of two strings 
whose tensions are F and jPj, which are tied to fixed points 
of tlie laminq* and whose lines of action lie in the piano of 
th^ lamina. Let OF' and ONi be the j>erpendiculara drawn 
from the fixed point 0 upon the lines of action of F 
and 

If we measure the lengths ’OiY and OFi and also the 



forces F and it will bo found that the product F , OF 
is always equal to the product F ^ . OFi, 

Hence the two forces, F and F^j will have equal but 
opposite ^tendencies to turn the body about 0 if their 
moments about 0 have the same magnitude. 

These forces F and Fi may be measured by carrying 
the strings over light smooth pulleys and hanging weights 
at their ends sufficient to give equilibrium ; or by tying the 
strings to the hooks of two spring balances and noting the 
readings of the balances, as in the cases of Art. 25. 

60. Ea^periment. To shew that if a body, having 
one point j/ixed^ he acted vpon by two forces and it be at rest^ 
then the moTnmts offhe two forces about the fixed point a/re 
eqwd hut opposite. 



JOINTS 6i 

Take the bar used in Art. 55 and suspend at C7 so 
that it rests in a horizontal position ; if the bar beituniform 



6' will bo its middle point; if it be not uniform, then C will 
be its centre of gravity [Chapter ix]. The beam must be 
so suspended that it^iunis easily and freely al)Out (7. 

When the forces are pnralkL From any two ppints 
A. B oi ilie bar suspend carriei’s on which place weights 
until the bcjim again balances in a horizontal position. 

Ijet P be the total weight, including that of the carrier, 
at and Q the toUil weight similarly at Measuio 
carefully the distances AG and BC, 

Then it wiU be found that tho products P,AC and 
Q . BC are equal. 

The theorem can be verified to be true for nii..re than 
two forces by placing several such carriers vmi the bar and 
putting weights upon them of such an* amount that equi- 
librium is secured. 

In every such case it will be found that the sum of the 
moments of the weights ou one side of C is equal to the 
sum of the moments of those on the other side. 

When tlve forces are *iiot paraUeL J^rrange the bar as 
before but let light strings be attache^ at A and B which 
after passing over light pulleys supf)ort carriers at their 
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other eii^ T^st ilicjao carriers liavo weights put iipon 
them until the heam balances in a horizontal jxisitioii. 



Let P and Q be the total weights on the carriers 
including the weights of the carriers themselves ; these will 
be the tensions of tlie strings at A and 

Measure the perpendicular distances, p and y, from C 
upon OA and OB respoctivoly. 

Then it will be found that 

F.p-^Q.q. 

61 . Positive and negative moments. In Art. 57 the 
force F would, if it were the only force xveting on the 
lamina, make it turn in a direction opposite to that in 
which the hands €.f a watch move, when the watch is laid 
on the table with its face upwards. 

Tlie force would, if it were the only force acting on 
the lamina, make it turn in the same direction as that in 
which the hands of the watch move. 

The moment about 0, ic. in a direction is said 
to be positive, anc^ the moment of Fx about 0, i.e. in a 
direction is said be negative. 
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AhjeMraic »uvh of imimnUi. The algebraic sum of the 
])ioineni.s of a set of forces about a given iK)int is the sum 
of the moments of the forces, each moment having its 
2 )ro 2 >er sign ^prefixcnl to ‘it. 

Bx. AhCJ) is a square; ahuiq 
the sides Aliy CBy DCy and DA forces 
act equal respectively/ to 6, 5, 8y^and 
12 Ihs. ivt. Find the alf/ehrnin sum 
of their moments alrntt thi centj^ey (), 
o/ the. square^ if the side of the square 
be 4 feet, • 

The forces along and A li 
to turn the square about 0 in tlio 
I)OKitive clJrection, whilst the forces 
along the sides DC and Cti lend to 
turn it ill the negative direction. 

The perpendicular dishinco of O 
from each force is 2 feet? 

Hence the moments of the forces are respectively 

+ 6x2, -5x2, -8x2, and +12x2. 

TJioir algebraic sum is therefore 2 [6-5-8 + 12] or 10 units of 
moment, i.e. 10 times the moment of a force equal to 1 lb, wt. acting 
at the dibtiinoe of 1 foot from 0, 

62. Theorem. The aUjchralc sum of the nmnenia of 
any two forces ahfytU any point in their plane is equal to the 
moment of their remdtant about the same point. 

Case 1. Let the forces meet in a point. 

Let P and Q acting at the point A he tht> two forces cand 
0 tlie iioint about which the moments are taken. Draw OC 
parallel to the direction of P to me^^t the lino of action of 
Q in the point G, 

Lot AG represent Q in magnitude and on the same 
scale let AB represent P; complete the parallelogram 
ABDC^ and join OA and OB, • 

Then AD represents the resultant,»7^, of P and Q, 
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(a) If 0 be without the angle DAO, as in the first 
figure, we have to shew that 

2aOAJ} + 2aOAC^2aOAD. 

[For the moments of P and Q about O are in the same direction.] 



Since AB and OD are parallel, we have 
A OAB A DAB - A ACD. 

:.2aOAB+‘2aOAG^ 2AACD + 2aOAC-2aOAD. 

\j3) If 0 bo within the angle CAD, lus in the second 
figure, we liave to show that 

2AAOB-2AAOC-2A AOD. 

[For the moments of P and Q ab»mt O aro in opposite directions.] 
As in (a), we have 

AAOB^^ ADAB^ a ACD. 

2 A AOB -2aAOC=-2aACL-2aOAG.^2 aOAD. 

Case II. Zef forcea he imralld. 







Let F and Q be two parallel forces and R (= P + $) 
their resultant. 

From any point 0 in their plane draw OACB perpen> 
dicular to the forces to ideet them in 0^ and R respec- 
tively. 

By Art. 52 we liave F.AC-Q.CR ^ (1) ; 

the sum of the moments of F and Q about 0 
-Q.OR\ F.OA 
■= Q (00 + C%) ■\P(OC- AC) 

-(P + Q)OG + Q'CB-J\AG 

- (P + <J) . OC, by equation (1), 

-= moment of the resultant about 0. 

If the point about which the moments aro taken be 
between the forces, as 0^^ the moments q£ F and Q hive 
oppesite signs. 

In this case we have 

Algebraic sum of moments of F and Q alx>ut Oj 

F (pfi \-CA)--Q{CB^ OP) 

-(F + Q). Ofi + P , (7d - $ . (77i 

- {F 4 Q) , OPj by equation (1). 

Tlie case when the point Jias any other position, as also 
the case when the forces have opposite parallel directions, 
are left for the student to prove for himself. 

08. Case I of the preceding proposition may be otheiwise proved 
in the following manner: 

Let the two forces, P and Q, be represented by and if (7 re- 
spectively and let AD represent the resultant JR so that ADDC is a 
parallelogram. • 

Let 0 be any point in the plane of the loroese Join OA and draw 
BL and CJlf, parallel to Oil, to meet AD m L iftid M respeottvdy* 

6 
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Since the sides of the triangle ACM are respectively parallel to the 
Bides of the triangle DBL^ and since AC is equal to IW^ 

AM=^LI>, 

/. aOJJI/=aOLD. 

First, let O fall without the angle CAD^ as in the first figure. 



Then 2 a OJ il t- 2 a O rlC 

=2AO.ir. + 2AO/lilf 
= 2AO^r. + 2AO/./) 

=:2aO^JD. 

Hence the sum of the moments of V and Q is equal to that of H, 
Secondly, let 0 fall within the angle CAD, as in the second figure. 
The algebraic sum of the moments of P and Q about 0 
^2j^OAB^2ii.OAC 
= 2A0^L-2A0^3f 
~2 A OAIj '■* 2 a CLB 
=2aO^D 

= moment of B about O. 

64 . If the point 0 about which the moments are taken 
lie on the resultant, the moment of the resultant about the 
point vanishes. ^In this case the algebraic sum of the 
moments of the component forces about the given point 
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vanishes, Le, The moments of two forces about any point on 
the line of axition of their resultant are equal and of opposite 
sign. 

The student will easily be able to prove this theorem 
independently from a figure ; for, in Art. 62, the point 0 
will be found to coincide with the point D and we have 
only to shew that the triangles AGO and ABO are now 
equal, and this is obvioifely f^e. 

65. Generalised theorem of moments. If any 

number of forces in pla'ne^actiny on a rigid body have a 
resultant^ the algebraic sum of their moments about any point 
in their plane is equal to the moment of their res^iltant. 

For let the forces be P, Qy Ky Sy,,, and let 0 be the 
point about which the ftioinenis are taken. 

Let Ix) the resultant of P and Qy 
P ,2 be the resultant of and A, 

/ 3 bo the resultant of P^ and Sy 
and HO on till the final resultant is obtained. 

Then the moment of P^ about 0 = sura of the moments 
of P and Q (Art. 62) ; 

Also the nionicnt of P^ about 0 — sum of the moments 
of P, and P 

= sum of the moments of P, Qy and P. 

So the iiionieiit of P^ about 0 

~ sum of the moments of Py and ^ 
sum of the moments of P, Q, P, and Sy 
and so on until all the forces have been taken. 

Hence the moment of the final resultant 
^ algebraic sum of the moments of the cofiponent forces. 

Cor. It follows, similarly as in Art. ^4, that thealge- 
braio sum of the moments of any uumb€!^ of forces about a 

5—2 
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point on the lino of action of their resultant is zero; bo, 
conversely, if the algebraic sum of the moments of any 
number of forces about any point in their plane vanishes, 
then, either their resultant is zeio (in which case the forces 
are in equilibrium), or the resultant passes through th6 
point about which the moments are taken. 

66 . The theorem of the previous article enables us to 
find points on the line of action of the resultant of a system 
of forces. For we have only to find a point about which 
the algebraic sum of the moments of the system of forces 
vanishes, and then the resultant must pass through that 
point. This principle is exemplified in Examples 2 and 3 
of the following article. 

^ If we have a system of parallel forces the resultant is 
known both in magnitude and diioction when one such 
point is known. 

67. fix. 1. A rodf oj'eet long, mirporUd by two vertical slringH 
attached to its ends, has wdphts of 4, 6, 8, and 10 lbs, hung from the 
rod at distances of 1,2, 3, and 4 feet from one end, Jf the weight of 
the rod he 2 lbs., what aie the tensions of the strings ? 

Let AF be the rod, B, C, D, and F the points at which the weights 

B OOP E I p 

I4 Ul . iio 

''2 

are hung; let G be the middle point; we shoU assume that the weight 
of the acts here. 

Let R and S be the tennons of the strings. Since the resultant of 
the forces is zero, moment about A must be zero. 

Hence, Art. the algebraic sum of the moments about A 
must vanish. 
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Therefore 4 x 1+6 x 2 + 2 x 2^ + 8 x 3 + 10x4- 5fx5=0, 

/. 6;S=4 + 12 + 6 + 24 + 40 = 85, 

/. 5=17. 

^miilarlji taking moments abo6t we have 

5i2=10xl+8x2 + 2x2|+6x8 + 4x4=65, 

/. J2 = 13. 

The tension R may be otherwise obtained. For the resultant of the 
weights is a wei^t equal tft 30 and that of 12 and S is a force 
equ^ to 12 + 5. But these resultants balance one another. 

5j+S=80; 

JJ= 30 -5=30-17=13. 

Sx. 2. Forces equal to P, 2P, 3P, a/id 4P act alotiq the sides of a 
square ABCD taken in order ; find the magnitude^ direction^ and line 
of action of the resultant. 

Let the side of the square be a. 

The forces P and 3P are, by Art. 52, equal to a panUlcl foroc^P 

acting at A', where J)E is % . 

2 

The forces 4P and 2P are, similarly, equal to a force 2P acting at 
a x^oint F on CD where DF is a. 

Let the linos of action of these two components meet in O. Tlien 
the final resultant is equal to 2P^2 acting in a direction parallel 
to CA, 



Q 
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OtbarwlM fhiui; without making any geometric oonstruotion 
(which is often tedious) the line of action of the resultant force can 
be easily obtained by using the theorem of Art. 65. 

Let the line of action meet AD and CD in Q and JR, 

^ Since Q is a point on the line of taction of the resultant the alge- 
t>raio sum of the moments of the four forces about Q must be zero; 

/. P(DQ+a)+2P{a)=3P.DQ; 


/. DO 


2 


So for the point B we have , 

P . a + 2P ( Jf/) + a) = 4P . PP ; 



Also the components of the forces perpendicular to CD are 4P - 2P, 
i.e. 2P, and the components parallel to CD are 3P-P, i,e. 2P. 
Hence the magnitude of the resultant is 2J2P, 


Hz. 8. Forces equal to SP, 7P, and 5P act along the sides AB, BCt 
and CA of an equilateral triangle ABC; fit d the nuignitvdei direction^ 
an^ line of CLCtion of the resultant. 

Let the side of the triangle be a, and let the resultant force meet 



the [dde BG in Q, Then, by Art. 65, the moments of the forces about 
Q vanish. 

3p X {QC + a) sin 60® =r 5P x QC sin 60®. 


The sum of the components of the forces perpendicular to BC 

s=5Psln 60® -BPsin 60®=PV3. 

Also the sum of the components in the direction BC 

=7P - BPoos 60® - SPoos 60® =3P. 

‘ /3 

Hence the resultant isPV^2 inclined at an angle tan~i\<- , i.e, 

» o 

80^, to BC and passing through Q where CQsz \bC, 



MOMENTS 


n 


EXAMPLES. IX. 

1, The Bide of a square ABCD is 4 feet; along the lines CB^ BA, 
BA, and BB, respectively act fences equal to 4, 8, 2, and 5 lbs. weighty; 
‘^nd, to the nearest decimal of a foot-pound, the algebraic sum of the 
inoincnts of tbq forces about C. 

• 2, The side of a regular hexagon ABCBEF is 2 feet; along the 
sides AB, CB, BC, BE, EE, and i'W act forces respectively equal to 1, 
2, 3, 4, 5, and 6 lbs. wt. ; find the algebraic sum of the moments of 
the forces about ^ 

3. A polo of 20 feet lon^h is placed with its end on a horizontal 
plane and is pulled by a string, attached to its upper end and inclined 
at 30^ to the horizon, whose tensien is equal to 30 lbs. wt. ; find the^ 
horizontal force which applied at a point 4 feet above the ground will 
keep the pole in a vertical position. 

4. A uniform iron rod is of length 6 feet and tnass 9 lbs., and 
from its extremities are suspended masses of 6 and 12 lbs. respec- 
tively; from what point i^ust the rod be suspended so that it may 
remain in a horizontal position? 

5. A uniform beam is of length 12 feet and weight 50 lbs., Juid 
from its ends are suspended bodies of weights 20 and 80 lbs. respec- 
tively; at what point must the beam be supported so that it may 
reinaiu in equilibrium? 

6. Masses of 1 lb., 2 lbs., B lbs., and 4 lbs. are su.spcnded from a 
uniform rod, of length 5 ft., at distances of 1 ft., 2 ft., 3 ft., and 4 ft. 
res^ctively from one end. If the mass of the rod be 4 lbs., find the 
position of the point about which it will balance. 

7. A uniform rod, 4 ft. in length and weighing 2 lbs., turns freely 
about a point distant one foot fi-om one end and from that end a 
weight of 10 lbs, is suspended. What 'weight must be placed at the 
other end to produce equilibrium? 

8. A heavy uniform beam, 10 feet long, whoso moss is 10 lbs., is 
supported at a point 4 feet from one end ; at this end a mass of 6 lbs. 
is placed ; ,flnd the mass which, placed at the other end, would give 
equilibrium. 

9. The horizontal roadway of a bridge is 30 feet long, weighs 
6 tons, and rests on similar supports at its ends. What is tne tlirust 
borne by each support when a carriage, of weight 2 tons, is (1) half- 
^ay across, (2) two- thirds of the way across? 

10. A light rod, AB, 20 inches long, rests^on two pegs whose 
distance apart is 10 inches. How must it be placed so that the 
reactions of the pegs may be equal when weights of 2W and BW 
respectively are suspended from A and B7 * 
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11. A light rod, of length 8 feet, has equal weights attached to it, 
one at 9 inches from one end and the other at 15 inches from the other 
end; if it be supported by two vertical strings attached to its ends and 
if the strings cannot support a tension ^eater than the weight of 
1 cwt., what is the greatest magnitude of the equal weights? 

t ^ 

12. A heavy uniform beam, whoso mass is 40 lbs., is suspended 
in a horizontal position by two vertical strings each of which cair 
sustain a tension of 35 lbs. weight. How far from the centre of the 
beam must a body, of mass 20 lbs.,A)e placed so that one of the strings 
may just break? 

13. A uniform bar, AB^ 10 feet- long and of mass 50 lbs., rests on 
the ground. If a mass of 100 lbs. be laid on it at a point, distant 
3 feet from H, find what vertical force applied to the end A will just 
begin to lift that end. 

14. A rod, 16 inches long, rests on two pegs, 9 inches apart, with 
dts centre midway between them. The greatest miwses that can be 
suspended in succession from the two ends without disturbing tho 
equilibrium are 4 lbs. and 5 lbs. respectively. Find the weight of tiie 
r^ and the position of the point at which )^ts weight acts. 

QS. A straight rod, 2 feet long, is movable about a hinge at one 
ena and is kept in a horizontal position by a thin vertical string 
attached to the rod at a distance of 8 inches from the hinge and 
fastened to a fixed point above the rod ; if the string can just support 
a mass of 9 ozs. without breaking, find the greatest mass that can 
be susMnded from the other end of the rod, neglecting tho weight of 
the roa. 


16. A tricycle, weighing 5 stone 4 lbs., has a small wheel sym< 
metricfdly placed 3 feet behind two large wheels which are 3 feet apart ; 
if the centre of gravity of the machine bo at a horizontal di stance of 
9 inches behind the front wheels and that of the rider, whose weight 
is 9 stone, be 3 inches behirfd the front wheels, find the thrurts on 
the ground of the different wheels. 

17. A tricyole, of weight 6 stone, has a small wheel symmetri- 
cally placed 8 ft. ins. in front of tho line joining the two large 
wh^ls which are 3 feet apart ; if the centre of gravitv of tly 9 machine 
be distant horizontally 1 foot in front of the hind wheels and that of 
the rider, whose weight is 11 stone, be 6 inches in front of tho hind 
wheels, ^d how tho weight is distributed on the different wheels. 

18. A dog-cart, loaded with 4 cwt., exerts a force on the horse’s 
back equal to 10 lbs. wt. ; find the position of the centre of gravity of 
the load if the distance between the pod and the axle be 6 feet. 

10. Forces of 3| 4, 5, and 6 lbs. wt. respectively act along the sides 
of a square ABCD taken in order; find the magnitude, direotiem, and 
line of action of their ifesultant. 
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20. ABCD is a square; along AB^ CBt AD, and DO equal forces,. 
P, act; find their resultant. 

21. A BCD is a sqiuire the length of whose side is one foot ; along 
AB, BO, DC, and if D act forces proportional to 1, 2, 4, and 3 respec- 
tively ; shew that the resultiint is parallel to a diagonal of the square 
and find where it cuts the sides of the square. 

22. ABCD is a rectangle of which adjacent skies AB and BC are- 
equal to 3 and 4 feet respectively^ along AB, PC,«ind CD forces of 30, 
40, and 50 lbs. wt. act; find the resultant. 

23. Three forces P, 2P, and 3P act along the sides AB, BC, and 

CA of a given equilatere^ triangle ABC; find the magnitude and 
direction of their resultant, and find also the point in which its line 
of action meets the side BC, * > 

24. ABC is an isosceles triangle whose angle A is 120® and forces 

of magnitude 1, 1, and ^3 lbs. wt. act along AB, AC, and BC ; shew 
that the resultant bisects BC and is parallel to one of the other sides 
of the triangle. % 

25. l^'orees proportional to AB, BC, and 2CA act along th^sides 
of a triangle ABC taken in order; show that the resultant is repre- 
sented in magnitude and direction by CA and that its line of action 
meets BO at a point X where CX is equal to BC, 

26. ABC is a triangle and D, E, and F are the middle points of 
the sides; forces represented by AD, §BE, and ^ CP act on a particle 
at the point where AD and BE meet; shew that the resultant is 
represented in mapiitude and direction by ^AC and that its line of 
action divides BO in the ratio 2 : 1. 

27. Three forces act along the sides of a triangle; shew that, if 
the sum of two of the forces be equal in magnitude but opposite in 
sense to the third force, then the resultant of the three forces passes 
through tlie centre of the inscribed circle of tbq triangle. 

28. The wire passing round a telegraph polo is horizontal and 
the two portions attached to the pole are inclined at an angle of 60® 
to one another. The pole is supported by a wire attache to the 
middle point of the pole and incline at 60® to the horizon ; shew that 
the tension of tliis wire is 4\/3 times that of the telegraph wire. 

29. At what height from the base of a pillar must the end of a 
rope of given length be fixed so that a man Standing on the ground 
and pulling at its other end with a given foro§ may have the gimtest 
tendency to make the pilbir overturn ? 
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SO. Thd niAgllltndd of a foroe is known and also its momenta 
about two given points A and B, find, by a geometrical construction, 
its line of action. 

31. find the locus of all points in a plane such that two forces 
given in magnitude and position shall Lave equal moments, in the 
same sense, round any one of these points. 

32. AB is a diameter of a circle and BP and BQ are chords at 
right angles to oneoinother ; shew that the moments of forces repre- 
sented by BP and BQ about A are equal. 

33. A. cyclist, whose weight is idb lbs., puts all his weight upon 
one pedal of his bicycle when the crank is 'horizontal and the bicycle 
is prevented from moving forwards. K the length of the crank is 
6 finches and the radius of the cbWn< wheel is 4 inches, find tlie 
tension of the chain. 



CHAPTER VI. 
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68. Def. Two equal unlike parallel forces, whose 
lines of action are not the same, form a couple. 

The Arm of a*couple is the perpeu' 
cUcular distance between the lines of action 
of the two forces which form the couple, 
is the perpendicular drawn from any 
point lying on the line of action of one of 
the forces upon the line of action of the 
other. Thus the arm of the couple (P, P) \ 

is the length AB, 



The Moment of a couple is the product 
of one of the forces, forming the couple 



and the arm of the couple. 


In the figure the moment of the couple is P'k A B, 
Examples of a couple are tho forces applied to the 
handle of a screw-press, or to the key of a clock in winding 
it up, or by the hands to the handle of a door in opening it. 

A couple is by some writers called a Torque ; by others 
the word Torque is used to denote the Moment of the 
Couple. • * 
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60 . Theorem. The algebraic mm of the momenta of 
the two forces forming a couple about any point in thew' 
plane is constant, and equal to the moment of the couple. 

Xiet the couple consist of two forces, each equal to P, 
and lot 0 be any point in their plane. 





Draw OAB perpendicular to the lines of action of the 
force( to meet them in A and B respectively. 

The algebraic sum of the moments of tlie forces alxmt 0 
= B. 0B--^1\ 0A^r{0B-0A) ^-P.AB 
-the moment of the couple, and is therefore the same 
whatever be the point 0 about which the moments are 
taken. 


70 . Theorem. 7W couples, acting in one plane upon 
a rigid body, whose moments are equal and opposite, balance 
one another. 

Let one couple ^consist of two forces {P, P), acting at 
the ends of an arm p, and let the other couple consist of 
two forces {Q, Q), acting at the ends of an arm q. 

Case I. Let one of the forces P meet one of the forces 
§ in a point 0, and let the other two forces meet in ff. 
From O' draw pcipendiculars, O'M and O'N, upon the 
forces which do not pass through O', so that the lengths of 
these perpendiculars ^ p and q respectively. 



COUPLES 


77 


9 

Since the moments of the couples are equal in magzii- 
tude, we have 

P.p-=Q.q, 
ue., P. OM^ Qk ffN. 

Hence, (Art. 64), U is on the ^ 
line of action of the resultant of 
P and Q acting at 0, so t&at Oi/ P 
is the direction of this reaiiltant. M 

Similarly, the res^iltant of P 
and Q at 0* is in the direction 
OU 

Also these resultants are equal in magnitude ; for the 
forces at 0 are respectively equal to, and act at the same 
angle as, the forces jit 0\ 

Hence these two resultants destroy one anothei) and 
therefore the four forces composing the two couples are in 
equilibrium. 

Case II. Let the forces composing the couples be »!! 
parallel, and let any straight line perpendicular to their 
directions meet them in the points Ay By Gy and 2>, as in 
the figure, so that, since the moments are equal, we have 
P.AB^Q.GD (i). 

Let L be the point of application of the lesultant of Q 
at G and P at By so that 

P,BL^Q.CL (Art. 52) (ii). 





78 


STATJOa 


\ 

By subtracting (ii) from (i), we have 
P.AL^^Q.ZD, 
so that L is the point of application of the resultant of P 
at ^4, and Q nt D, < 

But the magnitude of each of these resultants is 
{P + Q)f and they have opposite directions ; hence they are 
in equilibrium. * 

Therefore the four forces compelling the two couples 
balance. 

71. Since two couples in the same plane, of equal but 
opposite moment, balance, it follows, by reversing the 
directions of the forces composing one of the couples, that 

Any two couples of equal moment in the same plane are 
equivalent, 

it follows also that two like couples of equal moment 
are equivalent to a couple of double the moment. 


72. Theorem. Any number of couples in the same 
plane acting on a rigid body are equivale^it to a single 
coujAcj whose moment is eqxval to the algebraic sum of the 
moments of the couples. 

For let the couples consist of forces (P, P) whose arm 
is p, ((?, Q) whose arm is q^ (i?, R) whose arm is r, etc. 
Replace the couple ((?, Q) by a couple whose components 
have the same lines of action as the forces (P, P). The 
magnitude of each of the forces of this latter couple will 
be Z, where X,p=^Q,q, (Art. 71), 


P 


SO that 

So let the couple (P, R) be replaced by a couple 
(P~, whose 'forces act in the same lines aa the 

V P pJ 

forces (P, P). 
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' Similarly for the other couples. 

Hence all the couples are equivalent to a couple, each of 

Q V 

whose forces is P + + P - + ... acting at an armp. 

The moment of this couple is 

i.e., P.ji+'Q ,q+ E ,r+ .... 

Hence the original couples are equivalent to a single 
couple, whose moment is equal to the sum of their momenta. 

Tf all the component couples have not the same sign we 
must give to each inonient its proper sign, and the same 
proof will apply. 


EXAMPLES X. 

1. ABCD is a square whose side is 2 feet ; along A B, Ji6\ CD, and 
LA act forces equal to 1, 2, 8, and 5 lbs. wt., and tdong AG and LB 
forces equal to 6*^2 and 2<>^/2 lbs. wt. ; shew that they are equival#*’^d. 
to a couple whose moment is equal to 16 foot-pounds weight. 

2. Along the sides AB and CD of a square ABCD act forces each 
equal to 2 lbs. weight, whilst along the sides and CB act forces 
each equal to 5 lbs. weight ; if the side of the square be 3 feet, find 
the moment of the couple that will give equilibrium. 

3. ABCDEF is a regular hexagon ; along the sides A B, CB, DE, 

and FE act forces respectively equal to 5, 11, 5, 11 lbs. weight, 

and along CD and FA act forces, each equal to x lbs. weight. Find 
X, if the forces be in equilibrium. ^ 

4. A horizontal bar AB, without weight, is acted upon by a 
vertical downward force of 1 lb. weight at , a vertical upward force 
of 1 lb. weight at B, and a downward force of 5 lbs. weight at a^ 
given point C inclined to the bar at an angle of 30°. Find at what 
point of the bar a force must be applied to balance these, and find 
also its magnitude and direction. 

73t Theorem. The effect of a $ouple upon a rigid 
hody ie uruiltered if it he transferred to g,ny pl<me parallel to 
its own^ the arm remaining parallel to^its original potftfton. 
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Let tlie couple consist of two forces (Z^, P), whose arm 
is AB^ and let their lines of action be AC and BD, 



Let AiBi be any line equal and parallel to AB. 

Draw A^Ci and BiD^ parallel io AC and BD respec- 
tively. 

At Ai introduce two equal and opposite forces, each 
equal to P, acting in the direction A^Ci and the opposite 
direction A^E, 

At B^ introduce, similarly, two equal and opposite forces, 
each equal to P, acting in the direction PiZ>i and the 
opposite direction 

These foitses will have no effect on .the equilibrium of 
the body. 

Join ABi and AjB, and let them meet in 0; then O is 
the middle point of both ABi and AiB, 

The forces P at P and P acting along AiE have a re- 
sultant 2P acting at 0 parallel to PP. 

The forces F ft A and P acting along P^P have a 
resultant 2P actinff at 0 paraUel to AC, 
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Tliese two resultants are equal and opposite, and there- 
fore balance. Hence we have left the two forces (P, P) at 

and Pj acting in the directions djCj and ic., 

parallel to the directions of the forces of the original 
couple. 

Also the plan© through and is parallel to the 
plane through AC and PZ). * * 

Hence the theorem Is prpved. 

Cor. From this pit>position and Art. 71 we conclude 
that A cxniple nmy he replaced hy any oUher couple acting inm 
a parallel plame^ provided that the mom&tUa of the two wuplee 
are the same, 

74. Theorem. single force a'nd a <}ouple actingin 

the same plane upon a rigid body cannot jyroduce eq^iilibri'3ni^ 
hut are equivale^it to the single force cwting m a direction 
parallel to its original direction, 

Ijet the couple consist of two forces, each equal to P, 
their lines of action being OB and Ofl respectively. 

Let the single force be Q, 

Case 1. If Q l)e not parallel to the forces of the couple, 
let it be produced to meet one of them in 0, 

Then P and Q, acting at 0, are equivalent U some force 
Bf acting in some direction OL which lies between OA and 
OB. 

Let OL be produced (backwards if necessary) to meet 
the other force of the couple in Oj, and let the point of 
application of P be transferred to Oy. 

Draw O^Ai parallel to OA. 

Then the force P may be resolved intcv two forces Q and 
P, the former acting in the direction OiA^^ and the latter in 
the direction opposite to 0,(7. * 


L. s. 
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This latter force P is balanced by the second force P of 
the couple acting in the direction O^C. 



■ HcCnce we have left as the resultant of the system a 
ioipe Q acting in the direction O^Ay^ ^rallel to its original 
direction OA. 


Case II. Let the force Q be parallel to one of the 
forces of the couple. 


o,- 

P' 


B 

D 

A j 

1 

/ 

.0 1 


O Oj Oa O4 


C’ 

Let OyO meet the force Q in 0^ 

The parallel forces P at 0 and Q at 0, are, by Art. 52, 
equivalent to a force (P + Q) acting at some point Og in a 
direction parallel to OB. The unlike parallel forces (P + Q) 
at 0, and P at ore, similarly, equivalent to a force Q 
acting at some point O 4 in a direction parallel to OJ). 

Hence the resultant of the system is equal to the single 
force Q acting inV direction pMndlel to its original direo 
tioiL 
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75- If threa forces^ cbcting upon a rigid hody^ he repre- 
sented in magnitude^ direction^ and line of action by the sides * 
of a triangle taken in order ^ they are equivalent to a couple 
whose moment is represenUd by twice the area of the triangh. 
Let ABC be the triangle and P, Q, and E the forces, so 
that P, Qy and E are represented by the sides P(7, CA, and 
AB of the triangle. * * 

Through B draw L^M parallel to the side ACy and in- 
troduce two equal and/>pposite 
forces, equal to Q, at P, actjng 
in the directions BL and BM 
respectively. By the triangle 
of forces (Art. 36) the forties P, 

E, and Q acting in thp straight 
line BLy are in equilibrium. 

Hence we are left with the 
two forces, each equal to Q, 
acting in the directions CA and BAf respectively. 

These form a couple whose moment is ^ x PiT, whore 
PA' is drawn perpendicular to OA, 

Also Q X PA= CA X PA'=: twice the area of the triangle 
ABC, 

Cor. In a similar manner it may be shewn that if 
a system of forces acting on one plane on a rigid body be 
represented in magnitude, direction, and Jine of action by 
the sides of the polygon, they are equivalent to a couple 
whose moment is represented by twice the area of the 
polygon. 
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CHAPTER VIL 


EQUILIBRIUM OF A RIGID BODY ACTED ON BY 
THREE FORCES IN A PLANE. 

76. Ik the present chapter we shall discuss sonic 
simple cases of the equilibrium of a rigid body acted upon 
by three forces lying in a plane. 

By the help of the theorem of tl^e next article we shall 
finl^ that the conditions of equilibrium reduce to those of a 
single particle. 

77. Theorem. If three forces^ acthig in one plane 
upon a rigid body, keep it in equUibritim^ tiuey must either 
meet in a point or he paralld. 

If the forces be not all parallel, at least two of them 
must meet ; let these two he P and Q, 
and let their directions meet in 0. 

The third force R shall then pass 
through the point 0, 

Since the algebraic sum of the 
moments of any number of forces about 
a point in their plane is equal to the 
moment of their resultant, 

therefore the sum of the moments of P, (), and if about 
0 is equal to the pioment of their resultant. 

But this resultant vanishes since the forces are in equi- 
librium. 
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Hence the sum of the moments of jP, Q, and R about 19 
is zero. 

But, since P and Q both pass through 0, their moments 
about 0 vanish. • 

Hence the moment of R about 0 vanishes. 

Hence by Art. 57, since R is not zero, its line of action 
must pass through 0. * ^ 

Hence the forces mdet ii^ a point. 

otherwise. The resultant of P and Q must be some force passing 
through O. * 

But, since the forces P, Q, and*P are in equilibrium, this resultant* 
must balance 22. » 

But two forces cannot balance unless they have the same line of 
action. 

Hence the line of action of It must pass through O. 

78. By the preceding theoi'em we see that )he 
conditions of equilibrium of throe forces, acting in one 
plane, are easily obtained. For the three forces must meet 
in a point; and by using Lami’s Theorem, (Art. 40), or 
by resolving the forces in -two directions at right angles, 
(Art. 46), or by a graphic construction, wo can obtain 
the required conditions. 

Bx. 1. A heavy uniform rod AB is hinged at A to a fixed pointy 
and rests in a position inclined at 60^ 
to the horizontal, being acted upon by p 
a horizontal force F applied at the ^ 
lower end B: find the action at the 
hinge and the magnitude of F, 

Let the vertical through C, the 
middle point of the rod, meet the 
horizontal line through B in the point 
D and let the weight of the rod be IF. 

There are only three forces acting 
on the rod, viz., the force F, the 
weight W, and the tm^own reaction, 

P* of the hinge. 

These three forces must therefore 
meet in a point. 
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Now f and IT meet at J)\ hence the dinotion of the aoiton at 

the hinge must be the line DA. 

Draw AE perpendicular to JSD, and lot the angle ADE be d. 

Then tane=^^ = ^=atan60»=V3. 


Also, by Laml’s Theorem, 


F W P 

an WDA “ Bin ADB "" sin WDli * 

. F W P 

• £dn(90‘^+^)’'sm^l80‘’-^)“Bin9b'>‘ 


F=ir?^?=jKcote=^^=JV3, 


Bind 




Otherwise; ADE is a triangle of forces, since its sides aro parallel 
to the forces. Hence $ can be measured, and 

I 

AD^'ED’^AE' 


Bar. 3« A uniform rod^ AB, ts inclined at an angle of 60° to the 
vertical with one end A resting against a smooth 
vertical wall, being supported by a string attached 
to a point C of the rod, distant X foot from B, and 
also to a ring in the wall oertically above A ; if 
the length of the rod be 4 feet, find the position of 
the ring and the inclinatichi and tension of the 
string. 

Let the perpendicular to the wall through A 
and the vertical line through the middle point, 

G, of the rod meet in O. 

The third force, the tension T of the string, 
must therefore pass through O. Hence CO pro- 
duced must pass through D, the position of the 
ring. 

Let the ande CDA be 0, and draw CEF horizontal to meet OG in 
E and the wall in F, 

OE CO Bin OGE 



Then 


itaiBssttaxiOOEs 


'58' 


AF 


. _l.>ineo»_ 1 

.*.‘■^= 80 *. 

.% ACD:..W‘-0mW>. 
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Hence ADssACss^ feet, giving the position of the ring. 

If J2 be the reaction of the wall, and W be the weight of the* 
beam, we have, since the forces are proportional to the sidea of the 
triangle AOD^ 

^ 

AO'' LA' 


Tss W ^ =s 

LA •008 80° 


2 


and 


Ji=TK 


lT 


TKtan80° = )r . 


1 


Bje. 3. A rod whose centre oj^ gravity divides it into two portions, 
whose lengths are a and h, has a string, of length I, tied to its two emw 
and the string is slung over a small smooth peg ; find the position of 
equilibrium of the rod, in which it is not vertical. 


[N.B. The centre of gravity of a body is the poitU at which its 



z AOCss L BOC^a (saj). 


Hence, by (Geometry, ^ s s ^ 

y CD b 

Also xi-yszl. 

solving these equations, we have 


5 = 2 

a b 


a+6 


(i)- 
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Also, from the triangle AOB, we have 

2ay COS 2o=(a:+y)*- 2*11 (l.+C082a) 
s=(a;+y)*- 4jry cos®a=:Z2-4 



It-* ao 


{tab 


(»)• 


This equation gives a. 

Let $ be the inclination of the r^d to the horizon, so that 
OCA=90^+e. 

* 

From the triangle ACO we have '' 


Bm(90°+tf) ^AQ^a;^ • I 
aina AC , a a+6* ^ 
^ isina . . . 

008 ^ = -^. giving^. 


Also, by resolving the forces vertically, we have 22*008 a = IT, 
giving 1\ 

Numerical Example. If the length of the rod be d feet, the length 
of line string 7 feet, and if the centre of gravity of the rod divide it in 
the ratio 4 : 3, shew that the portions of the string are at right angles, 
that the inclination of the rod to the horizon is tan~i 7 , and that the 
tension of the string is to the weight of the rod as ^2 : 2. 


Sz. 4. A heavy uniform rodf of length 2a, rests partly within and 
partly toithout a fixed smooth hemispherical hwjol, of radius r ; the rim 
of the howl is horizontal^ and one point of the rod is in contact with the 
rim; if $ he the inclination of the rod to the horizon^ shew that 

2r cos 2^=acoB 0. 

Let the figure represent that vertical section of the hemisphere 
which passes through the rod. 

Jjet AB be the rod, G its centre of gravity, and C the point where 
the rod meets the ed||e of the bowl. 

The reaction at A is along the lino to the centre, O, of the bowl ; 
for AO is the only line through A which is perpendicular to the 
surface of the bowl at A. 

Also the reaction at C is perpendicular to the rod ; for this is the 
only direction that is perpendicular to both the rod and the rim of 
the bowl. 

These two reactions meet in a point D\ also, bv £uo. m. 81, 
D must lie on the geometrical sphere of which the bowl is a portion. 

Hence the verticaT'ljine through Of, the middle point of the rod, 
must pass through D. 
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Through A draw AB horizontal to meet DG in E and join OC. 



Since OC and AE are parallel, 

jLOCA=z iCAE=e. 

Since 0G= OA, /. z OAC= l OCA=^B. 

Also / GVC=:W- iDGC^e, 

Now AE=:AGco&0=^acoB$f 

and AE:=:AI)co8 20=i2rcoa2$, 

2r cos SEA cos giving^. 

Also, by Laiui’s Theorem, if E and 8 be the reactions at A and C, 
we have 

E JF__ 

sin 0 sin ADG sin AEC ’ 

ie - — = 

’’ sin ^ cos 20 008 0 * 

Numerical Example* If r =s ^ a, then we have ^=30°, and 
2 

R=S=W'i^. 

Bar. 5. A beam whose centre of gravity diyfdes it into two por- 
tions, a and h, is placed inside a smooth sphere; shew that, if 6 he its 
inclination to the horizon in the position of equilibrium and 2a he the 
angle subtended by the beam at the centre of the sphere, then 

tan ^s^^tana. 
b+a 

In this case both the reactions, E and 8, at the ends of the rod 
pass through the centre, 0, of the sphere. Hence the centre of gravity, 
G, of the rod must be vertically below 0. 

Let OG meet the horizontal lino through A ;a N, 

Draw OD perpendicular to AB. 
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Then ’ I AOD^^ L 

and iDGOs iDAN^^e. 



Hence 

AG AD-^GD _ OD tan AOD - OD tan GOD 
■ GB '^BD-\-GD~ OD tan BOD + OD tan GOD 

V tan tt ~ tan $ 

^ “tana+tan^* 

. . h—a. 

tan^ssr — tana. 
b+a 

This equation gives 0, 

Also, by Lami’s Theorem, 

B S W 

sin BOG “ sin AOG sin AOB * 

= _A_ = .-5L 

^(a+9) Bin(a-^) sin 2a* 

giving the reactions. 

Nu7nerical Example. If the rod be of weight 40 lbs., and subtend 
a right angle at the centre of the sphere, and if its centre of gravity 
divide it in the ratio 1 : 2, shew that its inclination to the horizon 
is tan'^^, and that the reactions are 8i^5 and 10>/6 lbs. weight 
respectively. 

Bx. 6. Shew haw the forces which act an a kite maintain it in 
equilibrium^ proving that the perpendicular to the kite must lie between 
the direction of the string and the vertical. 

Let AB be the middle line of the kite, B being the mint at which 
the tail is attached ; the plane of the kite is perpendJloalar to the 
plane of the paper.. Let G be the centre of gravity of the kite 
inclnding its tail. 

The action of the^^ijuid may be resolved at each point of the kite 
into two oomponents, one perpendicular to the kite and the otiier 
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along its surface. The latter components have no effect on it and 
may be neglected. The former components compound into a single 



force li perpendicular t(^ the kite which acts at a point Jt which is 
a short distance above o!* ^ 

and W meet at a point O and through it must pass the direction 
of the third force, inz* the tension T of the string. 

Draw KL vertically to represent the weight ir, and LM parallel 
to HO to represent 12. 

Then, by the laiangle of forces, MK must represent the tension T 
of the string. 

It is clear from the figure that the line MK must make a greater 
angle with the vertical LK than the line Liif, 

Le, the perpendicular to the kite must lie between the vertical 
and the direction of the string. 

From the triangle of forces it is clear that both T and W must 
be smaller than the force R exerted by the wind. 

79. Trigonometiical Theorems. There are two 
trigonometrical theorems 'which are useful in Statical 
Problems, viz. If P he any point in the hcLse AB of 
triangle ABOj and if CP divides AB into tuoo parts 
and n, and the angle C into two parte a and p, and 


the angle CPB be 0, then 

4' 

(rn + n)cot$ = mcot a—ncot P (1), 

and (m + n)cotfi^ncotA---incotB (2). 


3 a 
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Foi 


m 

n 


^ 

‘ PB“ PO' PB 

sin a 


sin AGP sin PEG 


sin PAG ' sin PGB 
sin {d +.p) 
sin (fl - a) * sin 


, since L PEG = 180 " - + $), 


_ sin g (sin cos )8 cos 0 sin _ cot + cotd 
” sin/} (sin 0 cos a — cos ^ sin a) “ cot a — cot ^ ’ 


m cot a — 7t cot /3-= (m + n) cot 0, 


Again 

m __ sin AGP sin PEG 
h ~ da PAG sin PCE 
sin (0 - A) sin E 
sin A ‘ sin (0 +lS) 

_ (sin 6 cos — cos ^ sin ^ ) sin E 
^sin A (sin 0 cos E + cos 0 sin i}) 
cot -4 — cot 0 
^ cot j 5 + cot * 


c 



/. (m + n) cot O^n cot A — m cot E, 

As an illustration of the use of these formulas take Ex. 5 of 
Art. 78. Here formula (2) gives 

(a + b) cot 0GB = b cot OAB - a cot OBA, 
i.e,f (c,+ &) tan^=btana — a tana. 

Other illustrations of their use will be found later on in this book. 


EXAMPLES. XI. 

1, A uniform rod, AB, of weight TT, is movable in a vertical 
pUne about a hinge at A, and is eustained in equilibrium by a weight 
P attached to a string BCP passing over a smooth peg C, AC being 
vertical ; if AC be equal to AB, shew that P=: W cos ACB, 

2. A uniform rod* can turn freely about one of its ends, and is 
pulled aside from the vertical by a horizontal force acting at the 
other end of the rod and ^ual to half its weight ; at what inmination 
to the vertical wUl the ixm rest? 
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3. A rod AB, hinged at is supported in a horizontal position 
by a string BC, making an angle of 46^^ with the rod, and the rod has < 
a mass of 10 lbs. suspended from B. Neglecting the weight of the 
rod, find the tension of the string and the action at the hinge. 

*4, A uniform heavy rod«ifJ3 has the«end A in contact witlf a 
smooth vertical wall, and one end of a string is fastened to the rod 
at a point C, such that >4C= \AB, and the other end of the string is 
fastened to the wall ; find the length of the string, if the rod rest in 
a position inclined at an angle to me vertical. * 

r 

5. ACB ISA uniform rod, of weight W; it is supported {B being 
uppermost) with its end A against a smooth vertical wall AD by means 
of a string CD, DB being horizontal and CD inclined to the wall at 
an angle of 30"^. Find the tenaii>n of the string and the reaction 
the wall, and prove that AC^ h^B, 

6. A uniform rod, AB, resting with one end A against a smooth 
vertical wall is supported by a string BC which is ti^ to a point C 
vertically above A and to the other end B of the rod. Draw a diagram 
showing the lines of action of the forces which keep the rod in ^ui- 
librium, and shew that the tension of the string is greater than the 
weight of the rod. 

7. A uniform beam AB, of given lengtli, is supported with its 
extremity, A, in contact with a smooth wall by means of a string CD 
fastened to a known point C of the beam and to a point D of the wall ; 
if the inclination of the beam to the wall be given, shew how to find 
by geometrical construction the length of the string CD and the height 
of D above A, 


For the problem to be possible, shew that the given angle BAD 
must be acute or obtuse according as ^C is less or greater than ^AB. 

8. A uniform rod, of length a, hangs against a smooth vertical 
wall being supported by means of a string, of length 7 tied to one end 
of the rod, the other end of tho string being atbiched to a point in the 
wall ; shew that the rod can rest inclined to the wall at an angle B 

given by • What are the limits of the ratio of a : Z that 

equilibrium may be possible? 

0, Equal weights P and P are attached to two strings ACP and 
BCP passing over a smooth peg C. AB is a heavy beam, of weight W, 
whose centre of gravity is a feet from A and b feet from B ; shew that 
AB is inclined to the horizon at an angle ^ 
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10. A heavy uniform beam is hong from a fixed point by two 

strings attached to Its extremities; if the lengths of the strings and 

beam be as 2 : 8 : 4t shew that the tensions of the strings and the 
weight of the beam are as 2 : 3 : 4 ^ 10 . 

* 11. A heavy uniform rod, 15 inodes long, is suspended from a 
fixed point by strings fastened to its ends, their lengths being 9 and 
12 inches ; if d be the angle at which the rod is inclin^ to the vertical, 
sh^w that 25 sin 6 = 24. 

12. A straighlSiniform rod, of Veight 3 lbs., is suspended from a 
peg by two strings, attached at one end to the peg and at the other to 
the extremities of the rod ; the angle between the strings is a right 
angle and one is twice as long as the other ; find their tensions. 

13. 7wo equal heavy spheres, of 1 inch radius, are in equilibrium 
rdthin a smooth spherical cup of *3 inches radius. Shew that the 
action between the cup and one sphere is double that between the two 
spheres. 

14. A sphere, of given weight W, rests between two smooth 
planes, one vertical and the other inclined at a given angle a to the 
vertical ; find the reactions of the planes. , 

15. A solid sphere rests upon two parallel bars which ore in the 
same horizontal plane, the distance between the bars being equal to 
the radius of the sphere ; find the reaction of each bar. 

16. A smooth sphere is supported in contact with a smooth 
vertical wall by a string fastened to a point on its surface, the other 
end being attached to a point in tiie wall ; if the length of the string 
be equal to the radius of the sphere, find the inclination of the string 
to the vertical, the tension of the string, and the reaction of the wall. 

17. A picture of given weight, hanging vertically against a smooth 

wall, is supTOrted by a string ^sing over a smooth peg driven into 
the wall ; the ends of the string are fastened to two points in the 
upper rim of the frame which are equidistant from the centre of the 
rim, and the angle at the peg is 60° ; compare the tension in this case 
with whac it will be when the string is shortened to two-thirds of its 
length. ^ 

18. A picture, of 40 lbs. wt., is hung, with its upper and lower 
edges horizontal, by a cord fastened to the two upper corners and 
passing over a nail, so that the parts of the cord at the two sides of 
the nail are inclined to one another at on angle of 60°. Find the 
tension of the cord in lbs. weight. 

19. A picture hangs symmetrically by means of a string passing 
over a nail and attached to two rings in the picture ; what is the 
tension of ^e string when the picture weighs 10 lbs., if the string be 
4 feet long and the n^distant 1 ft. 6 inches from the horizontal line 
joining the rings? 
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20. A picture frame, rectan^Ar hi shape, rests against a smooth 

vortical wall, from two points in which it is suspended by parallel 

strings attached to two points in the upper edge of the bock of the 
frame, the length of each string being equal to the heip;ht of the 
frame. Shew that, if the centre of mavhy of the frame coincide with 
its centre of figure, the picture, will hang against the wall at an an^le 

tan"^ J- to the vertical, where a is the height and b the thickness of 
oa 

the picture. 

• • 

21. It is required to Iqing a picture on a vertical wall so that it 
may rest at a given inclination, r., to the wall and be supported by a 
cord attached to a point in the wall at a given height h above the 
lowest edge of the picture ; •determine, by a geometrical construction, 
the TOint on the back of the ^cture to which the cord is to be 
attached and find the length of the cord that will be required. * 


22. A rod rests wholly within a smooth hemispherical bowl, of 
radius r, its centre of gravity dividing the rod into two portions of 
lengths a and b. Shew that, if d be the inclination of the rod to the 


horizon in the position c/ equilibrium, then sin d= — > 

2Vr“-ab 

find the reactions between the rod and the bowl. 


and 


23. In a smooth hemispherical cup is placed a heavy rod, equal 
in length to the radius of the cup, the centre of gravity of the rod 
being one-third of its length from one end ; shew that the angle made 
by the rod with the vertical is tan”^ {3>/3). 


24. A uniform rod, 4 inches in length, is placed with one end 
inside a smooth hemispherical bowl, of which the axis is vertical and 
the radius ^3 inches ; shew that a quarter of the rod will project over 
the edge of the bowl. 

Prove also that the shortest rod that will thus rest is of length 
2^2 inches. 


The foUowtng examples are to be eolvid graphically. 

25. A heavy beam, AB^ 10 feet lonff, is supported, A uppermost, 
by two ropes attached to it at and B which are respectively inclined 
at and 60^ to the horizontal; if AB bo inclined at 20^ to the 
horizontal, find at what distance from A its centre of gravity is. 
Also, if its weight be 200 lbs., find the tensions of the two ropes. 

26. A light rod AB^ of length 2 feet, is smcfithly jointed to a fixed 
sup^rt at A and rests horizontally; at J>, where AD = 9 Inches, It 
oomes a weight of 10 lbs., being supported byiiib light rod CB^ where 
C is exactly underneath A and AC^sQ inched; find the thrust id fhe 
rodCB. 
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27. is a unifonn bsam turning on a pivot at 0 and kept in 
equilibrium by a light string AJ) attach^ to the highest point A and 
to a point D vertlcallv below C. If AB=s:Btt,t AC=zltt., Ci>p=2ft., 
and I>A=2-7 ft., and the weight of the beam be 10 lbs., find the 
tension of the string and the reaction of the pivot. 

• • 

28. A cantilever consists of a horizontal rod AB hinged to a fixed 
support at At and a rod DG hinged at a point G of AB and also 
hinged to a fixed point D vertically below A, A weight of 1 cwt. 
is attached at B; ind the actions at A and O, given that AB=6ft., 
ACsz2 ft., and AD=B ft., the weights of tf^e rods being neglected. 

• 

29. ^he plane of a kite is inclined at 50° to the horizon, and its 
weight is 10 lbs. The resultant thrust ob the air on it acts at a point 
8 inches above its centre of gravity^ and the string is tied at a point 
iO inches above it. find the tension of the string and the thrust 
of the air. 



CHAPTER VIIL 


• 

QKNERAL CONDITIONS OF EQUILIBRIUM OF A 

BODY ACTED ON BY FORCES IN ONE PLANE. 

• 

80 . Theorem. Any system of forces^ acting in one^ 
j)l(me upon a rigid body^ can he reduced to either a single 
force or a single couple. 

By the parallelogram of forces any two forces, whose 
directions meet, can compounded into one force; al^, 
by Art* 52, two parallel forces can be compounded into one 
force provided they are not equal and unlike. 

First compound together all the jmrallel forces, or sets 
of parallel forces, of the given system. 

Of the resulting system take any two forces, not form 
ing a couple, and find their resultant next find the 
resultant of R^ and a suitable third force of tlio system ; 
then determine the resultant of R^ and a suitable fourth 
force of the system; and so on until all tlie forces have 
l>een exhausted. 

Finally, we must either arrive at a single force, or we 
shall have two equal parallel unlike forces forming a 
couple. 

81 . Theorem. If a system of forces act in one 

plcme upon a rigid hody^ and if the algebraic sum of their 
moTnents about each of three points hi the plane {not lying in 
the aa/ine straight line) varnish separalely^ the system of forces 
is in equilibrium, • * 


n. s. 


7 



98 


STATICS 


For any such system of forces, by the last article, 
reduces to either a single force or a single couple. 

In our case they cannot reduce to a single couple j for, 
if they did, the sum of their moments about any point in 
their plane would, by Art. 69, be equal to a constant which 
is not zero, and this is contrary to our hypothesis. 

Hence the system of forces cannot reduce to a single 
couple. 

The system must therefore eitjier be in equilibrium or 
^reduce to a single force F. 

Let the three points about which the moments are t^Vken 
be Ay By and G, 

Since the algebraic sum of the moments of a system of 
forces is equal to that of their resultant (Art. 62), therefore 
the moment of F about the point A must be zero. 

Hence F is either zero, or passes through A, 

Similarly, since the moment of F about B vanishes, 
F must be either zeio or must pass through B, 

i,e.y F is either zero or acts in the line AB, 

Finally, since the moment about G vanishes, F must be 
either zero or pass through G, 

But (since the points A, By C are not in the s»ime 
straight line) the force cannot act along AB and also pass 
through 

Hence the only admissible case is that F should be zerO| 
i,e.y that the forces should be in equilibrium. 

The system will also bo in equilibrium if (1) the sum of the 
moments about each of two points, A and jB, separately vanish, and 
if (2) the sum of the forces resolved along AB bo zero. For, if (1) 
holds, the resultant « by the foregoing article, is either zero or acts 
along AB. Also, ii (2) be true there is no resultant in the direction 
AB; hence the resultant force is zero. Also, as in the foregoing 
article, there is no 'resultant oouple. Hence the system is in equi- 
librium. 
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82. Theorem. A system of forceSy opting in one plane 
upon a rigid hody^ ie in equilibriuinj if the sum of their compo- 
•nents parallel to each of two lines in their plane he zero, and if 
the algebraic sum of their moments about any point he zero also^ 

For any such system of forces, by Art. 80, can be 
reduced to either a single force or a single couple. 

In our case they cannot reduce to a singie force. 

For, since the suing of the components of the forces 
parallel to two lines in their plane are separately zero, 
therefore the coniponentf of their resultant force parallel to 
these two lines are zero also* and therefore the resultant* 
force vanishes. 

Neither can the forces reduce to a single couple; for, if 
they did, the moment of this couple about any point in its 
plane would l>e ociual t<f constant wliich is not zero ; tins, 
however, is contrary to our hy|X)thesis. 

jdonce the system of forces must be in equilibrium. 

83. It will be noted that in the enunciation of the last 
article nothing is said about the directions in which we are 
to resolve. In practice, however, it is almost always desir- 
able to resolve along two directions at right angles. 

Hence the conditions of equilibrium of any system of 
forces, acting in one plane upon a rigid body, may Ixs ob- 
tained as follows ; 

I. Equate to zero the algebraic sum of the re- 
solved parts of all the forces in some fixed direction. 

II. Equate to zero the algebraic sum of the 
resolved parts of all the forces in a perpendicular 
direction. 

III. Equate to zero the algebraic sum of the 

moments of the forces about any point In their 
plane. • * 
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I and 11 ensure that there shall be no motion of the 
body as a whole ; 111 eiisui^s that there shall be no motion 
of rotation about any point. 

^ The above three statical relations, together with the 
geometrical relations holding between the component 
portions of a system, will, in general, be sufficient to deter- 
mine the equifibrium of any system acted on by forces 
which are in one plane. 

In applying the preceding conditions of equilibrium to 
'any particular case, great siniplifications can often be intro- 
duced into the equations by properly choosing the dii-ections 
along which we resolve. In general, the horizontal and 
vertical directions are the most suitfiblc. 

’ Again, the position of the point about which we take 
moments is important ; it should bo chosen so that as few 
of the forces as possible are introduced into the equation of 
moments. 


84 . Wo have shewn that the conditions given in tlie previous 
article are sufficient for the equilibiium of the system of forces ; they 
are also necessary. 

Suppose wo knew only that the first two conditions were satisfied. 
The system of forces might then reduce to a single couple ; for the 
forces of this couple, being equal and opposite, are such that tbeir 
components in any direction would vanish. Hence, resolving in any 
third direction would give' us no additional condition. In this case 
the forces would not be in equilibrium unless the third condition were 
satisfied. 

Suppose, again, that we knew only that the components of the 
system along one given line vanished and that the moments about a 
given point vanished also ; in this case the forces might reduce to a 
single force through' the given point pei^ndicular to the given line ; 
hence we see that it is necessary to have the sum of the components 
parallel to another line zero also. 
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85. We shall now give some examples of the applica- 
tion of the general conditions of oquilibrlurn. In solving 
any statical problem the student should proceed as 
follows ; • 

(1) Draw the figure according to the conditions given. 

(2) Mark al] the forces acting on tho body or bodies, 
taking care to assume an unknown reaction (to lie deter- 
mined) wherever one Ibody* presses against another, and 
to mark a tension aloqg any supporting string, and to 
assume a reaction wherever tljp body is hinged to any othe^ 
body or fixed point. 

(3) For each body, or system of bodies, invohed in 
tho problem, equate to zero the forces acting on it i*esolv(xl 
along two convenient perpendicular directions (generally 
horizontal and vertical). 

(4) Also equate to zero the moments of tho forces 
about any convenient point. 

(5) Write down any geometrical relations coiiiiocting 
tho lengths or angles involved in the figure. 

Sz. 1. A heavy uniform beam rests ivithom end upon a horizontal 
plane f ami the other end upon a given inclined plane; it is kept in 
equilibrium by a string which is attached to the end resting on the 
fumzontal plane ami to the intersection of the inclined and horizuntal 
planes; given that the inclination (a) of the beam to the horiiuntal is 
one-half that of the inclined pl<me,Jlnd the tension of the lug ami the 
reactions of the planes. 

Let AB bo the beam, AO the horizontal, and OB the inclined 
plane. 
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Let T be the tension of the string AO, W the weight of the body, 
JR and S the reactions at A and B respectively vertical and perpen- 


dicular to OB, 

Besolving horizontally and vertically we have 

2’= S sin 2a (1), 

]r=-B-hiSfcos2a (2). 

Also, taking moments about A , we have 

W §,a cos a = S . AB s?n ABL = S ,2a cos a (3), 

where 2a is the length of the beam. ^ 


These three equations give the circumstances of the equilibrium. 

From (3), we have ,S= J-TT. „ 

,\ from (2), Jl= ir - ^irco32(j =1^(1-^ cos 2tt). 

Also, from (1), 

i = -^Bin2a. 

Hence the reactions and the tension of the string are determined. 

Suppose that, instead of the inclination of the beam to the horizon 
being given, the length of the string were given ( = l say). 

Let us assume the inclination of the beam to the horizon to be 0, 

The equations (1) and (2) remain the same as before. 

The equation of moments would be, however, 

W, a cos 0z=f^.Af^ sin ABL — S , 2a cos ABO 

= S . 2a cos (2a -9) (4). 

We should have a geometrical equation to determine d, viz., 

I ^OA Bin^JiO_Bin(2a-^) 

AB^ Bin AdB~ sin 2a 

This latter equation determines 9, and then the equations (1), (2), 
and (4) would give T, J2, and S, 

This question might have been solved by resolving along and 
perpendicular to the beam; in each equation we should then have 
involved each of the quantities T, B, S, and W, so that the resulting 
equations would have been more complicated than those above. 

It was also desirable to take moments about A ; for this is the 
only convenient point in the figure through which pass two of the 
forces which act on the body. 

Bz. 2. A beam whose centre of gravity divides it into portions, of 
lengths a and b resj^ctively, rests in equilibrium with its ends resting 
on two smooth phinfs inclined at angles a and^p respectively to the 
horizon, the planes intersecting in a horizontal line; find the inclination 
of the beam to tlie horizon and the reactions of the planes. 
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Let the planes be OA and OB, and let AB be the rod, whose centre 
of gravity is O, so that GA and GB are a and h respectively. 

Let It and S be the reactions at A and B perpendicular to the 
inclined planes, and let 0 be the inclination of the beam to the 
horizon. . 


O' 



Besolving vertically and horizontally, we have 


Bcoaa4-»S'cosja=)r (1), 

jRsina—Bsin/9 (2). 

Also, by taking moments about O, wo have 


B . GA sin GAL = S.GB sin GBM, 

Now Z GA L =90° - BAO=90° - (a ~ 

and Z 67?M=90°-^BO=90°-(^-f<?). 

Hence the equation of moments becomes 

J2.acos(a-^) = B. bcos()3 + ^) (3). 

Prom (2), we have 

It _ S _ J2 cos a + B cos /5 W , ^ 

8inj8''Bina““sin/9co8a + sinttC08/3”’8in(a + /S) ' 

These equations give It and S; also substituting for It and S in (3) 
we have 

a sin p cos (a - ^) = ft sin a cos (iti + ^) ; 

a sin p (cos a cos d + sin a sin fl)=h sin a (cos p cos 0 - sin p sin 0) ; 
(tt+ h) sin a sin p sin O^cos ^ (& sin a cos p-a cos a sin p ) ; 

(a + 5) tan^=bcot/3-aoottt ..(4), 

giving the value of • • 

OtherwlM thus; Since there are only thr^ forces acting on the 
body this question might have been solved byiitne methods of the last 
chapter. 
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For the three forces and must meet in a point O'. 

The theorem of Art. 79 then gives 

(a + b) oot (yOA = h cot /S - a cot a, 

, t.c. (a+&) tan ^=2»cot/3->acota, 

which is equation (4). 

Also Lami’s Theorem (Art. 40) gives 

^ n W 

sin B(yG ~ Bin AC/G ~ sifn Ai/B ' 

. ^ IV _ 

sin ““ sin a ““ si'a (tt + )8) * 


' Bac. 8. A laiUler, whose weight is 192 Ihs. and whose length is 25 
feett rests with one end aaahist a smooth vertical loall and with the 
other end upon the ground; if it he prevented from slipping by a peg 
at its lowest pointy and if the lowest point he distant 7 feet from the 
ioallt find the reactions of the peg, tlie ground^ and the wall. 

Lot AB be the rod and G its middle point ; let and be tlie 
reactions of the mound and wall, and S the hori- 
zontal reaction of the peg. Let the angle GAO R4O' I 

a, so that ^ 


and hence 




e26~V 626~26* 


Equating to zero the horizontal and vertical // 
components of the forces acting on the rod, we have p ;/ 

JR -192=0 (1), |r^, 

and Jei-&'=0 (2). t<% 

Also, taking moments about we have 

192 X AG cos a=JRi x AB sin a (3) ; 

72^=192 x|^cota=96x ^=28. 

Hence, from (1) and (2), 

JR=192 and S=2Q. 


The required reactions are therefore 28, 192, and 28 lbs. weight 
respectively. 

The resultant of B a.id S must by the last chapter pass through O', 
the point of intersection 6f the weight and JR^. 
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Bz. 4. One end of a uniform rod is attached to a hingcj and the 
other end is supported hy a string attached to the extremity of the rod^ 
and the rod and string are inclined at the same angle^ 6*, to the hori- 
zontal; if W he the weight of the rod, shew that the action at the 

hinge is ^ sJ^ + cose^$, , 

Jjct AB bo the rod, C its middle point, and BD the string meeting 
the horizontal line through ^ in D. 



M 


Let the tension of the string be 1\ 

The action at the hinge is unknown both in magnitude and 
direction. Let the horizontal an<l vertical components of this action 
be X and Y, as marked in the figure. Draw BE peiTpendicular to AD. 
Then AD = ‘2d E = 2AB cos 9. 


llesolving horizontally and vertically, we have 

X=iTQoeO 

r+rsiud=Tr 

Also, taking moments about A, we have 

W, A 0 cos 0=^1\ AD sin 9=^T ,2AB cos 9 sin 9 
AC ir 


From (3), 


^ *MB sin 9 4 sin ^ ‘ 


.( 1 ), 

.( 2 ). 

.{3). 


Henoe, by (1) and (2), 

ir W 

X=^cotd, and r=ir--" = 
4 4 


3ir 

4‘* 


Therefore the action at the hinge = >/X’*+ Y^ 

= ~ ^/9 + <X)t^^= ~ nJS + QOBGG^i, 

4 4 tf 

If DB meet the direction of W in M, then, by the last chapter, 
AM is the direction of the action at d. Hen^^i if CN be parallel to 
AM^ then CMN is a triangle of foxcos. 
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Bz. 5. A uniform heavy rod can turn freely about one end, which 
is fijred; to this end is attached a string which supports a sphere of 
radius a. If the length of the rod he the length of the string a, and 
the weights of the sphere and rod be each W,find the inclinations of the 
rod and string to the vertical and the tension of the string. 

Let OA be the rod, OC the string, li the centre of the sphere, and 
D the point in which the rod touches the sphere. 



Between the sphere and the rod at X> there is a reaction. It, per- 
pendicular to OD, acting in opposite directions on the two bodies. 

The forces which act on the sphere only must be in equilibrium ; 
and so also must the forces which act on the rod. 

Since there are only three forces acting on the sphere they must 
meet in a point, viz,, the centre of the sphere. 

Hence OCB is a straight line. 

Let 0 and 0 be the inclination of the rod and string to the 
vertical. 

Then = = 

SO that ^ + 0=30° (1). 

The forces acting on the rod are the reaction at I), the weight of 
tlie rod, and the action at the hinge 0. 

If we take momepts about O we shall avoid this action, and wo 
have • 

ir. 2a Bin . OD^R . 2a cos 30® (2). 
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From the conditions of equilibrium of the sphere, 
T _ JR ^ ir 
sin (0 + 60°) “ sin 0 sin 60® 
Therefore, from (2) and (3^, 

sin d _ _ sin 0 

0=d, and hence, from (l)v 

rt ^== 0 = 15 °, 

Substituting in (3), we have 
sin 75® 


.( 8 ). 


T=w : „„ 
sm(K) 


= It' ? g- (-va + ^/6)=1-1153 X r, 


EXAMPLES. Xll. 


1. A uniform beam, yl Jj, whose weight is ir, rests w'ith one end, 
A. on a smooth horizontal plane AC, The other end, H, rests on a 
plane CJi inclined to the former at nn iuiglo of 60°. If a string C-4, 
equal to CIS, prevent motion, hnd its tension. 


2, A ladder, of weight IP, rests with one end against a smooth 
vertical wall and with the other resting on a smooth floor; if the 
inclination of the ladder to the horizon be 60°, And, by calculation 
and graphically, the horizontal force that must bo applied to the lower 
end to prevent the ladder from sliding down. 


3. A beam, of weight ir, is divided by its ceiiti'e of gravity C into 
two portions dC and BC, whose lengths are a and b respectively. The 
beam rests in a vertical plane on a smooth floor A D iuid against a 
smooth vertical wall DB, A string is attached to a Jiook at D and to 
the beam at a point P. If T be the tension of the string, and 0 and 0 
be the inclinations of the beam and string respectively to the horizon, 


shew that 




a cos d 

(a + 5) sin (<? - 0) ‘ 


4. A ladder rests at an angle a to the horizon, with its ends rest- 
ing on a smooth floor and against a smooth vertical wall, the lower 
end being attached by a strii^ to the junction of the wall and floor; 
And the tension of the string. • 

Find also the tension of the string when i^man, whose weight is 
one-half that of the ladder, has ascended the ladder two-thirds of its 
length. 
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5. One end of a uniform beam, of weight Wf ill placed on a smooth 
horizontal plane; the other end, to which a string is fastened, rests 
against another smooth plane inclined at an angle a to the horizon ; the 
string, passing over a pulley at the top of the inclined plane, hangs 
Y^ic^ty, and supports a weight P; shew that the beam will rest in 
all positions if 2P= W sin a. 

6. A. heavy uniform beam rests with its extremities on two smooth 
inclined planes, which meet in a horizontal line, and whose inclinations 
to the horizon are L and /3 ; find its inclination to the horizon in the 
position of equilibrium, and the reactions o' the planes. 

7. A uniform beam rests with a smooth end against the junction 
of the ground and a vertical wall, an(' is supported by a string 
fastened to the other end of the beam and to a staple in the wall. 
Find the tension of the string, and shew that it will be one-half 
the weight of the beam if the length of the string be equal to the 
height of the staple above the ground. 

8. A uniform rod PC, of weight 2 lbs. , can turn freely about B 
and is supported by a string AC, S inches long, attached to a point A in 
the same horizontal line as P, the distance AB being 10 Inches. If 
the rod be 6 inches long, find the tension of the string. Verify by 
a drawing and measurement. 

9. A uniform rod has its upper end fixed to a hinge and its other 
end attached by a string to a fix^ point in the same horizontal plane 
as the hinge, the length of the string being equal to the distance 
between the fixed point and the bingo. If the tension of the string bo 
equal to the weight W of the rod, shew that the rod is inclined to the 
horizon at an angle tan~^ cvnd that the action of the hinge is equal 

W 

to a force ^ /^/lO inclined at an angle tan~^ ^ to the horizon. 

10. A rod is movable in a vertical plane about a hinge at one end, 
and at the other end is fastened a weight equal to half the weight of 
the rod ; this end is fastened by a string, of length 2, to a point at a 
height c vertically over the hinge. Shew that the tension of the string 

ijy 

is — , where W is the weight of the rod. 

c 

11. AB is a uniform rod, of length 8a, which can turn freely 
about the end A, which is fixed; C is a smooth ring, whose weight is 
twice that of the rod, which can slide on the tod, and is attached by a 
string CJ> to a point JD in the same horizontal plane as the point A ; if 
ylD and CD be each oC length a, find the position of the ring and the 
tension of the string when the system is in equilibrium. 

Shew also that the action on the rod at the fixed end if is a hori- 
zontal force equal to where IV is the weight of the rod. 
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12. A rigid wire, without weight, in tlie form of the ai-c of a circle 
subtending an angle a at its centre, and having two weights P and 
Q at its extremities, rests with its convexity downwards upon a hori- 
zontal plane; shew that, if ^ be the inclination to the vertical of the 
radius to the end at which P is suspended, then 


tan 


Qsi ng 

P+<}cosa‘ 


13. A smooth hemispherical bowl, of diam^^er a, is placed so. 
that its edge touches a smooth vertical wall ; a heavy uniform rod is 
in equilibrium, inclined alf^° tc) the horizon, with one end resting on 
the inner surface of the bowl, and the other end resting against the 

wall; shew that the lengtlr of the rod must be a + 

14. A cylindrical vessel, of height 4 inches and diameter 8 inches, 
stands upon a horizontal plane, and a smooth uniform rod, 9 inches 
long, is placed within it resting against the edge. Find the actions 
between the rod and the vessel, the weight of the former being 6 ounces. 

15. A thin ring, of xadius It and weight ir, is placed round a 
vertical cylinder of radius r and prevented from foiling by a nail 
projecting horizontally from the cylinder. Find the horizontal re- 
actions between the cylinder and the ring. 

16. A heavy carriage wheel, of weight W and ra<lius r, is to be 
dragged over an obstacle, of height h, by a horizontal force F applied 
to the centre of the wheel ; shew that F must be slightly greater tba;* 

T-h 


17. A uniform beam, of length 2a, rests in equilibrium, with one 
end resting against a smooth vertical wall and with a point of its 
length resting umn a smooth horizontal rod, which is parallel to the 
wall and at a distanoo b from it; shew that the inclination of the 
beam to the vertical is 



18. A circular disc, PCD, of radius a and weight Tr, is supported 
by a smooth band, of inappreciable weight and thickness, which sur- 
rounds the disc along the arc PCX) and is fastened at its extremities to 
the point .4 in a vertical wall, the portion AD touching the wall and 
the plane of the disc belng^at right angles to thp wall. If the len^h 
of the band not in contact witli the disc be 2b, shew that the tension 

of the band is ~ » And find the reaction P. 
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19. Two equal uniform heavy straight rods are connected at one 
extremity by a string and rest upon two smooth pegs in the same 
horizontal line, one rod upon one peg and the other upon the other; 
ii the distance between the pegs be equal to the length of each rod and 
the length of the string be half the same, shew that the rods rest at an 
arfgle 6 to the horizon given by 2cos^ ^==1. 


20. A. uniform rod, whose weight is is supported by two fine 
strings, one attached to each end, which, after passing over small 
fixed smooth pulleys, carry weights w-^ and respectively at the other 
ends. Shew that the rod is indined’to the horizon at an angle 

sm ^ * — ^ — . 


21. A uniform rod, of weight Wy is supported in equilibrium by 
lustring, of length 2Z, attached to itj ends and x^assing over a smooth 
peg. If a weight W' bo now attached to one end of the rod, shew that 
it can be plac^ in another position of equilibrium by sliding a length 
IW* 

W — W* string over the peg. 


22. AB is a straight rod, of length 2a^ and weight XIT, with the 
lower end A on the ground at the foot of a vertical wall AC, J$ and C 
being at the same vertical height 2b above A ; a heavy ring, of weight 
W, is free to move along a string, of length 21, which joins B and C, 
If the system be in equilibrium with the ring at the middle point of 
the string, shew that 


^ (X+l)2- 


23. A given square board ABCD, of side h, is supported hori- 
zontally by two given loops of string OACO and OBDO passing under 
opposite comers and hung over a fixed hook 0 ; find the tensions of 
the strings, if the height of O above the board be b. 


24. A gate weighing 100 Ihs. is hung on two hinges, 3 feet apart, 
in a vertic^ lino which is distant 4 feet from the centre of gravity of 
the gate. Find the magnitude of the reactions at each hinge on the 
assumption that the whole of the weight of the gate is borne by the 
lower hinge. 


25. A triangle, formed of three rods, is fixed in a horizontal 
position and a homogeneous sphere rests on it; shew that the 
reaction on each rod is proportional to its length. 

26. A light triangular frame ABC stands in a vertical plane, O 
being uppermost, on two supports, A and B, in the same hori- 
zontal lino and a mass of 18 lbs. weight is suspended from C7. If 
ABssACss18 feet, axAl BC=5 feet, find the reactions of the supports. 

27. The sides of a triangular framework are 13, 20, and 21 inches 
in len^h ; the longest Bide rests on a horizontal emooth table and a 
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weight of 63 lbs. is suspended from the opposite angle. Find the 
tension in the side on the table. Verify by a drawing and measure^ 
nient. 

28 . A bowl is formed from a hollow sphere, of radius a, and is so 
placed that the radius of the sphere drawn to each point in the ri«i 
makes an angle a with the vertical, wdiilst the ratlins drawn to a point 
A of the bowl makes an angle with the vertical ; if a smooth uniform 
rod remain at rest with one end at A and a point of its length in 

contact with the rim, shew that the length of the rod is 

• • 

4^4 sin ^ s|pc “ 5- - . 

• *» 

86 . Ill the followyig articles the conditions of equi- 
librinni enunciated in Art. 8^1 will be obtained in a slightljr 
different manner. 

*87- Theorem. Any system of forces^ acting in 
plane upon a rigid body, is e^uivrd.enl to a force acting 
at an orhltrary point mf the body (ogetJuvr mfh a couple. 

Let R be any force of the system acting at a point A of 
the body, and let 0 bo any arbitraiy point. At 0 introduce 



two eipijA and opposite forces, the magnitude of etich being 
and let tlieir line of action l>e parallel to that of P, 
These do not alter the state of equilibrium of tlio botly. 

The force P nA A and the opposite parallel force P 
at 0 form a couple of moment P^p, where p is the per^ 
pendicular from 0 upon the line of action of the original 
force jp. 
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Hence the force P at ^ is equivalent to a parallel force 
at 0 and a couple of moment P . p. 

So the force Q at J!? is equivalent to a parallel force 
^ at 0 and to a couple of moment Q . q, where q is the 
perpendicular from 0 on the line of action of Q. 

The same holds for each of the system of forces. 

Hence the Original system of forces is equivalent to 
forces Py Qy i?... acting at*0 pamllel to their original 
directions^ and a numl^er of couples ; these are equivalent 
to a single resultant force at Oy and a single resultant 
Couple of moment 

P,p + Q^q + .... 

* 88 . By Art. 74 a force and a couple cannot balance 
unless each is zero. . 

Hence the resultant of P, Q, P,... at 0 must be zero, 
and therefore, by Art. i^y the mm of their reeolved parta 
in two directions must separately vanish^ 

Also the moment + must be zero, i.e., the 

edgehraic sum of the momerUn of the forces about an arbitrary 
point 0 m'iist vanish also, 

*89. Bz. A BCD in a square; along the sides AB, BC, DCy and 
DA act forces eqml 1, 9, 6, a7id 3 lbs. weight; dnd the force y i^nssing 
through the centre of the squarcy and the couple which are togetfier 
equivalent to the given system. 

Let O be the centre of the square and let OX and OY be perpendi- 
cular to the sides iiC, CD respectively. Let 
the side of the square be 2a. * 

The force 9 is equivalent to a force 9 
along OY together with a couple of moment 
9 .a. 

The force 8 is equivalent to a force - S ^ 
along OY together with a couple of moment 
8. a. 

The force 5 is equivalent to a force 6 ^ 

along OX together with a couple of moment 
— 5 . 9 . 
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The force 1 is equivalent to a force 1 along OX together with a 
couple of moment 1 . a. 

Hence the moment of the resultant couple is 9a+3a~5a + l .a, 

» 8 • U-* 

The component force along QX is 6 and the component along Ox 
is 6. 

Hence the resultant force is one of lbs. weight inclined at 45° 
to the side AB. 


£XAMP{.E8. XIII. 

1. A square is acted u^n by forces equal to 2, 4, 6, and 8 lbs. 
weight along its sides taken iif order; find the resultant force and the 
resultant couple of these forces, whvi the resultant forco goes through^ 
the centre of the square. 

2. A BCD is a square; along DA, AB, BC, CD, and DB act forces 
equal to P, SP, 5P, IP, and 9/^'2P; find the force, passing through A, 
and the couple, which are together equivalent to the system. 

3. Forces equal to 1, 2,^, 4, 5, and 6 lbs. weight respectively act 
along the sides .4 P, BC, CD, DE, BF, and FA of a regular hexagon; 
find the force, passing through A, and the couple, which are together 
oquivuient to the system. 

4. Given in position a force equal to 10 lbs. weight and a couple 
consisting of two forces, each equal to 4 lbs. weight, at a distance of 
2 inches asunder, draw the equivalent single force. 


Constrained body. 

90. A body is said to ho constrained when one or 
more points of the body are fixed. For example, a lod 
attached to a wall by a ball-socket has one point Gxed and 
is constrained. 

If a rigid body liave two points A and B fixed, all the 
points of the body in the line AB are fixed, and the only 
way in which the body can move is by turning round 

as an axis. For example, a door attached to the door- 
post by two hinges can only turn about the lino joining the 
hinges. • 

If a body have three points in it fixed/»the three points 
not being in the same straight line, it is plainly immovable. 

L. 8. 8 



114 


STATICS 


The only cases we shall consider are (1) when the 
body has one point fixed and is acted upon by a system 
of forces lying in a plane passing through the fixed point, 
and (2) when the body can only move about a fixed axis 
in it and is acted upon by a system of forces whose 
directions are perpendicular to the axis. 

fi 

91 . When a rigid body Jias one^poirU faced, and is acted 
upon by a system of forces in a plane passing through the 
point, it will be in equilibrium if the algebraic sum of the 
'jnome'ivts of the forces about’ the fixed point vanishes. 

When a body has one point A fixed (as in the case 
of Ex. 4, Art. 85), there must be exerted at the point some 
force of constraint, F, which together with the given 
system of forces is in equilibrium Hence the conditions 
of equilibrium of Art. 83 must apply. 

If we resolve along two directions at right angles, wo 
shall have two equations to determine the magnitude and 
direction of the force F, 

If we take moments about A for all the forces, the 
force F (since it passes through A) does not appear in 
our equation, and hence the equation of moments of Art. 
83 will become an equation expressing the fact that the 
algebraic sum of the moments of the given system of 
forces about A is zero. 

Hence for the equilibrium of the body (unless we wish 
to find the force of constraint F) we have only to express 
that the algebraic sum of the moments of the forces about 
the fixed point A is zero. 

99. ax. A rodAB has one end A fixed, and is ke^ in a horizontal 
position by a force equal to 10 lbs, weight acting at B in a direction 
inclined at 90P to the rod; if the rod be homogeneous, and of length 
\fett, find its weight. 

The moment of the weight about A must be equal to the moment 
of the foioe about A. 
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If W be the weight, the former moment is JV x 2, and the latter is 
10x4 sin 30°. 

2IF=10x4sin30°=20. 

>r=-.101bs. wt. 

9 

93. When a rigid hoRy has an aods Jixed^ and is acted 
upon hy forces^ whose directions are perpendicular to this 
axis, it loill be in equilibrium if the algebtraic sum of the 
Tnxnrnents of the forces mbout the fined axis vanishes, 

[If a force be pcrpepdicular to a given axis and do not meet it, its 
moment about the axis is tUe product of the force and the perpen- 
dicular distance between the axis |Lnd the force.] 

Suppose AB to be the fixed axis in tlie Ixidy, and let 
the body be acted on by forces 1\ these forces need 



not bo parallel but their directions must bo perpendicular 
to the axis. 

Draw CC' perpendicular to both the axis and P, and 
DD' perpendicular to the axis and Q] let their lengths be 
2 > and q. 

At (f introduce two equal and opposite forces, each 
equal to P, one of these being parallel to the original 
force P. 

The force P at (7 and the two forces {P, P) at (7' are 
equivalent to a force P, parallel to the original P, and a 
couple of moment P.p. 

Similarly, the force Q at D ia equiv^iient to a force Q 
at ly and a couple of moment Q . q, 

Similarly for the other forces. 


8—2 
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The forces, since they intersect the axis, can have no 
effect in turning the body about the axis and are balanced 
by the forces of constraint applied to the axis. 

The couples are, by Arts. 72 a^id 7 3, equivalent to a couple 
of moment + in a plane perpendicular to the 

axis. 

t 

Hence the body ’vvill be in equilibrium if 
. p + <3 . 4- ... be zero ; 

also the latter expression is the algebraic sum of the 
' moments of the forces abodt the axis. 

Hence the theorem is true. 

04. £x. A circular uniform table, of wvUjht 80 lbs., rents on four 
equal legs placed symmetrically round 
its edge; find the least iveight which hung^ 
upon the edge of the table will Just over- 
turn it. 

Let AE and BF be two of the legs of 
the table, whoso centre is 0; the weight 
of the table will act through the point O. 

If the weight be hung on the portion 
of the table between A and P the table 
will, if it turn at all, turn about the line 
joining the points E and F. Also it will 
be just on the point of turning when the 
weight and the weight of the table have equal moments about EF, 

Now the weight will clearly have the greatest effect when placed at 
M, the middle point of the arc AB. 

Let OM meet AB in L, and let x be the required weight. Taking 
moments about EF, which is the same as taking moments about AB, 
we have 

a;. Li»f= 80. OL. 

But Xilf = OM- OL^OA - OA cos 45” 



on 


198-1 lbs. wt. 



and 
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95. Theorem. If three forces acting on a body keep 
it in equilibrium^ they must lie in a plane, 

T^et the three forces be and R, 

Let 1\ and be any two points on the lines of action 
of r and Q respectively. 

Since the forces are in equilibrium, tj;^ey can, taken 
together, have no eftec^ to turn the body 
about the line forces P 

and Q meet this liiie^ and therefore 
separately have no effect to tufn the body 
about F^Qi. Hence the third force R 
can have no effect to turn the body about 

Aft. 

Therefore the line I\Qi must meet IL 

Similarly, if <?.j, ft,... bo other |>oints 
on the line of action of (?, the lines Pift, 

Pift , . . . must meet R, 

Hence R must lie in the plane through and the line 
of action of i.6., the line.s of action of Q and R must be 
in a plane which jiasses through Pj. 

But Pi is any point on the lino of action of F\ and 
hence the above plane passes through any point on the 
lino of action of P, 

i,e,^ it contains the lino of action of P. 

Cor, From Art. 77 it now follows that the three forces 
must also meet in a point or be parallel. 

EXAMPLES. XIV. 

1, A square uniform plate is suspended at on% of its vertices, and 
a weight, equal to half that of the plate, is suspended from the 
adjacent vertex of the square. Find the position^f equilibrium of the 
plate. 
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EXS.XIV 


2. A hollow vortical cylinder, of radius 2a and height 3a, rests on 
a horizontal table, and a uniform rod is placed within it with its 
lower end restina on the circumference of the base; if the weight of 
the rod be equal to that of the cylinder, how long must the rod be so 
that it may just cause the cylinder to topple over? 

3. A cylinder, whose length is h £hd the diametsr of whose base 

is c, is open at the top and rests on a horizontal plane; a uniform 
rod rests partly within the cylinder and in contact with it at its upper 
and lower edges ; supposing the weight of the cylinder to be n times 
that of the red, hnd the length of the rod when the cylinder is on the 
point of falling over. , ' 

4. A square table stands on four legs placed respectively at the 
middle points of its sides ; find the greatest weight that can be put at 
^onc of the corners without upsettu^g the table. 

5. A round table stands upon three equidistant weightless legs at 
its ^ge, and a man sits upon its edge opposite a leg. It just upsets 
and falls upon Its edge and two legs. He then sits upon its highest 
point and just tips it up again. Shew that the radius of the table is 

times the length of a leg. 

6. A circular table, whose weight is lO lbs., is provided with three 
vertical legs attached to three points in the circumference equidistant 
from one another; find the least weight which hung from any point 
in the edge of the table will just cause it co overturn. 

7. A square four-legged table hR.s lost one leg; where on the table 
should a weight, equal to the weight of the table, be placed, so that 
the pressures on the three remaining legs of the table may be equal? 

8. A square table, of weight 20 lbs., has legs at the middle points 
of its sides, and three equal weights, each equal to the weight of the 
table, are placed at three of the angular points. What is the greatest 
weight that can be x>laced at the fourth comer so that equiMbrium 
may bo preserved ? 

9. A circular metallic plate, of uniform thickness and of weight 
t(?, is hung from a point on its circumference. A string wound on its 
edge, carries a weight p. Find the angle which the diameter through 
the point of suspension makes with the vertical. 

10. A uniform circular disc, of weight nJF, has a particle, of 
weight IT, attached to a point on its rim. If the disc be suspended 
from a point A on its rim, JB is the lowest point; also, if suspended 
from B, A is the lowest point. Shew that the angle subtended by AB 
at the centre of the disc is 2 seo~^ 2 (n+ 1). 

11. A heavy horizontal circular ring rests on three supports at 
the points At B, and C of its circumference. Given its weight and 
the sides and anglen of the triangle ABC^ find the reactions of the 
supports. 



CHAPTER IX. 


CENTJIE OF GRAVITY.* 

96 . Evkhy partich) of matter is attracted to the 
ccnti*o of the Earth, and the* force with which the Eartk* 
attracts any particle to itself is, as we shall see in 
Dynamics, proportional to the mass of tlie particle. 

Any body may be considered as an agglomeration of 
particles. • 

If the body be small, compared witli the Earth, the 
lines joining its component particles to the centre of the 
Earth will be very approximately parallel, and, within the 
limits of this book, we shall consider them to be absolutely 
parallel. 

On every particle, therefore, of a rigid body there is 
acting a force vertically downwards which we call its 
weight. 

Those forces may by the process of comixmnding 
parallel forces. Art. 52, be compounded into a single 
force, equal to the sum of the weights of the particles, 
acting at some definite point of the body. Such a point 
is called the centre of gravity of the Ixxly. 

Centre of gravity. Def. Tht centre of gravity of a 
hody^ or system of particles rigidly connected iogeilier^ is 
that point through which the line of actiosi of the nmght of 
the body always passes in whatever position the body is 
2>laced^ 
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97- Every hody, or system of particles rigidly connected 
together^ lias a centre of gravity. 

Let Ay By Cy D,,, be a system of particles whose 
'^eights are w^y w^y 



c 

< •£ 

Join A By and divide It at Gi sq, that 
AGi : G^B:: : Wy^, 

Then parallel forces and w^y acting at A and B, are, 
by Art. 52, equivalent to a force (z^i + w.^ acting at Gy. 

Join GyCy and divide it at G^ so that 
6^16^2 J Gf } :: f- 

Then parallel forces, at and at (7, are 

equivalent to a force {wy + + w.^) at G^^ 

Hence the forces w,, W 2 , and W 3 may be supposed to be 
applied at 0^2 without altering their effect. 

Similarly, dividing G,iD in G^ so that 

^ 2^3 • ; Wy + tv^ + 

we see that the resultant of the four weights at Ay By Cy 
and T> is equivalent to a vertical force, Wy + Wg + ^^3 W 4 , 

acting at G^, 

Proceeding in this way, we see that the weights of any 
number of partichs composing any body may be supposed 
to be applied at some point of the body without altering 
their effect. 

98. Since the construction for the position of the 
resultant of pai^llel forces depends ordy on the point of 
application and magnitude, and not on the direction of 
the forces, the point wo finally arrive at is the i^ame if 



CENTRE OF GRAVITY 


121 


the body be turned through any angle ; for the weights 
of the portions of the body are still parallel, although they 
have not the same direction, relative to the body, in the 
two positions. ^ • 

We can hence shew that a body can only have one 
centre of gravity. For, if possible, let it have two centres 
of gravity G and the body be turfled, if necessary, 

until GGx be horizontfS. W© shall then have the resultant 
of a system of vertical forces acting l)oth through G and 
through Gx> But the ^resultant force, being itself neces- 
sarily vertical, cannot act in the horizontal lino GG^, ^ 

Hence there can be only one centre of gravity. 

09 . If the body be not so small that the weights of its component 
parts may all be considered to l>e veiy approximately parallel, it has 
not necessarily a centre of^avity. 

In any case, the point of the body at which wo arrive by the con- 
striction of Art, 07, has, however, very important pioperties and is 
called its Centro of Mass, or Centre of Inertia. If the body be of 
uniform density its centre of moss coincides with its Centroid. 

100 . We shall now proceed to the determination 
the centre of gravity of some bodies of simple forms. 

1. A uniform rod. 

Lot A7J ho a uniform rod, and G its middle point. 



0 


Take any point F of the rod between G and A, and a 
point Q in GR, sucli that 

GQ^GP. 

The centre of gravity of equal particles at P and Q 
is clearly G; also, for every particle between O and Ay 
there is an equal particle at an equaj distance from G^ 
lying between G and A 
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The centre of gra\'ity of each of these pairs of particles 
is at (t ; thei^efore the centre of gravity of the whole rod 
is at (7. 


101. IX. A uniform parallelogram. 

Let ABGD bo a parallelogram, and let E and F be the 
middle points oi^AD and BG. ^ 

Divide the parallelogram “ "' G ' lV 7 ^ 

into a very large number of* — ^-7^ ys 

strips, by means of lines parallel ^ f / / 

ADy of which PR and Q8 ^ F C 

are any consecutive pair. Then 

PQSR may be considered to be a uniform straight line, 
whose centre of gravity is at its middle point 

So the centre of gravity of all the other strips lies on 
EFy and hence the centre of gravity of the whole figure 
lies on EF, 


So, by dividing the parallelogram by lines parallel to 
AB^ we see that the centre of gravity lies on the line 
joining the middle points of the sides AB and CD, 

Hence the centre of gravity is at G the point of inter- 
section of these two lines. 

G is clearly also the point of intersection of the diagonals 
of the parallelogram. 


102 . It is clear from the method of the two previous 
articles that, if in a uniform body we can find a point G 
such that the body can be divided into pairs of particles 
balancing alK)ut it, then G must bo the centre of gravity 
of the body. 

The centre of gravity of a uniform circle, or uniform 
sphere, is therefose its centre. 

It is also cleac that if we can divide a lamina into 
strips, the centre of gravity of which all lie on a straight 
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line, then the centre of gravity of the lamina must lie on 
that line. 

Similarly, if a body can be divided into portions, the 
centres of gravity of which lie in a plane, the centre of 
gravity of the whole must lie in that plane. 


103. in. Uniform'' triangular iamina. 

Let ABC be the triangular lamina and let D and E be 
the middle points of t}\4^ sides BC 
and CA, Join AB and BE^ and 
let them meet in 6r. Then G 
shall be the centre of gravity of 
the triangle. 

Let Bfi^ be any l,ine parallel ® 
to the base BG meeting AB in 

As in the case of the parallelogram, the triangle may 
be considered to be mode up of a very large number of 
strips, such as B^ Cl, all parallel to the base BC, 

Since B^j^ and BC are parallel, the triangles AB^O^ 
and ABB are similar; so also the trianglas ABfi^ and 
ABC are similar. 



Hence 


B^B^ AB^ Bfi, 

BB AB~' BO * 


But BB=iBG ; therefore BiB^ — B^Ci. Hence the 
centre of gravity of the strip B^Ci lies on AB, 

So the centres of gravity of all the other strips lie on 
AB^ and hence the centre of gravity of the triangle lies 
on AB. 

Join BE^ and let it meet AB in G. 

By dividing the triangle into strips^ parallel to AC we 
see, similarly, that the centre of gravity lies on BE. 

Hence the required centre of gravity must be at G. 



124 


STATICS 


Since D ia the middle point of BG and E is the middle 
point of GA^ therefore DE is parallel to AB. 

Hence the triangles GDE and GAB are similar, 

. OP DE CE 1 
” GA'^ AB'^ G A'' V 

so that ^GD ^GA, and ZGD -^^GA^GD^ AD. 

GD=^iAD., 

* 

Hence the centre of gravity of a triangle is on the 
line joining the middle point of afiy side to the opposite 
Tvs-rtex at a distance equal to one-third tlie distance of 
the vertex from that side. 

104 . Tlie centre of gravity of any uniform tricmgidcur 
lamina is the same as that of three egnal 2)ar tides 'placed at 
the vertices of the triangle. 

Taking the figure of Art. 103, the centre of gravity of 
two equal particles, each equal to to, at ^ and (7, is at D 
the middle point of BG ^ also the centre of gravity of 2to 
at D and to at A divides the line DA in the ratio of 1 : 2. 
But Cr, the centre of gravity of the lamina, divides DA in 
the ratio of 1 : 2. 

Hence the centre of gravity of the three particles is the 
same as that of the lamina. 

105. ZV. rods forml&s a triangle. 

Let CAf and be the throe rods, of the same thickness and 
material, forining the trian^de, and let i>, E, and F be the middle 
points of the rods. Join I//5, EF^ and FD, Clearly D15, EF, and 
FI) are half of Ali^ BCf and VA respectively. The centres of gravity 
of the three rods are i>, E, and F\ 

The centre of gravity of the rods AB and if C is therefore a point 
L on EF such that 

EL ; LF weight at F ; weight at E 

• iiABiAC 

• ::DE: DF, 

so tliat, by Geometry, I)L bisects the angle FDE^ 
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Also the centre of gravity of the three rods must lie on DL, 
Similarly the centre of gravity must lie on EM which bisects the 
angle JJEF, 


A 



8 *^0 C 


Hence the required point is tho point at which EM and EL meet, 
and is therefore the centre of the pircle inscribed in the triangle DJSP, 
i.r., the centre of the circle inscribed in the triangle formedItJy 
joining the middle points of the rods. 

106 . V. Tetrahedron. 

Let ABCD be tho tetrahedron, E the middle point of 
AB^ and 6^^ the centte of gravity of tho base ABC. 


D 



Take any section A' EC' of the tetrahedi'on which is 
parallel to ABC \ let DE meet A*E in E* and let DG^ 
meet EC in G\ 

Then 

EG* EC 

jsJ" m ’ 

(Jiff 

« by similar As DG'jO', DQ^C, 

\ ^G' <' 

' ’ CG'r 
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Hence G* is the centre of gravity of the section 
By considering the tetrahedron as built up of triangles 
parallel to the base ABG^ it follows, since the centre of 
gravity of each triangle is in the Jine that the centre 

of gravity of the whole lies in 



Similarly, it may be shewn that the centre of gravity 
lies on the line joining G to the centre of gravity G^ of the 
opposite face. Also G^ lies in the line ED and divides it in 
the ratio 1 : 2. 

Hence 6r, the required point, is the point of intersection 
of CG^ and DG^. 

Join GiG^* 

Then 


similar As GG,fii and GCD^ 
= 9 by similar As EG^O^ and ECD^ 

Miij 

= 

/. GC-=^.GJG, 


Similarly G^D = ^OiG, 

Hence the centre of gravity of the pyramid lies on the 
line joining the centre of gravity of any face to the opposite 
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angular point of the tetrahedron at a distance e^ual to one- 
quarter of the distance of the angular point from that face, 
Oor. The centre of gravity of the tetrahedron is the 
same as that of equal pai;(icles placed at its vertices. * 
For equal weights w placed at the angular points AEG 
of a triangle are equivalent, by Art. 104, to a weight 3?/; 
placed at 6?^, the centje of gravity of ABd^ Also 3w at Gi 
and w at D are equivalent Bo at C, since G divides GiD 
in tlio ratio 1 : 3. 

107. VI. Pyramid Sn any base. Solid ConOb 

If the base of the pyramid in the previous article, instead 
of being a triangle, be any plane figure ABGLMN. . . whoso 
centre of gravity is (rj, it may l)e shewn, by a similar 
method of proof, that the centre of gravity must lie on the 
line joining 2) to (/j. 

Also by drawing the planes DAG^^ DBGiy.,, the whole 
pyramid may be split into a number of pyramids on tri- 
angular bases, the centres of gravity of which all lie on 
a plane parallel to ABGL,,. and at a distance from D 
of three-quarters that of the latter plane. ^ 

Hence the centre of gravity of the whole lies on the lino 
G^D^ and divides it in the ratio 1 ; 3, 

Let now the sides of the plane base form a regular 
polygon, and let their number be indefinitely increased. 
Ultimately the plane base becomes a circle, and the pyramid 
becomes a solid cone having os its vertex ; also the point 
Gi is now the centre of the circular base. 

Hence the centre of gravity of a solid right circular 
cone is on the line joining the centre ^f the base to the 
vertex at a distance equal to oneH][uartq^ of the distance of 
the vertex from the base. 
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108 . VII. Surface of a hollow cone. 

Since the surface of a cone can be divided into an 
infinite number of triangular lamiuas, by joining the vertex 
of the cone to points on the circi^lar base Indefinitely close 
to one another, and since their centres of gravity all lie in 
a plane parallel to the base of the cone at a distance from 
the vertex equal to two-thirds of that of the base, the centre 
of gravity of the whole cone mcst lie in that plane. 

But, by symmetry, the centre of gravity must lie on the 
axis of the cone. 

Hence the required point is the point in whicli the 
above plane meets the axis, and theitjfore is on the axis at 
a point distant from the base one-thiiti the height of the 
cone. 


EXAMPLES. XV. 

1. An isosceles triangular lainina has its equal sides of length 
6 feet and its base of length 6 feet; find the distance of the centre of 
gravity from each of its sides. 

2. The sides of a trtingular lamina are 6, 8, and 10 feet in 

length; find the distance of the centre of gravity from each of the 
sides. . 


3. The base of an isosceles triangular lamina is 4 inches hud the 
equal sides are each 7 inches in length; find the distances of its 
centre of gravity from the angular points of the triangle. 

4. l> is the middle point of the base BC of a triangle ABC\ shew 
that the distance between the centres of gravity of the triangles ABD 
and ACD is \BC, 

5. A heavy triangular plate ABC lies on the ground ; if a vertical 
force applied at the ^int A be just great enough to begin to lift that 
vertex fmm the ground, shew that the same force will suffice, if applied 
at if or C. 

6. Tliieo men carry a weight, IT, by putting it on a smooth 
triangular board, of weight la, and supporting the system on their 
shoulders placed respucUve^ at the angidar points; ^d the weight 
that each man supports. 
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7. The base of a triangle is fixed, and its vertex moves on a given 
straight line ; shew that the centre of gravity also moves on a straight 
line. 

3. The base of a triangle is fixed, and it has a given vertical 
angle; sliew that the conlve of gravity of the triangle moves on afi 
arc of a certain circle. • 

9. A given weight is plivced anywhere on a triangle; shew that 
the centre of gravity of the system lies within a certain triangle. 

10. A uniform equilateral triangular plate lb suspended by a 
string attached to a pomtdn one of its sides, which divides the side 
in the ratio 2:1; find the inclination of this side to the vertical. 

11. A uniform lamina in the shape of a right-angleil triangle, and 
such that one of the sides efintaining the right angle is three times 
the other, is suspended by a string attached to the right angle; in tl^ 
position of equilibilum, shew that the hypotenuse is inclined at an 
angle sin”^ § to the vertical. 

12. A uniform triangular lamina, wliose sides are 3, 4, and 5 
inches, is suhpended by a string from the middle point of the longest 
side; find the inclination of tins side to the vertical. 

• 

109. General formulae for the determinatiou 
of the centre of gravity. 

In the following articles will bo obtaincxi formulae 
giving the position of the centre of gravity of any system 
of particles, whoso position and weights are known. 

Theorem. If a system of lyarticles whose weights are 
tOi, zoj, ... he on a straight line^ and if Hieir distances 
measured from a fixed 2 >oint 0 in the line he 

^19 ^27 ••• ’^ni 

the distance^ x, of their centre of gravity from fixed point 

is given by 

Wi + fr2+ ... 4* Wh 

Let Af Cf i)... be the particles and let the centre of 
gravity of Wi and at A and R he Gi; let the centre of 



u a 


9 
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gravity of (to^ + io^ at and to, at C be and so for the 
other particles of the system. 

By Art, 97, wo have .AGi^w^, GyB ; 

?z>i(06ri — 0-d) = tc*j,(0^ — 

Hence . OG^ = Wy ^ . OA + . OB^ 

^ i.e.. (1). 

a 

Similarly, since is the centre of gravity of + Wj) 
at Gx and at Gy we have 

OG = (^^1 + ‘ ^^^ 3-00 

* Ju\ + w^ U?S 


Wi + Wa + W?3 ’ ^ 

So OG^ = (^^1 + ^ ^a) - ^^4* 0 ^^ 

® + v;^) + 

- _ + + "*^9«3 + to^x^ 

"" + ?/?2 + fifg + w;4 

Proceeding in this manner we easily have 

w^ + w?a+ ... + w„ ’ 

whatever be the number of the particles in the system. 

Otliorwlse, The above formula may be obtained by the Uda of 
Article 65. For the weights of the particles form a system of parallel 
forces whose resultant is equal to their sum, viz. ti7| + fc^+ ... + 
Also the sum of the moments of these forces about any point in their 
plane is the same as the moment of their resultant. But the sum of 
the moments of the forces about the fixed point O is 


WyXy + iOaa?a+ ... + . 


Also, if X be the distance of the centre of gravity from O, the moment 
of the resultant is 

(iCi+iCg+...+icJx3f. 

Hence 5(wi +t 0 a+ ... +ioJ=tCiir|+ii7a®a+ ••• +’®n®n» 


“ W, +■»»+...+»« 
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1X0. Bse. 1* A rod AB,2 feet in lengthy and of weight 5 Ihs,^ ie 
trisected in the points C and Vf and at the points A, C, D, and B are 
placed particles o/ 1, 2, 3, and 4 lbs, weight respectively; find what 
point of the rod must he supported so tiuit the rod may rest in any 
position^ i.e,, find the centre of gravity of the system, • 

Let G be the middle ]|Minti»of the rod and let the fixed point O ot 
the previous article be taken to coincide with the end A of the rod. 
The quantities Xji, x^j and x^ are in this case 0, 8» 12, 16» and 
24 inches respectively. 

Hcncc, if X be the point required, we have 

1.0+2.84*6.12+3.16 + 4.24 
AX- - - - 1 ^ 12 + 64.3 + 4 

220 -2. , 

~ inodes. 


Bx. 2. If, in the previous question, the body at B he renurued and 
another hotly he substituted, find the weight of this unktwwn hfuly so that 
the new centre of gravity nuiy be at the middle jioint of the rod. 

Let ^ lbs. be the required weight. 

Since the distance of tine new centre of gravity from .A is to be 
12 inches, wo have 

2 = + 5_^1 ^ 3 . 1 6 + \.24 _ 124 + 24 \ 
li-2 + 5 + 3 + X li + \ 

/. 132H2\=124h 24\. 

/. X==f lb. 


Bx. 3. To the eml of a rod, wlwse length is 2 feet and whose weight 
ta 3 Ihs., is attached a sphere, of radius 2 inches and weight 10 lbs.; 
find the position of the centre of gravity of the compound htnly. 

Let OA be the rod, Gj its middle point, the centre of the sphere, 
and G the required point. 


Then 

But 


0G= 


3.OG1 + IO.OG2 
3 + 10 


OGi = 12 inches ; OGg = 26 inches. 


3+10 


-^=22|^ inches. 


EXAMPLES. XVI. 


1 . A straight rod, 1 foot in length and of miss 1 ounce, has an 
wnce of lead fastened to it at one end, and anotl^r ounce fastened to 
u at a distance from the other end equal to one-third of its length; 
find the centre of gravity of the system. 
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2. A uniform bar, 3, feet in length and of inase 6 ounces, has 
3 rings, each of mass B ounces, at distances 3, 15, and 21 inches from 
one end. About what point of the bar will the system balance? 

^ 3. A uniform rod AB is four feet long and weighs 3 lbs. One lb. is 

attached at 2 lbs. at a point distant 1 foot from 3 lbs. at 2 feet 
from A, 4 lbs. at 3 feet from A, and b lbs. at B. Find the distance 
from A of the-centre of graviiy of the system. 

4. A telescope consists of 3 tubes, each 10 inches in length, 

one within the (A.her, and of weights 8, 7, and 6 ounces. Find the 
l^ition of the centre of gravity when thf. tubes are drawn out at full 
length. * 

5. Twelve heavy particles at equal intervals of one inch along a 
straight rod weigh 1, 2, 3,... 12 grains lespectively ; find their centre 
of gravity, neglecting the weight of the rod. 

6. Weights proportional to 1, 4, 9, and 16 are placed in a straight 
line so that the distances between them arc equal ; find tlie position 
of their centre of gravity. 

7. A rod, of uniform thickness, has one-half of its length com- 
post of one metal and the other half composed of a different metal, 
and the rod balances about a point distant one-third of its whole 
length from one end ; compare the weight of equal quantities of the 
metal. 

8. An inclined plane, with an angle of inclination of 60°, is 3 feet 
long; masses of 7, 5, 4, and 8 ounces are placed on the plane in order 
at ^stances of 1 foot, tJie latter being the highest; find the distance 
of their oentro of gravity from the base of the inclined plane. 

9. AB is a uniform rod, of length n inches and weight (w 1) W, 
To the rod masses of weight IT, 217^ SIT,. . .nir are attached at distances 
1, 2, 3,...n inches respectively from A, Find the distance from A of 
the centre of gravity of the rod and weights. 

10. A rod, 12 feet long, has a moss of 1 lb. suspended horn one 
end, and, when 15 lbs. is suspended from the other end, it balances 
about a point distant 3 ft. from that end ; if 8 lbs. be suspended there, 
it balances about a point 4 ft. from that end. Find the weight of the 
rod and the position of its centre of gravity. 


111. Theorem. If a syst&ni of particlea^ whose 
weights are Wi^ tOg, ... lie in a plane, and if OX and OY 

he two fixed straight lines in the plane at right angles, and if 
the distances of the particles from OX he y^, y^, ... y^, and 
the distance of their centre of gramty he y, then 

^ tlh + «»9+ ... + w* 
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Similarrly^ if the dietcmces of the particlee from OT he 
a?!, aij, ... aj» and that of their centre of gravity he SB, then 

4%Wa+ ... + 



perpendiculars on OX. 

Let Gj be the centre of gravity of tVi and t/^3, (rg the 
centre of gravity of + w^j) at Gi and at C, and so on. 

Draw GiR^y G^R^, ... perpendicular to OX, and through 
( 7 , draw HG^K parallel to OX to meet AL and BM in II 
and K. 

Since G^ is the centre of gravity of and w,^., we have 

^ = (Art. 97.) 

GJi 10, ' 

ITow AG-fl and BO-JC are similar triangles, 

. HA _ AGx Wj 
•• BK~G^'"W 

But HA^HL-AL = GxRx-yx, 

BK^ BM- = y, - ; 

• -yi • 

" Vx-GxRx Wi’ 


and 
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Hence Wi {O^R^ - y,) = (y, - O^R ^) ; 

( 1 ). 

^ ^ ^ w^ + w^ ' ' 

Similarly, since is the centre of gravity of {w^ + 
at Gi and at C, we have 

^ p ^ (^1 + ^hVi + + ^>3,y8 /jv 

W^ + W2 + W^ ^ Ui + W^ + Wji ’ 

Proceeding in this way we easily obtain 

* ^ +t«;2+ ••• + ^n 

Again, since the triangles AG^H and BGJC aro similar, 
we have 

G^K’~G^B '"Sjoy 

Put J1G\ = LRy = ORy — OLt — ORy — Xyj 

and GyR = RyM = OM — ORy = ajy — Oi?, . 

/. Wy^ORy — ac,) = Wg (fiCj — Oi?,) 

Hence = 

«i>i + Wa 

Proceeding as before wo finally have 


_ WyXy + + . . . + 

W?! + «c;3+ ... + w„ 

The theorem of this article may be put somewhat 
differently as follows; 

The distance of the centre of gravity from any line in 
the plane of the particles is equal to a fraetion^ whose 
numerator is the sum of the producte of each toeight inJto its 
distance from the given line, and whose denneminator is the 
mm of the wdghU^ 

In other wordlt, the distance of the centre of gravity is 
equal to the average distance of the particles. 
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11 a. The formula of the preceding article may be deduced from 
Article 93. For, since the resultant weight + ..,+w^) acting 

at Of where G is the centre of gravity of all the weights, is equivalent 
to the component weights the resultant would, if the line 

OX be supposed to be a fixed axis, have the same moment about 
this fixed axis that the component weights have. 

But the moment of the resultant is 


K + “2+ 

and tbe snm of the moments of tt^e weights is 
Hence ^ 

Wi+W^-^ ...+W^ 

In a similar manner we stiould have 

Wi-\rW2+ 


113. fix. 1. A square lamina^ whose weight i« 10 Z/>«. , has attached 
to its angular points particles whose weights t taken in order t are 3, 6, 5, 
and 1 Ihs, respectively. Find the position of the centre of gravity of 
the system, if the side of the^lamina he 25 inches. 

Let the particles be placed at the angular points 0, A, B, and C. 
Let the two fixed lines from which the distances are measured bo OA 
and OC. 


Y 

C 


o 


B 



O LM X 

© ® 


The weight of the lamina acts at its centre D. Let G bo the 
required centre of gravity and draw DL and GM perpendicular 
to OA. 

The distances of the points O, A, B, O, and D from OX are clearly 
0, 0, 25, 25, and 12i^ inches respectively. 

. - 3.04-6.0 + 6.25 + 1.25-tl0.]2i 275 . 

3 + 6 + 5 + 1 + 10 25 

So the distances of the particles from OY i|re 0, 25, 25, 0, and 
12j inches respectively. 
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Hence the required point may he obtained by measuring 16 inches 
from O along OA and then erecting a perpendicular of length 11 inches. 

Bx. 2. OAB U an isoscelei weightlcBS triangle, whose hose OA is 
6 inches and whose sides are each 5 inches; at the points 0, A, and B 
are placed particles of weights 1, 2, and 3 lbs.; find their centre of 
gravity. 


Let the fixed line OX coincide with OA and let OT be a perpem 
dicular to OA through the point 0. 

If BL be drawn perpendicular to OA, then OL=3 ins., and 

55=4 ins. 


Hence, if G bo the required centre of gravity and GM bo drawn 
perpendicular to OX, we have 


0-f-2.6-h3.3 
1 + 2 + 3 


21 

'6 


3^ inches, 


1.0 + 2. 0 + 3. 4 12 , 

MO = =2 inches. 


Hence the required point is obtained by measuring a distance 
3^ inches from 0 along OA and then erecting a perpendicular of 
length 2 Inches. 


114 . Centre of Par Mel forces. 

The methods and fonnulae of Arts. 109 and 111 will 
apply not only to weights, but also to any system of parallel 
forces and will determine the position of the resultant of 
any such system. The magnitude of the resultant is the 
sum of the forces. Each force must, of course, be taken 
with its projxir sign prefixed. 

There is one case in which wo obtain no satisfactory 
result; if the algebraic sum of the forces lie zero, the 
resultant force w zero, and the formulae of Art. 1 1 1 give 
2 = 00 , an d y = o5 . 

In this case the <eyaiem of parallel forces is, as in 
Art. 63, equivalent to a couple.* 
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EXAMPLES. XVIL 

1. Particles of 1, 2, 3, and 4 lbs. weight are placed at the angular 
points of a square ; find the distance of their c.o. from the centre of 
the square. 

2. At two opposite corners A and (7 of a square A BCD weights 
of 2 lbs. each are placed, and at B and 1> are placed 1 and 7 lbs. 
resixjctivcly ; find their cqptre of gravity. 

3. Particles of 5, 6, 9, and 7 lbs. respectively are placed at the 

comers A , C, and 1) of a horizontal square, the length of whose side 
is 27 inches; find where a*siugle force must be applied to preserve 
equilibrium. • ^ 

4. Pive masses of 1, 2, 3, 4, and 5 ounces respectively are placed 

on a square table. The distances from one edge of the table are 2, 4, 
fi, 8, and 10 inches and from the adjiU‘ent edge 3, 5, 7, 9, and 11 inches 
respectively. Find the distance of the centre of gravity from the two 
edges. ^ 

5. Weights proportional to 1, 2, and 3 are placed at the comers 
of an equilateral triangle, whose side is of length a ; find the distance 
of their centre of gravity from the first weight. 

Find the distance also if the weights be proportional to 11, 13, 
and 6. 


6. ABC is an equilateral triangle of side 2 feet. At /( , Ji, and C 
are placed weights proportional to 5, 1, and 3, and at the middle 
points of the sides Z)C\ CAy and AB weights proportional to 2, 4, 
and 6 ; shew that their centre of gravity is distant 16 inches from B. 

7. Equal masses, each 1 oz., are placed at the angular pomts of 
a heavy triangular lamina, and also at the middle points of sides ; 
find tlie position of the centre of gravity of the masses 

8. ABC is a triangle right-angled at Ay AB being 12 and AC 
15 inches ; weights proportional to 2, 3, and 4 respectively are placed 
at Ay Cy and B ; find the distances of their centre of gravity from B 
and C, 

^9. Particles, of mass 4, 1, and 1 lbs., are placed at the angular 
^ints of a triangle ; shew that the centre of gravity of the particles 
bisects the distance between Uie centre of gravity and one of the 
vertices of the trijuigle. 

10. Three masses are placed at the angular points of a triangle 
ABC, Find their ratios if their centre of inerlfia be halfway between 
A and the middle point of BC, 
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11. Bodies of mass 2, 8, and 4 lbs. respectively are placed at the 
an^lar points ^1, B, and C of a triansle ; find their centre of gravity 
ana shew that forces 20 A, SGIi, ana 4GC are in equilibrium. 

' 12. AJiC is a uniform triangular plate, of mass 3 lbs. Masses 
of 2, 3, and 5 lbs. respectively are plaeed at B, and C. Find the 
position of the centre of gravity of the whole system. 

13. To the vertices A, B, and 0 of a uniform triangular plate, 
whose mass is 3 lbs. and whose centre of gravity is G, particles of 
masses 2 lbs., 2 lbs., and 11 lbs., ar^^ attaciied ; shew that the centre 
of gravity of the system is the middle point of GC. 

14. Masses of 2, 3, 2, 6, 9, and 6 lbs. are placed at the angular 
corners of a regular hexagon, taken in order; find their centre of 
^vity. 

15. Weights proportional to 5, 4, 6, 2, 7, and 3 are phiced at the 
angular points of a regular hexagon, taken in order; shew that their 
centre of gravity is the centre of the hexagon. 

16. Weights proportional to 1, 5, 3, i\ 2, and 6 are placed at the 
angular points of a regular hexagon, taken in order ; shew that their 
centre of gravity is the centre of the hexagon, 

17. If weights proportional to the numbers 1, 2, 3, 4, 5, and 6 be 
placed at the angular points of a regular hexagon taken in order, 
shew that the distance of their centre of gravity from the centre of 
the circumscribing circle of the hexagon is f thsof the radius of the circle. 

18. At the angular points of a square, taken in order, there act 
parallel forces in the ratio 1 : 3 : 5 : 7 ; find the distance from the 
centre of the square of the point at which their resultant u- te. 

19. A, B, C, and D are the angles of a parallelogram taken In 
order ; like parallel forces proportional to 6, 10, 14, and 10 respectively 
act at .4, B, C, and JJ; shew that the centre and resultant of these 
parallel forces remain the same, if, instead of these forces, parallel 
forces, proportional to 8, 12, 16, and 4, act at the points of bisection 
of the sides dB, BC, Cl), and DA respectively. 

20. Find the centre of parallel forces equal respectively to P, 2P, 
dP, 4P, 5P, and 6P, the points of application of the forces being at 
distances 1, 2, 8, 4, 5, and 6 inches respectively from a given point A 
measured along a given line AD, 

• 

21. Three parallel forces, P, Q, and B, act at the vortices di, B, and 
0, of a trlan^e and afe proportional respectively to a, b, and c. Find 
the magnitude and position of their resultant. 
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115 . Given the centre of gravity of the two portions of a 
hody^ to find the centre of gravity of the whole body. 

Let the given centres of gravity be and G^, and let 
the weights of the two j)ortions be and the 
quired point (?, by Art. 97, divides so that 
G,0:GG^:: W^: W,, 

The point G may also* be obtained* by the use of 
Art. 109. * • 

Sz. On tlie same hose AB, and on opposite sides of it^ isosceles 
triangles CAB and DAB (Are described whose 
altitudes are V2 inches and 6 inche^respectivcly. 

Find the distance from AB of the centre of 
gravity of the quadrilateral CADB, 

Let CLD be the perpendicular to AB, meet> 
ing it in L, and let and be the centres of 
gravity of the two triangles CAB and DAB 
respectively. Hence • A 

co,=f . cr>=8, 

anl CG^=Cr.+LG,=12+2=14. 

The weights of the triangles are proper- D 

tional to their areas, i.e.-, to ^AB . 12 and ^AB . 6. 

If G be the centre of gravity of the whole figure, we have 

A CA B X CG^ •4’ A DA B x CG^ 

= ACM7J+“Al^Jyi 

_ = 10 
4ilB.i2 + 4^B.6 '6+39 

Hence LG = CL - CG = 2 inches. 

This result may be verified experimentally by cu' .ng the figure 
out of thin cardboard. 

116 . Given the centre of gravity of the whole of a body 
and of a portion of the body, to find the centre of gravity of 
the remainder. 

Let G be the centre of gravity of a body A BCD, and Gx 
that of the portion A DC, 

Let W be the weight of the whole body and Wj that of 
the portion ACD, so that JV^ (= IT- IFy) is the weight of 
the portion ABO, 
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Let ffg be the centre of gravity of the portion ABC. 
Since the two portions of the body make up the whole, 
therefore at Gi and TTj at must have their centre of 
gravity at 6r. 



Hence G must lie on Gfi-i and be such that 
W , . GGy = ir, . GG^. 

Hence, given G and Gy, we obtain G,^ hy producing GyG 
to G^, so that 

W 

GG,^-^-^^.GGy 

- F- F, • *'*• 

The required point may be also obtained by means of 
Art. 109. 


Bz. From a circular disc, of radiun r, is cut out a circle ^ whose 
diameter is a radius of the disc; find the centre of gravity of the 
remainder. 

Since the areas of circles are to one another as the squares of their 
radii, 


/. area of the portion cut out 

: area of the whole circle 



:: 1 : 4 . 


Hence the porthm cut off is one- 
quarter, and the portion remaining is 
three-quarters, of tne whole, so that 
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Kow the portions and make up the whole disc, and therefore 

balance about O. 

Hence ir, . 0G,= ir, . OGi=^M'j x Jr. 

OG,=^r. 

This may be verified experimentally. 

fix. 2. From a trianfjular lamimi ABC U cut off, hy a lin-e parallel 
to its hose BC, om-quartcr of its area; find the centre of gravity of the 
remainder. « 

Let ABjCi be the poilriion c^t off, 
so that 

AvliljCj : A ABC ;; 1 : 4. 

I3y Geometry, since the * triangles 
AB^(.\ and ABC are similar, we have 

A dZfiCi : A ABC :: AB^^ : AJfi. 

ABi^ : AB^ :: 1 : 4, 
and hence A B^ = ^A B. 

The lino B^C^ therefore bisects AB, AC, and AD. 

Let G and Oi be the centres of gravity of the triangles ABC And 
A B^Ci respectively ; also let and IKg be the respective weights of 
the portion cut off and the portion remaining, so that 

Since at Gj and Wi at balance about G, we have, by Art. 109, 
nn - _ DG, + dDG^^ ,,, 

Vi+iFs 4 

But nG=:iDA=§l)Dj, 

and DGi =:DVj + i DjA = DJ)j i-^bD^= ^DD^ . 

Hence (i) is 4 x §DDi--^-^DD^ + 3DG^. 

DG^^^BD^. 

This result can also be easily verified experimentally. 

EXAMPLES. ZVm. 

[The student should verify seme of the follmeing questions orpm- 
mentally ; suitable ones for this purpose are Nos. 1, 2, 4, 6, 8, 9, 10, 
11» 17, 18, and 19. J 

1, A uniform rod, 1 foot in length, is broken into two parts, of 
lengths 5 and 7 inches, which are placed so os to form the letter T» ^le 
longer portion being vertical ; find the centre of gravity of the system. 

2. Two rectangular pieces of the same cardboard, of lengths 6 and 
8 inches and breadths 2 and 2^ inches respectively, are placed touching, 
but not overlapping, one anotner on a table so y to form a T *6hap^ 
"Sure, the longer poition being vertical. Find the position of its centre 


/Q " \ 


Or 

c 
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3. A beayy beam oondsta of two portions, whose lengths sra as 
3:5, and whose weights are as 3 : 1 ; find tlie position of its centre 
of gravity. 

' 4. Two sides of a rectangle are double of the other two, and on 
one of the longer sides an equilateral triangle is described; find 
the centre of gravity of the l^ina made up of the rectangle and 
the triangle. 

5. A piece of Cardboard is in the shape of a square ABCD with 
an isosceles triangle described on the sid^ BC\ if the side of tlie 
square be 12 inches and the height of the triangle be 6 inches, find the 
distance of the centre of gravity of the cardboard from the line AD, 

6. An isosceles right-angled ^riangle has squares described ex- 
ts^iially on all its sides. Shew that the centre of gravity of the figure 
so formed is on the line, which bisects the hypothenuse and passes' 
through the right angle, and divides it in the ratio 1 : 26. 

7. Two uniform spheres, composed of the same materials, and 
whose diameters are 6 and 12 inches respectively, are finnly united; 
find the position of their centre of gravity., 

8. From a parallelogmm is out one of the four portions into 
which it is divid^ by its diagonals ; find the centre of gravity of the 
remainder. 

9. A parallelogram is divided into four jparts, by joining the 
middle points of opposib. sides, and one part is cut away; find the 
centre of gravity of the remainder. 

10. From a square a triangular mrtion is out off, by cutting the 
square along a line joining the middle points of two adjacent sides; 
find the centre of gravity of the remainder. 

11. From a triangle is cut off ^th of its area by a straight line 
parallel to its base. Find the position of the centre of gravity of the 
remainder. 

12. ABC is on equilateral triangle, of 6 inches side, of which O 
is the centre of gravity. If the triangle OBC be removed, find the 
centre of gravity of the remainder. 

13. If from a triangle ABO three equal triangles AltQ^ BPR, 
and CQP, be cut off, shew that the centres of inertia of the triangles 
ABO and PQR are coincident. 

14. G is the cenW of gravity of a given isosceles triangle, right- 
angled at A, and haying BO equal to a. The portion GBO is cut 
away; find the distance of the centre of gravily of the remainder 
liom A. 
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15. On the same base BC are two triangles, ABC and A'BC, the 
vertex A^ falling within the former triangle. Find the position of A' 
when it is the centre of gravity of the area between the two triangles. 

1 • 

16. Two triangles, each,— th of the whole, are cut off from a 

given triangle at two of its angular points, B and C, by straight lines 
parallel to the opposite sides; find the c.o. of remainder. 

• • 

17. Out of a square p^fito shew how to cut a triangle, having one 
side of the square for base, so thift the remainder may have its centre 
of gravity at the vertex of this triangle and therefore rest in any 
position if this point be supported. 

# 

18. A uniform plate of metal, 10 inches square, has a hole of ard& 
3 square inches cut out of it, the centre of the hole being inches 
from the centre of the plate; find the position of the centre of gravity 
of the remainder of the plate. 

19. Wliere must a circular hole, of 1 foot radius, be punched out 
of a circular disc, of 3 feet radius, so that the centre of gravity of 
the remainder may be 2 inches from the centre of the disc? 

20. Two spheres, of radii a and b, touch internally; find the 
centre of gravity of the solid included between them. 

21. If a right cone bo cut by a plane bisecting its axis at rigid 
angles, find the distance of the vertex of the cone from the centre of 
gravity of the frustum thus cut off. 

22. A solid right circular cone of homogeneous iron, of height 
64 inches and moss 8192 lbs., is cut by a plane perpendicular lo its 
axis so that the moss of the small cone removed is 688 11“’ b ind the 
height of the centre of gravity of the truncated portion dbove the base 
of the cone. 

23. A solid right oirculor cone has its base scooped out, bo that 
the hollow is a right cone on the same* base ; how much must be 
scooped out so that the centre of gravity of the remivinder may coincide 
with the vertex of the hollow? 

The moss of the moon b *018 times that of the earth. 
Taking the earth’s radius as 4000 mUesand the dl#tance of the moonb 
^ntre from the earth’s centre as 60 times the earth’s radius, find the 
distance of the c.o. of the earth and moon from tile centre of the earth. 
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117. Centre of gravity of a hemisphere. 

If a heniisphero be of radius r, the centre of gravity 
lies on that radius which is perpendicular to its plane 

3 ?* 

face, and is at a distance -g- from the centre of the J]^ne 

T 

face. If the hemisphere be hollow, the distance is 

The proofs of these statement^ are difficult by elementar}*’ 
methods ; they will be found in the last chapter. 

118. To Jviid the centre of gravity of a qvMdrilaJtert^ 
lamina having two parallel sides. 

Let ABCD be the quadrilateral, having the sides AB 
and CD parallel and equal to ^a and 26 respectively. 



Let E and F be the middle points of AB and CD 
respectively. Join DE and EG ; the areas of the triangles 
ADEy DEGj and BEG are proportional to their bases 
AE^ DGj and EB^ i,e.^ are proportional to a, 26, and a. 
Replace them by particles equal to one-third of their 
weight placed at their angular points (Art. 104). 

We thus have weights proportional to 

g + ^ at each of G and 
^ at each of A and 
and -j- + -g- at JF. 
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Again, replace the equal weights at G and D by a 
weight proportional to ^ ^ tho middle point F 

of CD, and the equal weights at A and ^ by a weight 
proportional to at E. 



Hence tlie required centre of gravity G is on the 
straight line EF^ and is such that 

EG ^ weight at _ a 'h 26 
GF ~ weight iiiE ^ 2a + 6 ' 


EXAMPLES. XIX. 

1. A triangular table rests on supports at its vertices; weights of 
6, 8, and 10 lbs. are pbiced at the middle points of the sides, Pind by 
how much the pressures on the legs arc increased thereby. 

2. A piece of thin uniform wire is bent into the form of a four- 
sided firaro, AJJCIJ, of which the sides AB and CD are parallel, and 
BO and DA are equally inclined to AB, If AB bo 18 inches, CD 
12 inches, and BC and DA each 6 inches, find the distance from AB 
of the centre of gravity of the wire. 

3. AB, BC and CD are throe equal uniform rods fii’mly joined, 
so as to form three successive sides of a regular hexagon, and are 
suspended from the point A; show that CD is horizontal. 

4. ABC is a piece of uniform wire; its two parts AB and BC are 
straight, and the angle ABC is 135'^. It is suspended from a fixed 
point by a string attached to the wire at B, and the part AB is 
observed to be horizontal. Shew that BC is to AB as iJ2 to 1. 

5. A rod, of length 6a, is bent so as to form figo sides of a rcguloF 
hexagon ; shew that the distance of its centre of gravity from either 

end of the rod is --- *s/l33. 


I* 8, 


10 
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6. The side CD of a uniform trapezoidal lamina ADCD is twice 
as long aa A By to which it is opposite and parallel; compare the 
distances of the centre of gravity of ABCD from AB and CD, 

t 7. If the centre of gravity of a quadrilateral lamina ABCD 
coincide with one of the angles A , shew that the distances of A and C 
from the line BD are as 1 : 2. 

8. A uniform quadrilateral ABCD has the sides AB and ADy and 
the diagonal AC rll equal, and the angles BAG and CAD are 30° and 
60° respectively. If a weight, equal to twp- thirds that of the triangle 
ABGy be attached at the jraint By and the whole rest suspended from 
the point Ay shew that the diagonal AC will be vertical. 

9. Explain what will take place Vhen 3 forces, represented by 
%ABy BCy and CA respectively, adk along the sides of a triangular board 
ABC which is supported on a smooth peg passing tlirough its centre 
of gravity. 

10. Three forces act at a point O in the plane of a triangle ABC, 
being represented by OA , OB and OC ; where must bo the point O so 
that the three forces may be in equilibrium ? 

11. A particle P is attnicted to three points Ay B, <7 by forces 
equal to /n . PAy fi . PBy and fi . PC respectively; shew that the re- 
sultant is 3/* . PGy where G is the centre of gravity of the triangle 
ABC, 


12. A particle P is acted upon by forces towards the points 
Ay By C7, ... which are represented by X . P/I , ^ . PP, v . PC, ; shew 
that their resultant is represented ty (\ + /4 + v + ...)PG, where G is 
the centre of gravity of weights placed at /I, By C, ... proportional 
to X, fly Fy ... respectively. 

[This is the generalised form of Art, 42, and may be proved by 
successive applications of that article.] 

13. A uniform rod is hung up by two strings attached to its ends, 
the other ends of the strings being attached to a fixed point; shew 
that the tensions of the strings are proportional to their lengths. 

Prove that the same relation holds for a uniform triangular lamina 
hung up by three strings attached to its angular points. 

14. I'ind the vertical angle of a cone in order that the centre of 
gravity of its whole surface, including its plane base, may coincide 
with the centre of gravity of its volume. 

15. A cylinder and a cone have their hoses joined together^ the 
bases being of the game size; find the ratio of the height of the oohe 
to the height of the cylinder so that the common centre of gravity may 
be at the centre of the oommon base. 
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16. Show how to cut out of a uniform cylinder a cone, whose base 
coincides with that of the cylinder, so that the centre of gravity of the 
remaining solid may coincide with the vertex of the cone. 

17. If the diameter of the base of a cone be to its altitude a% 
1 : ^2, shew that, when the greatest possible sphere has been out 
out, the centre of gravity of the remainder coincides with that of the 
cone. 

18. From a uniform right cone, whose vertical angle is 60°, is cut 
out the greatest possible sphere; shew that the cAitre of gravity of 

the remainder divides the«.xis in the ratio 11 : 49. 

% 

19. A solid in the form of a right circular cone has its base 

scooped out, so that the hollow so formed is a right circular cone on 
the same base and of half tHb heif^t of the original cone; find the 
position of the centre of gravity of tue cone so formed. • 

20. A uniform equilateral triangle ABC is supported with the 
angle A in contact with a smooth wall by means of a string JEfZ), equal 
in length to a side of the triangle, which is fastened to a point D ver- 
tically above A. Shew that the distances of B and C from the wall 
are as 1 : 5. 

21. A cone, whose height is equal to four times the radius of its 
base, is hung from a point in the circumference of its base ; shew that 
it will rest with its base and axis equally inclined to the vertical. 

22. Two right cones, consisting of the same material, have equal 
slant iides and vertical angles of 60° and 120° respectively, and are 
so joined that they have a slant side coincident. Shew that, if they 
be suspended from their common vertex, the line of contact will be 
inclined at 15° to the vertical. 

23. A triangular piece of paper is folded across the line bisecting 
two sides, the vertex being thus brought to Ue on the base of the 
triangle. Shew that the distance of the centre of inertia of the paper 
in this position from the base of the triangle is three-quarters that of 
the centre of inertia of the unfolded paper from the same line. 

24. A rectangular sheet of stiff paper, whose length is to its 
breadth as to 1, lies on a horizontal table with its longer sides 
perpendicular to the edge and projecting over it. The comers on the 
table are then doubled over symmetrically, so that the creases pass 
through the middle point of the side joining the corners and make 
angles of 46° with it. The paper is now on the point of falling over; 
shew that it had originally ff ths of its length on the table. 

25. At each of n - 1 of the angular points of a regular polygon of 
,n sides a particle is placed, the particles being e^ual; shew that the 
distance of their centre of gravity from the (%ntre of the circle 

oiroumsoribing the polygon is where r is the radius of the 

oirole. 


10—2 
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26. A squfire bole is punched out o{ a circular lamina, the 
diagonal of the square being a radius of the circle. Shew that the 

centre of gravity of the remainder is at a distance from the 

^ orr ~ 4 

centre of the circle, where a is the diameter of the circle. 

27. From a uniform triangular hoard a iwrtion consisting of the 
area of the inscribed circle is removed ; shew that the distance of the 
centre of gravity of the remainder from any side, a, is 

S 2s3l3 ya;Sf ^ 

where S is the area and s the semiperimeter of the board. 

28. A circular hole of a given size is punched out of a uniform cir- 
*cular plate ; shew that the centre of gravity lies within a certain circle. 

29. The distances of the angular •points and intersection of the 
diagonals of a plane quadrilateral lamina from any line in its plane 
are a, 6, c, d, and e; shew that the distance of the centre of inertia 
from the same line « ^ (a + + c + d - «). 

Let .<4 , 2^, (7, i) be the angular points, and E the intersection of the 
diagonals. Then 

aACD __ perpendicular from f) on AC _ T)E ^d -e 
A ACB “* perpendicular from B on AC ED e - b* 

By Arts. 104 and 111 the distance of the centre of gravity of the 

aACD from OX is - and that of the t^ACB is . 

o o 

Hence distance of required c.o. from OX 

_ aACD X ^ (a + c + d)+ t^ACB x \ {a + h-\-c) 

“ ' aACDTaACB 

- 1 - ^) {a + c + d)-{-{e-h) {g + h + c) 

{d-e) + (e-b) 

=i 3 (a + 6 + c + d - fi)» on reduction. 

30. 1^ A O'Od B be the positions of two masses, m and n, and if 
O be their centre of gravity, shew that, if P bo any point, then 

m.AP* + n, . AG^-\-n . B(P+ {m+n) PG^, 

Similarly, if there be any number of masses, m,n,p , at points 
il, B, 0, , and Q l)e their centre of gravity, shew that 

?» . i4P®+n . J3P*+p . CP*+ ... 

sswv AO*+n . BQ^+p . CO ^+ ... + {m+n+p+ ...)PGK 


CHAPTER X. 

CENTRE OF (JRAVUT {contmmd). 

119. If a rigid hody he in equUil*rium^ one point 
o^dy of the hody being fixed, the centre of gravity of the hody 
mil he in the verticcd line 2 ^eLSsing through the fixed point of 
the hody. 

Let 0 be the fixed point of the body, and G its centre of 
gravity. 



The forces acting on the body are the reaction at 
the fixed point of support of tiie body, and the weights of 
the component parts of the body. 

The weights of these component parts 4re equivalent to 
a single vertical force through the centre t>f gravity of the 
body. 
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Also, when two forces keep a body in equilibrium, they 
must be equal and opposite and have the same line of action, 
^ut the lines of action cannot be the same unless the vertical 
line through G passes through the jwint 0. 

Two cases arise ; the first, in which the centre of gravity 
G is below the point of suspension 0, and the second, in 
which G is above 0. * ^ 

In the first case, the body,* if slightly displaced from its 
position of equilibrium, will tendjbo return to this position; 
jn the second case, the body will not tend to return to its 
position of equilibrium. 

» 

120. To Jind, hy exj>erintent^ the centre of yravtiy of 
a body of any shape. 

Take a flat piece of cardlx)ar(l of any shape. Bore 
several small holes A, (7, in it 
of a size just large enough to freely 
admit of the insertion of a small pin. 

Hang up the cardboard by the 
hole A and allow it to hang freely 
and come to rest. Mark on the card- 
board the line A A* which is now 
vertical. This may be done by hang- 
ing from the pin a fine piece of string 
with a small plummet of lead at the other end, the string 
having first been well rubbed with chalk. If the string be 
now flipped against the cardboard it will leave a chalked 
line, which is AA\ Now hang up tlio cardboard with tjie 
hole B on the pin, and mark in a* similar manner the line 
BB which is now vertical. 

Perform the* experiment again with the points (7, Z>, E 
as the points through which the small pin passes, and 
oHUin Uie corresponding vertical lines CC\ EE\ 
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These chalked lines AA\ BB\ CG\ DD\ EE' will all be , 
found to pass through the same point 6r. If the thickness 
of the cardboard be neglected, this point G is its centre o{ 
gravity. If the pin.ba now passed through the card- 
board will be found to rest in any position in which it is 
placed. 

• 

121 * lfo» hody fje 'placed with its hose in cwitact toiih 
a horizontal plane^ it will $ta7idy or /all, according as ilw 
vertical line drawn thi'ouyh tliC ce^Ure of g^'avity of the hody 
7neets the plaiw within, or ivithout^ the hose, • 

The forces acting on the Ijody are its weight, which acts 
at its centre of gravity G, and the re«xctions of the plane) 




acting at different points of the base of the body. Those 
reactions are all vertical, and hence they may be eoni- 
l)Ounded into a single vertical force acting at some point 
of the base. 

Since the resultant of two like parallel forces acts 
always at a point between the forces, it follows that the 
resultant of all the reactions on the base of the body 
cannot act through a point outside the base. 

Hence, if the vertical line through the centre of gravity 
of the body meet the plane at a point ^outside the base, 
it c%pnot be balanced by the resultant*reaction, and the 
body cannot therefore bo in equilibrium, but must fail oVer. 
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If the bajae of the body be a figure having a re-entrant 



angle, as in the above figure, we must extend the meaning 
of the word “base” in the enunciation to mean the area 
included in the figure obtained by drawing a piece of thread 
tightly round the geometrical base. In the above figure 
the “base” therefore means the area ABDEFA. 

For example, the point (7, at which the resultant 
reaction acts, may lie within the area AJlBy but it cannot 
lie without the dotted line AB, 

If the point G were iri the line AB, between A and B, 
the body would be on the point of falling over. 


Bx. A cylinder, of heifiht h, and the radius of whose base is r, is 
placed on an inclined plane and prevented 
from sliding: if the inclination of the 
plane he gradually increased, find when 
the cylinder will topple. 

Let the figure represent the section 
of the cylinder when it is on the point of 
toppling over; the vertical line through 
the centre of gravity G of the body must 
therefore just pass through the end A of 
the base. Hence CAD must be equal to 
the angle of inclination, a, of the plane. 

h CB 

Hence 5- =-7S=tanCiijB=scota; 

^ er AJj 

4. ^ 

c /. tanase — , 

n 

gtfixig the required inclination of the plane. 
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Stable^ unstable^ and neutral equilibrium. 

122. We have pointed out in Art. 119 that the body 
in the first figure of that article would, if slightly dis- 
placed, tend to return to its position of equilibrium, and 
that the body in the second figure would not tend to return 
to its original position of equilibrium, but would recede 
still further from tha^ position. 

These two bodies are saSd to bo in stable and unstable 
equilibrium respectively.. 

Again, a cone, resting with its flat circular base in 
contact with a horizontal plane, would, if slightly displaced, 
return to its position of equilibrium; if resting with its 
vertex in contact with the plane it would, if slightly dis- 
placed, recede still further from its position of equilibrium; 
whilst, if placed with its slant side in contact with the 
plane, it will remain in equilibrium in any position. The 
equilibrium in the latter case is sfiid to be neutral. 

123. Consider, again, the case of a heavy sphere, 
resting on a horizontal plane, whos^ centre of gravity is 
not at its centre. 

Let the first figure represent the position of equilibrium, 
the centre of gravity being either below the centre 0, a« 



or above, as Let the second figure refl^resont the sphere 
turned through a small angle, so that B & now the point of 
contact with the plane. 
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The reaction of the plane still acts through the centre 
of the sphere. 

9 If the weight of the body act through it is clear that 
the body will return towards its original position of equi- 
librium, and therefore the body was originally in stable 
equilibrium. 

If the weight act through *(? 2 > body will move still 
further from its original position of equilibrium, and there- 
fore it was originally in unstable equilibrium. 

^ If however the centre of 'gravity of the body had been 
at 0, then, in the case of the second figure, the weight 
would still be balanced by the reaction of the plane; the 
body would thus remain in the new position, and the 
equilibrium would be called neuttal. 

124. Def. A body is said to be in stable equi- 
librium when, if it be slightly displaced fiom its position 
of equilibrium, the forces acting on the Inxly tend to 
make it return towards its position of equilibrium ; it is 
in unstable equilibrium when, if it be slightly displaced, 
the forces tend to move it still further from its position of 
equilibrium; it is in neutral equilibrium, if the forces 
acting on it in its displaced position are in equilibrium. 

In general bodies wliich are “ top-heavy,” or which have 
small bases, are unstable. 

Thus in theory a pin might be placed upright with its 
l)oint on a horizontal table so as to he in equiliSrium ; in 
practice the “base” would be so small that the slightest 
displacement would bring the vertical through its centre of 
gravity outside its base and it would fall. So with a billiard 
cue placed verti<»llly with its end on the table. 

A body is, as A general principle, in a stable position of 
eqidlibrium when the centre of gravity is in the lowest 
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position it cun take up \ examples are the ca,se of the last 
article, and the pendulum of a clock ; the latter when dis- 
placed always returns towards its position of rest. s 

Consider again the case of man walking on a tight 
rope. Tie always carries a polo heavily weighted at one 
end, so that the centre of gravity of himsijff and the pole is 
always below his feet.* Whgn he feels himself falling in one 
direction, he shifts his pole so that this centre of gravity 
shall l>e on the other side of his feet, and then the resultant 
weight pulls him back again towards the upright positio^. 

If a body has more than one theoretical position of 
(Mluilibriiim, tlie one in which its centre of gravity is lowest 
will in general be the stable position, and that in which the 
centre of gravity is highest will be the unstable one. 

12 a. Bx. A homogeneous hody^ consisting of a cylinder nnd 
a hemisphere joined at their IxtseSf is placed with the hemispherical end 
on a hjorizontal table; is the cquilihrium stable or unstable f 

Let and be the centres of gravity of the hemisphere and 
cylinder, and let A be the point of the body 
which is initially in contact with the table, 
and let O be the centre of the base of the 
hemisphere. 

If h be the height of the cylinder, and 
r be the radius of the base, we have 

and 003 = ^ (Art. 117). 

£ 

Also the weights of the hemisphere and 
cylinder ate proportional to |irr® and tt . r'^h. 

The reaction of the plane, in the dis- 
placed position of the body, always passes 
through the centre O. 

The equilibrium is stable or unstable according as (r, the centre 
of gravity of the compound body, is below 01 ^ above O, 

i.^., according as , 

OOi X wt. of hemisphere is^ OGg x wt. of cylinder, 




asTArivu 


iob 

aooording as f »■ x |irr* x rr^h, 

i.^., according as o ^ 

t.e., according as r ia^,J2h, 

U., , ^ftxl-42..., 

# 

** 126 . Within the limits of this book we cannot 
enter into the general discussion of* the equilibrium of one 
body resting on another ; in the following article we shall 
discuss the case in which the portions of the two bodies 
in contact are spherical. 

A body rests in equilibrium upon another fixed body^ 
the portions of the two bodies in contact being spheres of 
radii r and R respectively ; if the first body he slightly 
displaced, to find whether the equilibrium is stable or un- 
stable, the bodies being rough enough to prevent sliding. 

Let 0 be the centre of the spherical surface of the 
lower body, and 0^ .that of 
the upper body; since there 
is equilibrium, the centre of 
gravity of the upper body 
must be in the line 00 1 , which 
passes through the point of 
contact Ai of the bodies. 

Let AiGi be h. 

Let the upper body be 
slightly displaced, by rolling, 
so that the new position of 
the centre of the upper body 
is the new point of contact 
ia A^t the new position of the 
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centre o£ gravity is and the new position of the point 
Ai is C. Hence CG^ is h. 

Through A^ draw AJj vertically to meet O^C in Z, 
and draw Ogil/ vertically downwards to meet a horizontal 
line through A^ in M, 

Let the angle and let A,/l^C be so that, 

the angle CO 2 M is {0^ ^). * 

Since the upper body has rolled into its new position, 
the arc A-^A^ is equal to* the arc CA^. 

Hence {Eletmnis of Trigo-ncymetry^ Art 158) we have 

R.o^r. 4 , ( 1 ). 

where r and R are respectively the radii of the upper and 
lower surfaces. 


The equilibrium is stable, or unstible, fxcconling as 
lies to the left, or right, of the line A^L^ 

Le.y according as the distance of G 2 from is 

> or < the distance of L from O.^M^ Le.^ A^M, 
i,e.y according as 

O 2 G 2 sin {0 + ^) is > or < O.A^ sin 0y 
i.e., according as 

{r — 7C) sin is > or < r sin d, 

i.c., according as 

r — h. sin ^ 

r sin {0 + </>) 


But 


sin 0 0 

sin(d + ^) 


since 0 and ^ are both very small, 


f* % 

by equation (1). 
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Hence the equilibiium is stable, or unstable, according as 


r — h^ r 

— -a>or<— 


i.e., according as r — is > or < h. 


i,e,y according as is > or *< A, , 

i.e.f according as 

« 1 . !• 1 * 

h r R 

If ~ ^ ^ equilibrium is sometimes said to be 

neutral; it is however really unstable, but the investiga- 
tion is beyond the limits of this book. 

Hence the equilibrium is stiible only when 

1 . 11 

a’® r'^ 

in all other cases it is unstable. 


Cor. 1. If the surface of the lower Ixxiy, instead of 
being convex, as in the above 
hgure, be concave, as in the follow- 
ing figure, the above investigation 
will still apply provided we change 
the sign of R, 

Hence the equilibrium is stable 
when 

1 . 11 



otherwise it is, in general, un- 
stable. 
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Cor. 2. Tf the upper body have a plane face in 
contact with the lower body, as iu the following figure, r 

is now infinite in value, and therefore ~ is zero. # 

r 


if 


Hence tlie equilibrium is stable 

1 , 1 . 

i.e,, hhe < R. 

Hence the equilibrium is stable, 
if the distance of the centre of 
gravity of the upper body from its 
plane face be less than the radius of the lower body; 
otherwise the equilibrium is unstable. 



Cor. 3. If the lower Ixidy be a plane, so that R is 
infinity, the equilibrium is stable if 

- l>e > - , i.e,y if h l>e < n 
h r 


Hence, if a liody of spherical base l>o placed on a ho»*i’ 
zontil table, it is in stable equilibrium, if the distance of 
its centre of gravity from the point of contact lie loss than 
the radius of the spherical surface. 


EXAMPLES. XX. 

1. A carpenter’s rule, 2 feet in length, is bent into two parts at 

right angles to one another, the length of the shorter portion being 
8 inches. If the shorter be placed on a smooth horizontel table, what 
is the length of the least portion on the table that there may be equi- 
librium? ^ 

2. A piece of metal, 18 cubic inches in volume, is made into a 

cylinder which rests with its base on an inclined plane, of 30° slope, 
and is prevented from slipping. How tall may the cylinder be xn^e 
so that it may just not topple over? ^ 

3. If a trian^lar lamina ABC can just rest in a vertical plane 
with its edge AB in contact with a smooth table, prove that 
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4. The side CT> of a uniform square plate ABCD, whose weight 
is W, IS bisected at E and the triangle AKD is cut off. The nlate 
ABCEA is placed in a vertical position with the side CE on a hori- 
zontal plane. What is the greatest weight that can be placed at A 
\;ithoat upsetting the plate? 

5. A BG is a flat board, A being a right angle and AG in contact 

with a flat table; i> is the middle point of AC and the triangle ABD 
is cut away; shew that the triangle is just on the point of falling 
over. c , • 

r 

6. A brick is laid with one-quarter of its length projecting over 
the edge of a wall ; a brick and one-quarter of a brick are then laid 
on the first with one-quarter of a brick projecting over the edge of the 
first brick; a brick and a half arc^laid on this, and so on; shew that 
4%cour8es of brick laid in the above manner will be in equilibrium 
without the aid of mortar, but that, if a filth course be ^ded, the 
structure will topple. 

7. How many coins, of the same size and having their thick- 
nesses equal to their diameters, can stand in a cylindrical pile 

on an inclined plane, whose height is one-sixth of the base, assuming 
that there is no slipping? 

If the edge of each coin overlap on one side that of the coin below, 
find by what fraction of the diameter each must overlap so that a 
pile of unlimited height may stand on tlie plane. 

8. A number of bricks, each inches long, 4 inches wide, and 
3 inches thick, are placed one on another so that, whilst their narrowest 
surfaces, or thicknesses, are in the same vertical plane, etveh brick 
overlaps the one underneath it by lialf an inch; the lowest brick 
being placed on a table, how many bricks can be so placed witliout 
their falling over? 

9. ABG is an isosceles triangle, of weight ir, of which the angle 
A is 120^, and the side AB rests on a smooth horizontal table, the 

W 

plane of the triangle being vertical; if a weight — bo hung on at (7, 
shew that the triangle will just bo on the point of toppling over. 

10. The quadrilateral lamina ABGT) is formed of two uniform 
isosceles triangles ABG and A1)G^ whose vertices are B and i>, on 
opposite sides of a common base AC, the angle ABC being a right 
angle. Shew that it will rest in a vertical plane with BG on a hori- 
zontal plane, provided the area of ADC be not greater than fooz Uniisa 
that of ABC, 
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11. A body, oonsisting of a cone and a hemisphere on the same 
base, rests on a rough horizontal table, the hemisphere being in con- 
tact with the table; find the greatest height of the cone so that the 
equilibrium may be stable. 

12. A solid consists of a cylinder and a hemisphere of equal 
radius, fixed base to base ; find the ratio of the height to the radius of 
the cylinder, so that the equilibrium may be neutral when the spherical 
surface rests on a horizontal plane. 

• 

13. A hemisphere resign equilibrium on a sphere of equal radius ; 
shew that the equilibrium is unstable when the curved, and stable 
when the flat, surface of the hemisphere rests on the sphere. 

• 

14. A heavy right cone rests with its base on a fixed rough spher^ 
of given rn/lius; find the greatest height of the cone if it be in stable 
equilibrium. 

15. A uniform beam, of thickness 2b, rests symmetrically on a 
perfectly rough horizontal cylinder of radius a; shew that the equi- 
librium of the beam will be stable or unstable according as h is less or 
greater than a. 

1C, A heavy uniform cube balances on the highest point of a 
sphere, whose radius is r. If the sphere be rough enough to prevent 

sliding, and if the side of the cube be , shew that the cube can rock 

through a right angle without falling. 

17. A lamina in the form of an isosceles triangle, whose vertical 
angle is a, is placed on a sphere, of radius r, so that its plane is vertical 
and one of its equal sides is in contact with the sphere; shew that, if 
the triangle be slightly displaced in its own plane, the equilibrium is 

fir 

stable if sin a be less than — , where a is one of the equal sides ^>f the 
a 

triangle. 

18. A weight W is supported on a smooth inclined plane by a 
given weight P, connected with IV by means of a string passing round 
a fixed pulley whose position is given. Find the position of ir 
on the plane, and determine whether the position is stable or un- 
stable. 


19. A rough uniform circular disc, of radius r and weight p, is 
* movable about a point distant c from its centres A string, rough 
enough to prevent any slipping, hangs over the circumference and 
carries unequal weights W and w at its ends. Find the position of 
equilibrium, and determine whether it is stable or unstable. 


L. 8. 


11 
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20. A solid sphere rests inside a fixed rough hemispherioal bowl 
of twice its radius. Shew that, however large a weight is attached to 
the highest point of the sphere, the equilibrium is stable. 


21. A thin hemispherical bowl, of radius h and weight ir, rests 
in equilibrium on the highest point of a fixed stihcre, of radius a, 
which is rough enough to prevent any sliding. Inside the bowl is 
placed a small smooth sphere of weight Shew that the equilibrium 
is not stable unle^ 


w<}F, 


a-o 



CHAPTER XI. 

‘WOIMC. 

127. Work- Def. A force is snid to do work 
when its point of application moves in the direction, of the 
force. 

The force exerted by a horse, in draRging a waggon, does work. 
The force exerted by a man, in raising a weight, does work. 

The pressure of the Rteam, in moving the piston of an engine, 
does work. 

When a man winds up a watch or a clock lie does work. 

The incasnre of the work done by a force is the product 
of the fiirce and the diataiice tlirough which it moves its 
jK>int of application in the direction of the force. 

Suppose that a force acting at a point A of a l>o<ly 

AD' B 

moves the jx)iiit A to i>, then the work done by is 
measurtKl by the product of 7^ and AD, 

If the j>oint D be on the side of A toward which tlie 
force acts, this work is positive ; if D lie on the opposite 
side, the work is negative. • 

Next, suppose that the pointy of applictftion of the force 
is moved to a point (7, which does not lie on the line AB, 

n— 2 
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Draw CD perpendicular to AB^ ov A B produced. Then 
AD the distance through which the point of application 
js moved in the direction of the force. Hence in the first 
figure the work done is P x AD \ in the second figure the 
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work done is — P x ^2). When the work done by the force 
is negative, this is sometimes expressed by saying tliat the 
force has work done againsf it. 

In the case when AC is at right angles to AB, the 
points A and D coincide, and the work done by the force 
P vanishes. 


Ab an example, i£ a body be moved about on a horizontal table the 
work done by its weight is zero. So, again, if a body be moved on an 
inclined plane, no work is done by the normal reaction of the plane. 


128 . The unit of work, used in Statics, is called a 
Foot-Pound, and is the work done by a force, equal to the 
weight of a pound, wlien it moves its point of application 
through one foot in its own direction. A better, though 
more clumsy, term than “Foot-Pound” would be Foot- 
Pound-weight. 

Thus, the work done by the weight of a body of 10 pounds, whilst 
the body falls through a distance of 4 feet, is 10 x 4 foot-pounds. 

The work done by the weight of the body, if it were raised through 
a vertical distance of 4 feet, would be * 10 x 4 foot-pounds. 


129 . It will be noticed that the definition of work, 
given in Art. 127, necessarily implies motion. A man may 
use great exertion in attempting to move a body, and yet 
do no work on the body. 

For example, suppose a man pulls at the shafts of a 
l^vily-loaded vhn, which jie cannot move. He may pull 
to the utmost of his power, but, since the force which he 
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exerts does not move its point of application, he does no . 
work (in the technical sense of the word). 

130 . Theorem. To shew tliai, Hie work do7ie irl 
raimig a number of particles from one positio^i to anoHicr is 
Why where W is the total weight of the particleSy cmd h is the 
distance through which tho centre of gravity ^of the particles ' 
has been raised. 

Let w^y w^y w.^y ...w^he the weights of tlie particles; in 
the initial position let be their heights 

above a horizontal plane, an3 x that of their centre «f 
gravity, so that, as in Art. Ill, we have 

Wi + W2+ ... +Wn ' 

In the final position let ajj', X 2 , . . . bo the heights of 
tho different particles, and ^ the height of the new centre 
of gravity, so that 

+ ■ » . t^n^n 

70i+Wa+...Wn 

But, since + w; 3 + ~ Tr, equations (1) and (2) give 

WiXi + w^ + ... = W . X, 

and w^x/ + w^' + ... = W.x\ 

By subtraction we have 

7Vi (x/ — Xj) + Wg (xg' - acj) + . . . = W (x: - x). 

But the left-hand member of this etjuation gives the 
total work done in raising the different particles of tlie 
system from their initial position to their final position; 
also the right-hand side 

= ir X height through which the centre of gravity has b6en 
raised 
^W.h. 

Hence the proposition is proved. 
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131. Power. Def. 27i^ power of an ayeni is 
tFie aiTwmit of work that would he done hy the agent if 
fporking uniformly for the unit of time. 

The unit of power used by engineers is called a Horse- 
Power. An agent is said to be working with one horse- 
power when it performs 33,000 foot-pounds in a ininuto, i.e.^ 
when it would ftiiso 33,000 Iba. through a foot in a minute, 
or when it would raise 330 ^ibs. through 100 feet in a 
minute, or 33 lbs. through 1000 feet in a minute. 

This estimate of the power of a horse was made by 
Watt, but is above the capacity of ordinary horses. The 
word Horse-power is usually abbreviated into n.p. 

132. It will be noted that the result of Art. 130 docs 
not in any way depend on the initial or final arrangement 
of the particles amongst themselves, except in so far as the 
initial and final positions of the centre of gravity depend 
on these arrangements. 

For example, a hole may be dug in the ground, the soil 
lifted out, and spread on the surface of the earth at the 
top of the hole. ordy want the positions of the c.c 5 . 

of the soil initially and finally, and then the work done is 
known. This work is quite independent of the patl) by 
which the soil went from its initial to its final position. 

Bx. A wdlf of which the section is a sqmire whose side is 4 feetj 
and whose dejdh is 300 feet, is fuU of %oater; find the work doncy in 
foot-pounds, in pumping the water to the level of the top of the well. 

Find also thoII.P. of the engine which would just accomplish this 
work in one hour. 

[N.B. A cubic foot of water weighs 1000 ounces.] 

^Initially the height of the centre of gravity of tbe water above the 
bottom of the well was 150 feet and finally it is 800 feet, so that the 
height through whi^ the centre of gravity has been raised is 160 feet. 

The volume of the watered x 4 x 300 cubic feet. 

Therefore its weight«4 x 4 x 300 x lbs. =300,000 lbs. 

Hence the work done =300,000 x 160 ft. -lbs. =45,000,000 ft.-lbs. 
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Let X be the required h.p. Then the work done by the engine in 
one hour = jr x 60 x 33,000. 

Hence we have ar x 60 x 33,000=45,000,000 ; 

.•.x=22i\. 

133. Graphical representation of the work done hy a 
force, \ ^ • 

It is sometimes diTftcult' to calculate directly the work 
done hy a varying force, but it 
may be quite possible US obtajn 
the result to a near degree of 
approximation. 

►Suppose the force to always 
act in the straight line OX, and 
let us find the work done as its 
point of application moves from A to JJ, At A and R erect 
ordinates AG and DB to represent the value of the force 
for these two points of application. For any and every 
intermediate point of application L erect the ordinate LP to 
represent the corresponding value of the acting force; then 
the tops of these ordinates will clearly lie on some such 
cur\»c as CPD, 

Take M a very near point to L, so near that the force 
may be considered to have remained constant as its point 
of application moved through the small distance LM, 

Then the work done by the force 
= its magnitude x distance through which its 

point of application has moved 
= LP X LM = area PM very nearly. 

Similarly whilst the point of application moves from M 
to N the work done • 

=sarea QN very nearly, and so on. 



I L LLL 1 

O A LMN B X 
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Hence it follows that the work done as the point of 
application moves from A to B is, when the lengths ZJ/, 
... are taken indefinitely small, equal more and more 
nearly to the area ACDB, 

[Where the shape of the curve GPD is irregular a rough 
approximation to its area may be found as follows j divide 
AB into a num&r, say 10, of ^qual ptrips ; take the middle 
ordinates of these strips and obtain the average of these 
middle ordinates; and multiply this average ordinate by 
tlie distance AB, This clearly gives an approximation to 
t^e area of ACI)B.'\ 


184 . As an example of tho above construction let us find the 
work done by a force which was initially zero and which Viaricd as the 
distance through which its point of application was moved. 

In this case AC is zero, and NP=^\, AN^ where X is somo 
constant. 


tan PAN = = X, so that P lies on a straight 

AN 

line passing through A . The work done = area A PD 
= ^AB . BD = ^ . displacemei ^t of the point of applica- 
tion X the final value of the force. 



EXAMPLES. XXI. 

1. How much work is done by a man 

{Vj in climbing to the top of a mountain 2700 feet high, if hia 
weight IS 10 stone? 

(2) in cycling 10 miles if the resistance to his motion bo equal 
to 5 lbs. wt. ? 

2. A chain, whose mass is 8 lbs. per foot, is wound up from a 
shaft by tho expenditure of four million units of work; find the 
length of tho chain. 

3. A shaft, who^e horizontal section is a rectangle 10 ft. by 8 ft., 
is to be sunk 100 ft. ipto the earth. If the average weight of the soil 
is 150 lbs. per cubic foot, find the work done in bringing the soil 
to the surface. 
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4. How many cubic feet of water will an engine of 100 h.p. raise 
in one hour from a depth of 150 feet? 

5. In Low many hours would an engine of 10 h.p. empty a vertic^ 
shaft full of water if th^'diameter of the shaft be 9 feet, and the depth 
420 feet? 

6. Find tlie h.p. of an engine that would empty a cylindrical 

shaft full of water in 32 hours, if the diameter of the shaft be 8 feet 
and its depth 600 feet. ^ • 

7. Find how long an cngSie of 20 n.p. would tahe to pump 
5000 cubic feet of water to a height of 100 feet, one-third of the 
work being wasted by friction, etc. 

8. A man whose weight is 10* stone climbs a rope at the mto 
of 18 inches per second. Prove that he is working at just under 

I H.p. 


9. A tower is to be built of brickworki the base being a rectangle 
whose external measurements are 22 ft. by 9 ft., the height of the 
tower 66 feet, and the walls two feet thick ; find the number of hours 
in which an engine of 3 h.p. would raise the bricks from the ground, 
the weight of a cubic foot of brickwork being 112 lbs. 

10. At the bottom of a coal mine, 275 feet deep, there is an iron 
cage containing coal weighing 14 cwt., the cage itself weighing 4 cwt. 
109 lbs., add the wire rope that raises it 6 lbs. per yard. Find the 
work done when the load has been lifteil to the surface, and the h.l. 
of the engine that can do this work in 40 seconds. 

11. A steamer is going at the rate of 15 miles per hour; if the 
effective h.p. of her engines be 10,000, what is the resistance to her 
motion ? 


12. A man is cycling at the rate of 6 miles per hour up a hill 
whose slope is 1 in 20 ; if the weight of the man and f ^ ^ machine be 
200 lbs. prove that he must at the least be working at the rate of 
•16 II.P. 


13. A man rowing 40 strokes per minute propels a boat at the 
rate of 10 miles an hour, and the resistance to his motion is equal to 
8 lbs. wt. ; find the work he does in each stroke and the h.p. at which 
he is working. 

14. A Venetian blind consists of 30 movable bars, the thickness 
of each bar being negligible, and, when it is hanging down, the distance 
between each pair of conseoutive bars is 2^ inches; if the weight 
of each bar be 4 ozs., find the work done in ^a^ing up the blind. 

If there were n such bars, what would be the oortesponding work? 
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15. A Venetian blind consists of n thin bars, besides the top fixed 
bar, and the weight of the movable part is W, When let down the 
length of the blind is a, and when pulled up it is h ; shew that the 
work done against gravity in drawing up the blind is 

.16. A solid hemisphere of weight 12 lbs. and radius 1 foot rests 
with its flat face on a table. How man^ foot-lbs. of work are required 
to turn it over so that it may rest wjth itsi curved surface in contact 
with the table? [Use the result of Art. 130.1 

17. A uniform log weighing half, a ton is in the fonn of a 
triangular prism, the sides of whose cross section are li ft., 2 ft., 
aid 2|-ft. respectively, and the log is resting on the ground on its 
narrowest face. Prove that the work which must bo done to r.air,e it 
on its edge so that it may fall over on to its broadest fiice is approxi- 
mately -27 ft. -tons. 

18. A force acts on a particle, its initial value being 20 lbs, -wt. 
and its values being 25, 29, 32, 31, 27, and 24 lbs. wt. in the direction 
of the particle’s motion w'hen the latter has moved through 1, 2, 3, 4, 
6, and C feet rosiiectively ; find, by means of a graph, the work done 
by the force, assuming that it varies uniformly during each foot of 
the motion. 



CftAI^rER XII. 

MACmNES. 


135 . In ibe present cliaptcr we sliall explain and 
discuss the equilibrium of some of the simpler machines, 
viz., (1) The Ixsver, (2) The Pulley and Systems of Pulleys, 
(3) The Inclined Plane, (1) The Wheel and Axle, (5) The 
Ceminoii Ilalance, (G) The Steelyards, and (7) The Screw. 

The Ticvor, The Wheel and Axle, The Balance, and the 
Steelyards are similar machines. In each wo have either* 
a point, or an fixLs, fixed about which the machine can 
revolve. 

In the pulleys an essential part is a flexible string or 
strings. 

We shall suppose the different portions of these 
machines to be smooth and rigid, that, all cords or strings 
used are perfectly flexible, and that the forces acting on 
the machines always balance, so that they are at rest. 

In ac^^ual practice these conditions are not even approxi- 
mately satistied in the cases of many machines. 

136 . When two external forces ajf^lied to a machine 
balance, one may be, and formerly alwai^s was, called the 
Power and the other may be called the Weight. 
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A machine is always used in practice to overcome some 
resistance; the force we exert on tlio machine is the power; 
^he resistance to be overcome, in whatever form it may 
appear, is called the Weight. 

Unfortunately the word Power is also used in a different 
sense with reference to a machine (Art. 131); of late years 
the word Effort has been used to Senpte what was formerly 
called the Power in the sense* of this article. The word 
Resistance is also used instead of Weight; by some writers 

Load is substituted for Weight. 

% 

137. Mechanical Advantage. If in any 

machine an effort P balance a resistance IT, the ratio 
W\ P is called the mechanical advantiige of the machine, 
so that 

Resistance 
Effort 

and Resistance = Effort x Mechanical Advantage 
Almost all machines are constructed .so that the me- 
chanical advantage iai a ratio greater than unity. 

If in any machine the mechanical advantage bo less 
than unity, it may, with more accuracy, be called me- 
chanical disadvantage. 

The term Force-Ratio is sometimes used instead of 
Mechanical Advantage. 

Velocity Ratio. The velocity ratio of any machine 
is the ratio of the distance through which the point of 
application of the effort or ** power ” moves to the distance 
through which the point of application of the resistance, or 
** weight,'' moves in the same time; so that 

Distance through which P moves 
Distance through which IT moves * 


Velocity Ratio = 


Mechmiical Advantiige, 
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If the machine be such tliat no work has to be done in. 
lifting its component parts, and if it bo perfectly smooth 
throughout, it will be found that the Mechanical Advantage 
and the Velocity Ratio are equal, so that in this case 
]V Distance through which P moves 
P ~ Distance through which W moves ’ 

and then 

P X distfince through >^!iich P moves 

— W X distance through which W moves, 
or, in other words, • ^ 

work done by P will — work done agaiiust W. 

138. The following we shall thus find to be a uni- 
versal principle, known as the Principle of Work, viz., 
Whatever he the machine toe tcscy provided tiiat tlvcre he no 
friction and that the weight of the machine he neglected^ the 
work dotie by the effort is always equivalent to the tvork done 
against the weighty or resistance. 

Assuming that the machine we are using gives me- 
chanical advantage, so that the effort is less than t}i>^ 
weight, the distance moved through .by the effort is there- 
fore greater than the distance moved through by the weight 
in the same proportion. This is sometimes expi^sed in 
popular language in the form \ What is gained in poioer is 
lost in speed. 

More accurate is the statement that mechanical ad- 
vantage is always gained at a proportionate diminution 
of speed. No work is ever gained by the use of a machine 
though mechanical advantage is generally obtained. 

139. It will be found in the next chapter that, as 
a matter of fact, some work, in practice, is always lost by 
the use of any machine. * 

The uses of a machine are 

(1) to enable a man to lift weights or overcome 
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resistances niucli greater than he could deal with unaided, 
by libe use of a systdll^of pulleys, or a wheel and axle, 
QF a screw-jack, etc., 

(2) to cause a motion impartetl to one point to bo 
changed into a more rapid motion at some other point, 
e.< 7 ., in the case of a bicycle, 

(3) to enalAe a force to..bd* applied at a more con- 
venient point or in a more corfveniont manner, e.g,, in the 
use of a poker to stir the fire, or in the lifting of a bucket 
of mortar by means of a long rope* passing over a pulley at 
tMe top of a building, the other end being pulled by a man 
standing on the ground. 

I. The Lever. 

140. The Lever consists essentially of a rigid bar, 
straight or bent, which has one point fixed about which 
the rest of the lever can turn. This fixed point is called 
the Pulcrum, and the perpendicular distances between tho 
fulcrum and the lines of action of the effort and tho weight 
are called the arms of the lever. 

When tho lever is straight, and the effort and weight 
act perpendicular to the lever, it is usual to distinguish 
three classes or orders. 

Class I. Here the effort P 
and the weight W act on opposite 
sides of the fulcrum C, 

Class 11. Here the effort P 
and the weight W act on tlie 
same side of tho fulcrum (7, but 
the former acts at a greater dis- 
tance than the Idtter from the 
fulcrum. 






X 


B 

|w 

aR 


30 
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Class 111. Here the eflbrt 
r and the weight W act on tMft^ 
same side of the fulcrum 0, but 
the former acts at a less dis^ 
tance than tlio latter from the 
fulcrum. 


B 


^p\/ 


I 

w 


141. 


• \ 

yna of m 


Conditiona (}f ^juilibrinm of a straight lever. 


In eacli case wc have three parallel forces acting on 
the body, so that the reaction, A*, at the fulcrum must 
be equal and opposite to the resultant of P and W. * 


Tn the first class and IF are like parallel forces, so 
that their resultant is 7* + IF. Hence 


7i^-7M- IF. 

In the second chiss P and TF are unlike parallel forces, 
so that 

P^W-P. 

Ho in the third class li — P — IF. 

In the first and third classes we ’seo that R and P act 
in opposite directions j in the second class they act in the 
same direction. 


In all three classes, since the resultant of P and W 
passes through C, we have, as in Art. 5:1, 

P.AC==W.PC, 

i.e. P X the arm of P - IF x the arm of IF: 

Since we observe that generally in 

Class I., and alwa3"s in Class IL, there is mechanical 
advantage, but that in Class IIL there is mechanical 
disadvantage. 
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The practical use of levers of the latter class is to 
apply a force at some point at which it is not convenient 
to apply the force directly. 

In this article we have neglected the weight of the 
lever itself. 

If this weight be taken into consideration we must, 
as in Art. 91, obtain the corditicns of equilibrium by 
equating to zero the algebraic sum of the moments of the 
forces about the fulcrum C. 

The principle of the lever was known to Archimedes 
who lived in the tliird century B.C. ; until the discovery of 
the Parallelogram of Forces in the sixteenth century it was 
the fundamental principle of Statics. 

142. Examples of the different classes of levers are ; 

Class I. A Poker {when used to stir the fire, the bar 
of the grate being tlie fulcrum) \ A Claw-liammer (^vhen 
used to extract nails) ; A Crowbar {when used with a 2 >omt 
in it resting on a fixed sujypnrC) ; A Pair of Scales ; The 
Brake of a Pump. 

Double levers of this class are; A P^r of Scissors, A 
Pair of Pincers. 

Class II. A Wheelbarrow; A Cork Squeezer; A 
Crowbar {unih one end in contact with the ground) \ An 
Oar {cLss^iming the end of the oar in contact toith the water 
to be at rest), 

A Pair of Nutcrackers is a double lever of this class. 

Class 111. The Treadle of a Lathe; The Human 
Forearm {when the latter is used to support a weight placed 
on the palm of the hand. The Fulcrum is the elbow, and 
the tensuyn exerted by the muscles is the effort), 

A Pair of Sugar-tongs is a double lever of this class. 
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143 . limt Levers. 

Let AOB be a bent lever, of Vr’bich O is the fulcrum, and let OL 
and OM be the perpendiculars from O upon the lines of action A C and 
BC of the effort F and resistance W. * 

The condition of equilibrium of Art. 91 again applies, and we have, 
by taking moments about O, 

P.OL^W.OM (1); 

OM 

VoL 

__ perpendicular fron* fulerlfcfn on direction of resistance 
perpendicular from fulcrum on direction of effort 
To obtain the reaction at O Jet the directions of P and }V meet in G. 
Since there are only three forces aciieg 
on the bo<ly, the direction of the reaction 
B at O must pass through C?, and then, 
by Lami’s Theorem, we have 

P P _ W 

sin ACB *" sin BCO sin A GO * 

The reaction may also be obtained, 
as in Art. 46, by resolving the forces P, 

P, and W in two directions at right 
angles. 

It the effort and resistance be parallel forces, the retiction B is 
parallel to either of them and equal to (P+W)^ and, as before, wo 
have P.OA^IF.OJ/, 

where OL and Oil/ are the perpendiculai's from O upon the lines of 
action of the forces. 

It the weight W' of the lever lie not neglected, we have an additional 
term to introduce into our equation of moments. 

144 . If two weiijhts balance, about a ji-vcd fulcrum, at the 
extremities of a straight lever, in any position inclined to the vertical, 
tJiey will balance in any oth^ir position. 

Lot AB be the lover, of weight W\ 
and let its centre of gravity be G. 

Let the lever balance about a fuh 
cruni O in any position inclined at an 
angle 0 to the horizontal, the weights 
at A and B being P and W respectively. 

Through O draw a horizontal line 
LONM to meet the lines of action of 
P, W', and W in L, N, and Jf re- 
spectively. 

Since the forces balance about O, 
we have 

P. OL x= W. 0M+ W\ ON. 



vvv 
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. OA cos d= W, OB cos 0 + W\ OG cos 0. 
P.OA==W.OB+}r.OG, 

X, This condition of equilibrium is independent of the inclination 0 of 
the lever to the horizontal ; hence in any other position of the lover 
the condition would be the same. 

Hence, if the lever be in equilibrium in one position, it will be in 
equilibrium in all positions. 

EZAMFLL^. XXn. 

1, In a weightless lever, if one of the forces be equal to 10 lbs. wt. 
and the thrust on the fulcrum be equal to 16 lbs. wt., and the length 
rl the shorter arm be 8 feet, find the length of the longer arm. 

2, Where must the fulcrum be so that a weight of 6 lbs. may 
balance a weight of 8 lbs. on a straight weightless lever, 7 feet long? 

If each weight be increased by 1 lb., in what direction will the 
lever turn? 

3, If two forces, applied to a weightless lever, bivlance, and if the 
thrust on the fulcrum be ten times the difference of the forces, hud 
the ratio of the arms. 

4, A lever, 1 yard long, has weights of 6 and 20 lbs. fastened to 
its ends, and balances about a point distant 9 inches from one end; 
had its weight. 

5, A straight lever, AB, 12 feet long, balances about a point, 

I foot from At when a v/eight of 13 lbs. is suspended from A, It will 
balance about a point, which is 1 foot from JB, when a weight of 

II lbs. is suspended from B. Shew that the centre of gravity of the 
lever is 6 inches from the middle point of the lever. 

6, A straight uniform lever is kept in equilibrium by weights of 
12 and 5 lbs. respectively attached to the ends of its arms, and the 
length of one arm is double that of the other. What is the weight of 
the lever? 

7, A straight uniform lever, of length 5 feet and weight 10 lbs., 
has its fulcrum at one end and weights of 3 and 6 lbs. are fastened to 
it at distances of 1 and 3 feet respectively from the fulcrum; it is 
kept horizontal by a force at its other end; find the thrust on the 
fulcrum. 

3, A uniform lever is 18 inches long and is of weight 18 ounces; 
find the position bf the fulcrum when a weight of 27 ounces at one 
end of the lever balances one of 9 ounces at the other. 

If the lesser weight bo doubled, by how much must the position of 
the fulcrum be shifted so as to preserve equilibrium? 
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9. Two weights, of 8 and 4 ounces, are in^^uilibriutu' when 
attached to the opposite ends of a rod of negligible weight ; if 2 ounces 
be added to the greater, the fulcrum must bo moved through yths of 
an inch to preserve equilibrium ; find the length of the lever. 

10. The short arm of one lever is hinged to the long arm of a 
Becoiid lever, and the short arm of the latter is attached to a press ; 
the long anns being each 3 feet in length, and the short arms 6 inches, 
find what thrust will be prot^ced on the press by a force, equal to * 
10 stone weight, applied ^to tlb*long end of the first lever. 

11. A straight heavy uniform lever, 21 inches long, has a ful- 
crum at its end. A force, equal to the weight of 12 lbs., acting at a 
di.stance of 7 inches from the fulcrum, supports a weight of 3 lbs. 
hanging at the other end of the lover. If the weight be increased Ify 
1 lb., what force at a distance of o inches from the fulcrum will 
support the lever? 

12. On a lever, forces of 13 and 14 lbs. weight balance, and their 

directions meet at an angle whose cosine is — ; find the thrust 

on the fulcrum. >. 

13. A straight lever is acted on, at its extremities, by forces in 
the ratio /^34-l : ^3-1, and wliich are inclined at angles of 30° and 
60° to its length, l^ind the magnitude of tVie tlu'ust on the fulermn, 
and the direction in which it acts. 

14. The arms of a bent lever arc at right angles to one another, 
and the arms arc in the ratio of 5 to 1. The longer arm is inclined 
to the horizon at an angle of 45°, and carries at its end a weight of 
10 lbs.; the end of the shorter arm presses against a horizontal plane; 
find the thrust on tlio plane. 

15. The arms of a uniform heavy bent rod are mcline<l to one 
pother at an angle of 120°, and their lengths are in th*> ratio of 2 : 1 ; 
if the rod bo suspended from its angular point, find tlio position in 
which it will rest. 

16. A uniform bar, of length 7§ feet and weight 17 lbs., rests on 
a horizontal table with one end projecting 2^ feet over the edge; find 
the greatest weight that can be attfujhed to its end, without making 
the bar topple over. 

17. A straight weightless lover has for its fulcrum a hinge at one 
end A , and from a point B is hung a body of weight W, If the strain 
at the hinge must not exceed Jir in either direct!^, upwards or down- 
wards, shew that the effort must act somewhere within a space equal 
to -gvlB. 


12—2 
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18. Shew tlm.t the propelling force on an eight-oared boat is 
224 lbs. weight, supposing each man to pnll his oar with a force of 
56 lbs. weight, and that the length of the oar from the middle of the 
1>lade to the handle is three times that from the handle to the row- 
lock. 


19, In a pair of nutcrackers, 5 mehes long, if the nut be placed 
at a distance of inch from the hinge, a force equal to 6^ lbs. wt. 
applied to the enc^^ of the arms will /rack the nut. What weight 
placed on the top of the nut will ci^k it? 

20, A man raises a 3-foot cube of stone, weighing 2 tons, by 
means of a crowbar, 4 feet long, after having thrust one end of the 
bar under the stone to a distance of 6 inches; what force must be 
applied at the other end of the'bai* to raise the stone? 

21, A cubical block, of edge n, is being turned over by a crowbar 
applied at the middle point of the edge in a plane through its centre 
of gravity; if the crowbivr be held at rest when it is inclined at an 
angle of 60" to the horizon, the lower face of the bl<x;k being then 
inclined at 30" to the horizon, and if the weight of the block be n 
times the force applied, find the length of the crowbar, the force 
being applied at right angles to the crowbar. 

11. Pulleys. 

145 . A pullc.y is composed of ii wheel of wood, or 
metal, grooved along its cireumferenco to n^ceive a string 
or rope ; it can turn 'frc'cly about an axle passing tlirough 
its centre perpendicular to its plane, the ends of this axle 
being supported by a frame of wood called the block. 

A pulley is said to be movable or fixed according as its 
block is movable or fixed. 

The weight of the pulley is often so small, compared 
with the weights which it supports, that it may be neg- 
lected; such a pulley is called a weiglitlcss pulley. 

We shall always neglect the weight of the string or 
rope which passes round the pulley. 

We shall also in this chapter consider the pulley to be 
perfectly smooth* so that the tension of a string which 
passes round a pulley is constant throughout its length. 
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146 - Single Pulley. Tlie uso of, a single pulley 
is to apply an. elfort in a different direction from that in 
whicli it is convenient to us to apply the effort. ^ 

Thus, in the first figure, a man standing on the ground 
and pulling vertically at one end of the rope might support 
a weight W hanging at iJie other end ; in the second figure 
the same man pulling ^id^^ys might sup^rt the weight. 

Ill each case the tension of the string passing round 
the pulley is unaltered ; the effort P is therefore equal to 
the weight W, * • 

In the first figure the action on the fixed support to 
which the block is attached must balance the other forces 
on the pulley-block, and must therefore bo equal to 

2]r + w;, where w is tho weight of the pulley-block. 



In tho second figure, if the weight of the pulley lie 
neglected, the effort P, and the weight IK, being equal, 
must bo equally iuclinoxl to tho lino OA. 

Hence, if T be the tension of the supporting string OB 
and 2^ tho angle between tho directions of P and IF, we 
have 

P= P cos ^ + IF cos 0 ~ 2 IF cos 0. 
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If ti’ be the weight of the pulley, wo should have, 
T“=(ir+w)2+P®+2 (r+w) . P . cos 2d 

^ 2TP -f 27r?«7 + -I- 2 (Tr+ w) . ir (2 cos® d - 1) , sinco P and W are equal, 
= w® + (ir+ ii>) 008 ® d. 


147 - We shall discuss three systems of pulleys and 
shall follow the usual order ; thenp is no particular reason 
for this order, but it is convenie^ tq retain it for purposes 
of 1 ‘efercnce. 


First system of Pulleys. ^ Hack St7'ing attached to 
tl}fi 8%ipporthig beam. To firtd the relation between the effbi^t 
07’ power ” and the weight. 






In this system of pulleys the weight is attached to the 
lowest pulley, and the string p;iss- 
ing round it lias one end attached C 
to tlie fixed beam, and the other 
end attached to the next highest 
pulley; the string passing round 
the latter pulley has one end 
attached to the fixed beam, and 
the other to the next pulley, and 
so on ; the effort is r.pplied to the 
free end of the latit string. 

Often there is an additional 
fixed pulley ov<5r which the free 
end of tlie last string passes; the 
effort may then bo applied as a 
downward force. 


Ti 


\p 

W 

iw 


W 


T, 


Let Ai, A 2 , ... bo the pulleys, beginning from the 
lowest, and let the tensions of the strings i>assing round 
them be Ti, T 2 ,,,.., Let Jf be the weight and F the 
power. , 


[N.B. The string t 
ticaily upwards, and pul 


ising round any pulley, I^li® 

; doicnwards,] 
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1. Let the weights of tJhe pidleys be 'neglected. 

From the equilibrium o£ the pulleys A ^, , taken 


in order, wo have 

2 ^ 1 = JIT; /. 


1 






= /. T,=,}r,=j,Tr. 

But, with our figure, ~ 1\ 

1 

2"* 

Similarly, i£ there were n pulleys, we should have 

P=^-- w. 

2" 

ITence, in this system o£ pulleys, the mechanical 
advantage 

_^_2. 


II. Let the weights of the pidleys in siiccest'wny be- 
gbvmmj from the lowest^ be Wgi ... ■ 

In this case we liave an additional downward force 
on each pulley. 

B.esolving as before, we have 

27\ = IF + w^, 

2T^ = + Wq, 

2!75 = J?g + Wg, 

2T^:^T3 + W4. 



184 


STATICS 


■‘i- 2 + 2 ’ 


7» - IT* 

•'a- a-‘i+ 2* “ 2«'*' 2* ^ 2 ’ 

7» _ 1 7' j. ^ j. j. a. 

-‘»-5'^a+ 2 ~ 2* '*' 2V 2^ ’*' 2 ’ 


and P=r,= ir3 + ^* = 


W />, *;» Wj M»i 
2^ 2^ 2’ 2‘^ 2 


Similarly, if there were 7i pulleys, we should have 

IT Wi M)a . .^« 

” 2 " 2 ® 2 ”^^ 1 - ••• - 1 - "2 * 

2”P == W' + 7Vi + 2. m2 + 2^-1 + . . . + 

If the pulleys be all equal, wc have 


mj T-tv.j- = VK 

2"P=Tr+m(l + 2 + 2V... h2^“i) 

= W^w(2”-1), 

by summing the geometrical progression. 

‘ . ir 

It follows that the mechanical advantage, --p , depends 
on the weight of the pulleys. 


In this system of pulleys we observe that the greater 
the weight of the pulleys, the greater must P be to support 
a given weight W ; the weights of the pulleys opix>se the 
effort, and the pulleys should tlierefore bo nuule as light as 
is consistent with the required strength. 


Stress on the heam from which the pulleys are hung. 

Let R bo the stnBS on the beam. Since i2, together with the 
force P, supports the^system of pulleys, together with the weight IT, 
we have 

Il+P=ir+Wi+W3+...+w,j. 
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.% J2=Tr+«Ji+Wa+ ... 


n^+ 4- + 22?/?3 + . . , + 2*^1 Wj^ 

2 ** 


= ir (l - i) + ,r, (l - 1,) + (l - 


inovi^le •pulleyHy whose weiffhts^ commencing 
Ibs.f whnt cffort^vill suitport a body 


Ex. If there he 
with the lowest, are 4. 
of weight 1 civt. } 

Using the notation of the previous article, we have 


e 4 moviyde p 
i, 5,- 6, 


22\ = 112 + 4; 

, 2’,= 58. 

2ra=i’i+-'5=*G3; •••. 

2’j=3l| 

27’3=7’2+C=37^; 

2’„=18| 

2P.--y’jH-7=^2r>2; 

P-=iH 


148. Verification of the Principle of Work. 

Neglecting the weights of the pulleys wo hravc, if there 
ho four pulleys, 



W. 


If the weight Jf be raised through a distance as, the 
pulley A .2 would, if the distance AiA^ remained unchang*^ .!, 
rise a distance as ; but, at the same time, the length of the 
string joining to the beam is shortemed by x, and a 
portion x of the string therefore slips round A^; hence, 
altogether, the pulley A» rises through a distance Zx, 

Similarly, the pulley rises a distance i.r, and the 
pulley A^ a distance 8,c. 

Since A^ rises a distjuice 8.'r, the strings joining it to 
the beam and to the point at which P is applied both 
shorten by Saj. 

Hence, since the slack string runs round the pulley ^4, 
the point of application of P rises through 16a?, i.e., through 
sixteen times as far as the point of application of W. 

Hence the velocity-ratio (Art. 137) ^16, so that it is 
equal to tlie mechanical advantage in this case. 
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Also 

work done by the effort 


P. 16® 


Sirurk done agidnst tl^e weight W . x 


iir. 16 ® 


W.x 


= 1 . 


j W.x W.x 
Hence the pfinciple is verified ^ 

Taking the weights of the pulleys into account, and 
taking the case of four pulleys, we have 


_ IT • 

jP = 4- — - 4- 

04 04 ^ 


23 2 ® 2 ' 


As before, if ixscend a distance Xy the other pulleys ascend 
distances 2xy 4a;, and 8a;, respectively. Hence the work 
done on the weight and the weights of the pulleys 
— W , X + Wi , X + W2» 2 x + , ix + v)4,,%x 


~ 16a; 



+ 



23 2’^ 



^ 16a; X work done by the effort. 

A similar method of. proof would apply, whatever Ixi tho 
number of pulleys. 


EXAMPLES. XXm. 

1. In the following coses, the movable pulleys are weightless, 
their number is n, the weight is W, and the “ power ” or effort is i* ; 

(1) If n=4 and P=20ibs. wt., find W\ 

(2) If w=4and Tr=lcwt., find 7^; 

(3) If jr=:66 lbs. wt, and P=7 lbs. wt., find n. 

2. In the following cases, the movable pulleys are of equal weight 
10 y and are n in number, P is the “ power” or effort, and W is the 
weight; 

(1) I! 7t=4, Mssllb. wt., and Tr=97 lbs. wt, find P; 

(2) If n=8, w=r 1 J lbs. wt., and P= 7 lbs. wt., find W ; 

(8) If n = 5, 775 lbs. wt., and 7>= 31 lbs. wt. , find w ; 

(4) If TF'=sl07 lbs. wt, P=:2 lbs. wt, and wss j lbs. wt, find n. 
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8. In the first system of pulleys, if there be 4 pulleys, each of 
vreij^ht 2 lbs., what weight can be raised by an effort equ^ to the 
weight of 20 lbs. ? ^ 

^ 4 . If there be 3 movable pulleys, whofe weights, commencing 
with the lowest, are 9, 2, and 1 lbs. respectively, what force will sup 
port a weight of 69 lbs. ? 

5. If there be 4 movab^ pulleys, whose weights commencing 
with the lowest, are 4, 3, 2,Via 1 lbs. respectively, what force will- 
support a weight of 64 Ibse? 

6. If there be 4 movable pulleys, each of weight it*, and the effort 

be P, shew that the stress on the beam is 15P- llw^. 

• 

7. If there be 3 movable pulley^ and their weights beginning (rqfti 
the lowest be 4, 2, and 1 lbs. respectively, what force will be required 
to support a weight of 28 lbs. ? 

8. Shew that, on the supposition tliat the pulleys arc wcightlcBS, 
the mechanical advantage is greater than it actual ly*is. 

9. In the system of pulleys in which eivch hangs by a separate 
string, if there be 3 pulleys, it is found that a certain weight can be 
supported by an effort equal to 7 lbs. weight ; but, if there be 4 pulleys, 
iho same weight call be supported by an effort equal to 4 lbs. weight ; 
find the weight supported an<l the weight of the pulleys, which are 
equal. 

10. A system consists of 4 pulleys, arranged so that each 
hangs by a sepfirato string, one end btdng fastened to the upper block, 
and all the free ends being vertical. If tlfe weights of the pulleys, 
beginning at the lowest, be w, 2u;, and 4ii7, find the power 
necessary to support a weight of 15u7, and the magnitude of the single 
force necessary to support the beam to which the other ends of the 
string are attached. 

11. In the system of 4 heavy pulleys, if P be tl'« effort and W 
the weight, shew that the stress on the beam is intermediate between 
IJlKandlSP. 

12 . A man, of 12 stone weight, is suspended from the lowest of a 
system of 4 weightless pulleys, in wliich each hangs by a separate 
string, and supports himself by pulling at the end of the string which 
posses over a fixed pulley. Find the amount of his pull on this 
string. 


13 . A man, whose weight is 156 lbs., ia«sus]^iided from the 
lowest of a system of 4 pulleys, each being of weight 10 lbs., and 
supports himself by pulling at the end of the stAng which passes over 
the fixed pulley. Find the force which he exerts on the string, sup- 
posing all the strings to be vortical. 
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149. Second system of pulleys. The same 
string passing rcnind all the }ynlleys. To find th^ relation 
'between the effort anffi the weight. 

In this system there are two blocks, each containing 
pulleys, the upper block being fixed and the lower block 
movable. The same string pasa'^s round all tl\e pulleys 
as in the figures. , 

If the number of pulleys in the upper block bo the 
same as in the lower block (Fig. 1), one end of the string 




Fig, 1. Fig. 2. 

must be fastened to the upper block ; if the number in 
the upper block be greater by one than the number in 
the lower block (Fig. 2), the end of the siring must be 
attached to the lower block. 

In the first case, the number of portions of string con- 
necting the blocks* is even ; in the second case, the number 
is odd. 
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In either case, let n be the nuiulier of portions of string 
at the lower block. Since we liave only one string pjissing 
over smooth pulleys, tlie tension of each of these portions^ 
is P, so that the total upward force at the lower block 
is n . P. 

Let W be the weight supported, and w tho weight of 
the lower block. ^ . • 

Hence W + w - 'tiPy givitig the relation required. 

In practice the pulleys of each block are often placed 
parallel to one another, th(^t the strings arc not niathe- 
inatically parallel ; they are, lu)wcver, very appniximately 
parallel, so that the above ndation is still very approxi- 
mately true. 


EXAMPLES. XXIV. 

1. If a weight of 5 lbs. support a weight of 24 Jhs., liiid the 
weight of tlio lower bl(Mik, when there are 3 pulleys in each bloc*k, 

2. If weights of 5 and 6 lbs. resjXH'tively at the free ends of the 
string support weights of IH and 22 lbs. iit tlio lower block, find the 
iiurubcr of tho strings and the weigJit of the lower block. 

3. If weights of 4 lbs. and 5 lbs. su])]tx>rt weights of 5 lbs. and 
18 lbs. respectively, what is the weight of the lower block, and how 
many pulleys are there in it? 

4. A weight of 6 lbs. just sup]x>rts a "weight of 28 lb'”., utuI 
a weight of 8 lbs. just supp<irts a weight of 42 lbs. ; find th..' number 
of strings and the weight of the lower block. 

5. In the second system of pulleys, if a basket bo suspended from 
the lower block and a man in the basket support Itimsolf and the 
basket, by pulling at the free end of the roJX^, find the tension he 
exerts, neglecting the inclination of the rope to tlic vertical, and 
a3.suming the weight of the iinin and basket to bo ir. 

If the free end of the rope pass round a pulley athichcd to the 
ground and then be held by tho man, find tho force he exerts. 

6. A man, whoso weight is 12 stone, raiscg 3 cwt. by means of 
a system of pulleys in which the same rope passes round all tho 
pulleys, there being 4 in each block, and the iv»pe being attached to 
the upTOr block; neglecting tlic weiglits of tbe pulleys, find what 
will be nis thrust on the ground if he pull vertically downwards. 
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7. Wo aro told that the cable by which “Groat Paul,** whose 
weight is 18 tons, was lifted into its place in the cathedral tower, 
pas^ four times through the two blocks of pulleys. From this 

>^statement give a description of the pulleys, and estimate the strength 
of the cable. 

8. Prove the Principle of Work in this system of puUeys, and find 
the Velocity Batio. 

9. An ordinary block and tacklj^os two pulleys in the lower 

block and two in the upper. Wh/c for^ must be exerted to lift 
a load of 300 lbs. ? If on account of friction a given force will only 
lift *45 times os much as if the system were frictionless, find the force 
required. , 

• 

.* 10. In a block and tackle the velocity ratio is 8 : 1. The friction 
is such that only 55 of the force applied can bo usefully employed. 
Find what force will raise 5 cwt. by its use. 

150. Third system of puUeys. All the strings 
attached to the weighs,, To find the rekUion between the effort 
and the weight. 

In this system the string passing round any pulley 
is attached at one end to a bar, from 
which the weight is suspended, and at 
the other end to the next lower pulley; 
the string round the lowest pulley is 
attached at one end to the bar, wliilst 
at the other end of this string the 
power is applied. In this system the 
upper pulley is hxed. 

Let Ai, A^, -dj, ... be the movable 
pulleys, beginning from the lowest, 
and let the tensions of the strings 
passing round these pulleys respec- T 4 

tively bo 5^,, 

If the power Ijo P, we have clearly 




MAGUINE 8 . TUE EUILEY 


191 


X Let ilta vxighls of the pidleys he neglected. 

For the equilibrium of tlie pulleys, taken in order and 
commencing from the lowest, we have 

r,-22', = 2/>, 

and 

Uut, since the l»ar, from which IF is suspended, is in 
equilibrium, we have , 

IF = y, + + iT™ + t\= P + 2i' + + 2»P 


01 _ 1 


■(!)• 


If there were 7i pulleys, of which (w.— l) would be 
movable, we should have, similarly, 

by Huimniiig the geomctricjil progression, 

= i^(2~-l) (2). 

Hence the niocliaiiical ad vantage is 2”— 1 


II. Let the weights of the vumihh jndleys^ taken in 
order and commencing ^mih the lowest^ he Wo, .... 

Oonsidoring the equilibrium of the pulleys in order, 
we have 

iTa = 25^1 + Wi = 2P+ Wi, 

= 23^2 + M?a == + 2wx + laj, 

^4 = 2^8 + = 2®P+ 2^1 + 2ro2 + 
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But, from the equilibrium of the bar, 

W == T^+ 'I\+ Tj,+ T^ 

= ( 2 =' + 2 ’ + 2 + 1 ) /^ + ( 2 “ + 2 + 1 ) + ( 2 + 1 ) wj + w , 

2*- 1 2’— 1 2*- 1 
= ^ ^ '2 -1 ‘2 - 1 


^.(2‘-lXr+(2»- \)w^ + llJ-\)w^ + w^ (3). 

If there were n pulleys, of which (w — 1 ) would be 
movable, we should have, similarly, 

\ 

= (2"-* H- 2’-’“ + , . . + 1) P K (2" 2“' •’ + . . . + 1 ) w, 

+ ( 2 ’*-®+ 2 “-*+ ... + 1 ) W 3 + ... + (2 + 1 ) m ;„_5 + io „., 


2«-l „ 2»-i-l 2"-=*-l 

= 2—1- + -2 -r 


2“-l 


= (2“ - 1) P + (2“ * - 1) + (2" » - 1) M>s + . .. 

+ (2’* - 1 ) .3 + (2 - 1) w;„_, (4). 

If the pulleys he all equal, so that 


the relation (4) becomes 

ir- (2^^ - 1) r^-w [2”-^ + 2« *« + ... + 2 -(a - 1)] 

])i'^-'a;[2”-9t- 1], 

by suniining the geometrical progression. 

fytress on the supporti?ig beam. This stress balances the effort, the 
weight, and the weight of the pulleys, and therefore equals 

P+ ir+wi + W2+ ... +w,^, 

and hence is easily found. 

% 

Bx. If there he 4 pulleys, wJtose weights, commencing with the 
lowest, are 4, 5, 6, ana 7 lbs., what tyfort will support a body of weight 
1 cwt. t 
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Using tho notation of the previous articloi we haver 
T2=:2P + 4, 
r,=2ra + 6=4P+13, 
r4=2rj + 6=^87^+32. 

Also 112 = + Pj + Ta + P= 15P + 49. 

‘ P= ~=s4l lbs. wt. 

151 . In this system^e ocjci’vo that, tho greater the weight of 
each pulley, tho less is P required to be in order that it may support 
a given weight JF. Hence tlie weights of the pulleys assist the effort. 
If tho weights of the pulleys be nroperly chosen, the system will remain 
in equilibrium without tho apxmcatioi of any effort whatever. 

For example, suppose we have 3 movable pulleys, each of weight 
w, the relation (3) of tlic last article will become 
jr=15P+llii\ 

Hence, if lltt;a=ir, wo have P zero, so that no power need bo 
applied at the free end of tlie string to preserve equilibrium. 

152 . In tho third system of pulleys, the bar supporting the 
weight jy will not remain horizontal, unless the point at which the 
weight is attached be properly chosen. In any particular case the 
proper point of attachment can be easily found. 

Taking the figure of Art. 146 let there bo threo movable pulleys, 
whose weights are negligible. Let tho distances between the pomts 
D, P, F, and G at which the strings are attached, be successively a, 
and let tho point at which tho weight is attached bo X. 

Tho resultant of , I j , 2 g , and must pass through X, 

Hence by Art. 109, 

J}Y- X 0+ 2g xa-h I 2 X 2tt+ Tj X 3a 
r,+ rg+2'gf2\ 

4P.a + 2P.2a + P.3a_lla 
~ 8P + 4P + 2P+P 16 • 

I)X—. giving the position of X. 

153 . This system of pulleys was not however designed 
in order to lift weights. If it be used for that purpose it 
is soon found to be unworkable. Its use is to give a short 
•Wfig pull. For example it is used on board a yacht to 
lEiet up the back stay. 

Xn the figure of Art. 150, DEFG is* the deck of the 
yiiQht to which the strings are attached and there is no W. 

13 


U 8 . 
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The strings to the pulleys A^, A^ are inclinod to the 

vertical and the point 0 is at the top of the mast which is 
to bo kept erect- * The resistance in this case is the force at 
0 necessary to keep the mast up, and the effort is applied 
as in the figure. 

154. Verification of tMe Principle of Work. 

Suppose the weight W iSs^&scAid through a space 
The string joining S to the bar shortens by x, and honco 
the pulley A^ descends a distan<^ x. Since the pulh^y A^ 
descends x and the bar ris^s x, the string joining A.^ to tlie 
bar shortens by 2x, and tliis portion slides over ; lienc‘,e 
the pulley A 2 descends a distance equal to 2x together with 
the distance through which A.^ descends, i.c.^ A.> descends a 
distance 2x + x, or 3x. Hence the string shortens by 
4a5, which slips over the pulley A 2 , so that the pulley Aj 
descends a distance 4x together with the distance through 
which A 2 descends, Le,, 4x+3x, or 7a?. Hence tlio string 
.djff , shortens by 8a?, and A^ itself descends 7a?, so that the 
point of application of T acscc.)ids 1 5a?. 

Neglecting the weight or the pulleys, the work done by 
T therefore 

= 15a?. F = a:(2* — 1) F =- x, IK by equation (1), Art, 150, 

= work done on the weight W. 

Taking the weights of the pulleys into account, the 
work done by the effort and the weights of the pulleys 
[which in this case assist the power] 

— F . I5a? + it?! . 7a? + tCg . 3a; + W3 , a? 

= a? [P (2^ - 1) + (2* -- 1) + (2« -- 1) -1- zca] 

= a? . IF by equation (3), Art. 150, 

— work done on the weight TF. 

If there were n pulleys we should in a similar manner 
find the point of application of F moved through (2* — 1) 
times the distance moved througli by IF, so that the 
velocity ratio is 2**— 1. 
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EXAMPLES. XXV. 

1. In tho following cases, the pulleys are weightless and n in 
number, P is tho “power” or eftort and W the weight; 

(1) If n=4 and P= 2 lbs. wt., find W; 

(2) If w=5 and 1^=124 lbs. wt., find P; 

(3) If fy'=:105 lbs. and P=7 lbs. wt., find n. 

2. In the following cases, \he pulleys are equakind each of weight 
w, P is tho “power,” and^fF is Vie weight; 

(1) If n=4, w = l lb. wt., and P-- 10 lbs. wt., find >r; 

(2) If m=3, 7P = ^lb. wt., and 11^—114 lbs. wt., find P; 

(3) If 11 — 5, P= 3 lbs. \ft., an^ ir = 306 lbs. wt., findw; 

(4) If 7^=4 lbs. wt., ir=137 lbs. wt., and = J lb. wt., find nf 

3. If there bo 5 pulleys, etich of weight 1 lb., what effort is 
required to support 3 cwt. ? 

If the pulleys bo of equal size, find to what point of tho bar the 
weight must be attached, so tJiat the beam may be always hori- 
zontal. 


4. If the strings passing round a system of 4 weightless pulleys 
he fastened to a rod without weight at distances successively an inch 
apart, find to what point of the rod the weight must be attaclied, so 
that the rod may be horizontal. 

5. Find tho mechanical advantage, wlien the pulleys are 4 in 

number, and each is of weight that of the weight. 

6. In a system of 3 weightless pulleys,* in which each string is 
attached to a bar which carries the weight, if tho diameter of each 
pulley be 2 inches, find to what point of tho bar the weight should be 
attached so that the bar may bo horizontal. 

7. If tho pulleys be equal, and the effort be equal to the weight 
of one of them, and the number of x:>ulley3 be 5, show that the weight 
is 57 times the power. 

8. In the third system of 3 pulleys, if the weights of the pulleys 
be all equal, find the relation of the effort to tho weight when equi- 
librium is established. If each pulley weigh 2 ounces, what weight 
would be supported by the pulleys only ? 

If the weight supported be 25 lbs. wt., and the effort be 3 lbs. wt., 
find what must be the weight of each pulley. 

9. In the third system of weightless pulleys^ tho weight is sup- 
ported by an effort of 70 lbs. Tho hook by which one of tho strings is 
attached to the weight breaks, and the string is then attached to the 
milloy which it passed over, and an effort of 150 lbs. is now required. 
Find the number of pulleys and the weight supported. 

13—2 
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10. In the third system of weightless pulleys, if the string round 
the last pulley be tied to the weight, shew that the tension of the 
string is diminished in a ratio depending on the number of pulleys. 

If the tension be decreased in the ratio IG : 15, find the number of 
pulleys. 

11. In the system of pulleys in which each’ string is attached to 
the weight, if each pulley have a weight w, and the sum of the weights 
of the pulleys be W\ and P and W b# the effort and weight in this 
case, show that tlfe effort P+w would su|p)ort the weight W+W' in 
the same system if the pulleys hacf no weight. 

12. If there be n weightless pulleys and if a string, whose ends 
are attached to the weights P and cany a pulley from which a 
weight W* is suspended, find the relation between P, W, and W\ 

13. If there be n pulleys, each of diameter 2a and of negligible 
weight, shew that the distance of the point of application of the 

2 » 

weight from the line of action of the effort should be — jw/i. 


111. The Inclined Plane. 


155. The Inclined Plane, considered as a mechanical 
power, is a rigid plane inclined at an angle to the horizon. 
It is used to facilitate the raising of heavy bodies. 


In the present chapter we shall only consider the case 
of a body resting on the plane, and acted upon by forces 
in a plane perpendicular to the intersection of the inclined 
plane and the horizontal, in a vertical plane through 
the line of greatest slope. 


The reader can picture to himself the line of greatest slope on an 
inclined piano in the following manner : 
take a rectangular sheet of cardboard 
ABCD, and place it at an angle to the 
horizontal, so that the line AB is in 
contact with a horizontal table: take 
any point P on the cardboard and draw 
PK perpendicular to the line AB\ PAT is 
the fine of greatest slope passing through 
the point P. 



From C draw (fE perpendicular to the horizontal plane through 
AB, and join BE, • The lines BG, BE, and CE are called respec- 
tively the length, base, and height of the inolined plane; also the 
angle CBE is the inclination of the plane to the horizon. 
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In this chapter the inclined plane is supposed to be 
smooth, so that the only reaction between it and any lx)dy 
resting on it is perpendicular to the inclined plane. 

Since the plane is rigid, it is capable of exerting any 
reaction, however great, that may be necessary to give 
equilibrium. 

166. A body, of given weight, reete on an hiclined 
idane ; to determine the rdaiions^ between the effort, the 
weight, and the reaction %>f the^ playie. 

Let W l)e the weight of the body, P the effort, anfl 
R the reaction of the plane ; also let a be the inclination 
of the plane to the horizon. 


Case I« Let the effort act up the plane along the lin^ of 
greatest slope. 

Let AG the inclined plane, AJi the horizontal line 
through A, DE a vertical line, and 


let the perpendicular to the plane 
through D meet AB in F. 

Then clearly 

= A DAE^a. 



By Lami’s Theorem (Art. 40), since only three lorces 
act on the body, each is proportional to the tsine of the 
angle between the other two. 

• ^ W 

’ ’ sin (jS, W) sin (IT, P) ~ sin {P, E) ' 

P E W 

Bin (180°- a) “ sin (90°+ i) “ smW ’ 


P 

%.e., — 

sin a 



cos a • 


(!)• 


.*. jP= W sino, and if = TFcoscu 
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The relation (1) may be written in the form 

P.R-.W 

Height of plane : Base of plane : Length of plane. 

Otherwise thoa: Besolve W along and perpendicular to the 
plane; its components are 

WcosADEf i.e.t TTsiifa, along DA, 
and W^sin ABE, t.e., Tl*o6sa, |tlong DF. 

Hence P= TP sin a, and E=Wcosa. 

The work done by tlie force,/* in dragging the body 
from -4 to (7 is P x AO. 

But /*=Trsiua. 

Therefore the work done is IF sin a x AO, 
i.e., Wx AO a, i.e., W x JiO. 

Hence the work done is the same as that which would 
be done in lifting the weight of the body through the same 
height without the intervention of the inclined plane. 
Hence the Principle of Work is true in this case. 


Case 11. Let Ih-e effo'^i act horizontally. 


[In this case wo muLt imagine a 
small hole in tho piano at D through 
which a siring is pas.scd and attached to 
tho body, or else that the body is pmhed 
toward the plane by a horizontal force.] 

As in Case I., we have 



P R W 

sin {R, IV) sin ( IF,^^) ^ sin (P, R) * 

P _ ^ _ w 

sin (180°- a) iin 90" “ siii (90^+ a) ’ 

* i. _iL-:?-JL 

• ‘ sin a ' 1 ~ cosa 


/. P — W tan a, and R=^ W sec a. 
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The relation (1) uiaj bo 'tmtton in tho form 
P-.R-. W 

:: Height of Plane : Jyuigth of Plane : Base of Plane. 

Otberwise ttius : The components of JF along and perpendicular 
to the plane are JV sin a and JF cos a ; the components of P, similarly, 
are P cos a and P sin o. 

Pcc^arsirsina, and 

JJ.=Psmo + )roosa=irR!5^+*coso1 TF?— 

Loos a J cos o 

.*. 7^=irtana, and ii=]rseca. 

Case III. Zei the effort act at an angle 0 with the 
inclined jilane. « 



Lami’s Theorem we have 

P ^ R W 

sin {lij JK) sin ( }Y^P) sin (P, li) ' 

P _ B ^ W 

sin (180' - o) “ fiin (90' + + a) “ sin (90' -tf) ' 

. P B W 

*’sina cos (^ + a) ^ cos^’ 

COS & * cos & 


otberwise thus; Besolving along and perpendicular to the 
plane, we have 

Pcos^sPFBma, and P + Psin ^=)Kcosa. 

008 ^ 

and JB=rcosa-PBlnd=:ir|^co 8 a- 2 ^|^i?j 

_ „,cos a cos ^ - sin a sin ^ * T*rCOS (a + 0) 

— rV - ' *5 fj —r — -m 

COS^ 008 
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If through E we draw EK parallel to P to meet DF in then 
DEK is a triangle of forces, and 

/. F:E:W :: EK : KD : DE, 
and thus we have a graphio construction for P and P. 

It will be noted that Case III. includes both Cases I. 
and II. ; if we make $ zero, we obUiin Case I. ; if we put 
0 equal to (- a)^ we have Case II# 

# 

Verification of the Principle of Work. In 

Case III. let the body move a distance x along the plane ; 
the distance through whicl^ the ^point of application of P 
Aoves, measured along its direction of application, is clearly 
05 008 0 ; also the vertical distance through which the weight 
moves is 05 sin a. 

Hence the work done by the power is P ,x cos and 
that done against the weight is IF. 05 sin a. These are 
equal by the relation proved above. 

X57. Szperimant. To find experimentally the relation between 
the effort and the weight in the caee of an inclined plane. 

Take a wooden board Ali^ hing<%d at X to a second board, which 
can be clamped to a table ; to the board AB let a sheet of glass be fixed 
in order to minimise th(j friction. At P is fixed a vertical graduated 
scale, so that the height of B above A can bo easily read off. 
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The weiffht consists of a heavy brass roller to which is attached a 
string which after passing over a pulley supports a scale-pan in which 
weights can be placed. These weights, together with the weight of 
the scale-pan, form the “effort** or “power** P. 

The pulley is so arranged that the string between it and W is 
parallel to the plane. 

Set the arm AB at any convenient angle; load the scale-pan so 
that W is just supported. [Ifi actual practice it is better to take for P 
the mean of the values of the weights which wilUet W just run down 
and just drag it up respecllavely.]* 

Observe h the height of B above A, and I the length AB, 

Then it will be found thaA 

fr % 

^ Now set the board at a different angle and dcteimine P, I for 
this second experiment. The same relation will be found to be true. 

If there be a slit along the length of the board through which the 
string can pass, then a pulley can be arranged in such a j^sition that 
the string can be horizontal. In this case the effort, as in Case 11. of 
Art. 156, will be horizontal and we shall find that 

P _ Ileight of the plane 
W ~~ Bose of the pl^e~ ' 

158 . If the power floes not act in a vertical plane 
through the line of greatest slope there could not bo 
equilibrium on a smooth inclined plane; in this case we 
could, however, have equilibrium if the inclined piano were 
rough. We shall return to this case in the next chapter. 


EXAMPLES. XXVL 

1. What force, acting horizontally, could keep a mass of 16 lbs. 
at rest on a smooth inclined plane, whose height is 3 feet and length 
of base 4 feet, and what is the reaction of the plane ? 

2. A body rests on an inclined plane, being supported by a force 
acting up the plane equal to half its weight. Find the inclination of 
the plane to the horizon and the reaction of the plane. 

3. A rope, whose inclination to the verticaf is 80°, is just strong 
eno^h to support a weight of 180 lbs. on a< 3 mooth plane, whose 
inclination to the horizon is 30°. Find approximately the greatest 
tension that the rope could exoH. 
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Exs. 


4, A body rests on a plane, inclined at an angle of 60° to the 
horizon, and is supported by a force inclined at an angle of 60° to the 
horizon ; shew that the force and the reaction of the plane are each 
equal to the weight of the body. 

5. A body, of weight 2P, is kept in equilibrium on an inclined 

plane by a horizontal force P, together with a force P acting parallel 
to the plane ; find the ratio of the base of the plane to the height and 
also the reaction of the plane. I, 

0. A body rests* on a plane, inclined t(^ the horizon at an angle 
of 30°, being supported by a force inclined at 80° to the plane ; hnd 
the ratio of the weight of the body to the force. 

7. A weight is supported on an inclined plane by a force inclined 
to the plane; if the weight, the force* and the reaction be ns tlie 
numbers 4, 3, and 2, Ond the inclination of the plane and the direction 
of the force. 

8. A body, of 5 lbs. wt., is phicod on a smooth plane inclined at 
30° to the horizon, and is acted on by two forces, one equiil to the 
weight of 2 lbs. and acting parallel to the plane and upwards, and the 
other equal to P and acting at an angle of 30° wdth the phme. Find 
P and the refaction of the plane. 

9. Find the force which acting up an inclined plane will keep a 
body, of 10 lbs. weight, in equilibrium, it being given that t^o force, 
the reaction of the plane, and the weight of the body are in 
arithmetical progression. 

10. If a force P, acting paralle! to an inclined plane and sup- 
porting a mass of weight IT, produces on the plane a thrust P, shew 
that the same power, acting horizontally and supporting a mass of 
weight P, will produce on the plane a thrust W, 

11. Two boards, of lengths 11 and 8 feet, are fixed with their 
lower ends on a horizontal plane and their upper ends in contact; C!i 
these planes rest bodies of weights W and 12 Iba. respectively, which 
are connected by a string passing over the common vertex of the 
boards; find the value of 7F, 

12. A number of loaded trucks, each containing 1 ton, on one 
part of a tramway inclined at an angle a to the horizon supports 
an equal number of empty tnicks on another part whose inclination is 
fi. Find the weight of a truck. 

13. A body rests on a plane inclined to the horizon at an angle a; 
if the reaction of the plane be equal to the effort applied, shew that 
the inclination of the effort to the inclined plane is 90° - 2a. 

14. A heavy string is placed with a portion of it resting on a 
given inclined plane,* the remaining mrt hanging vertically over a 
small pulley at the top of the plane. Find what j^int of the siring 
should be placed over the pulley for equilibrium. 
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15, On tvro inclined planes, of equal height, two weights are 
respectively supported, by means of a string passing over the common 
vertex and^r^iel to the planes; the length of one piano is double its 
height, ana the length of the other plane is double its base; shew 
that tlie reaction of one plane is three times the reaction of the 
other. 


16, A body, of weight 50 lbs., is in equilibrium on a smooth 
plane inclined at an angle of 20^ 20' to the horizon, being supported by 
a force acting up the plane, find, graphically by use of trigono- 
metrical tables, the forc» and the reaction of the plane. 

17. A body, of weight 20 lbs., rests on a smooth plane inclined at 

an angle of 25“ to the horizon, being supported by a force P acting at 
an angle of 35° with the plan 3 ; find, graphically or by use of trigono- 
metrical tables, P and the reaction df the idane. ^ 

13, A body, of weight 30 lbs., rests on a smooth plane inclined 
at an angle of 28° 15' to the horizon, being supported by a horizontal 
force P; find, gmphically or by use of trigonometrical "tables, P and 
the reaction of the plane. 

IV. The Wheel and Axle. 

159 a This machine consists of a strong circular 
cylinder, or axle, terminating in two pivots, A and 

C 



which can turn freely on fixed supports. To the cylinder 
is rigidly attached a wheel, CD, tlie plane of the wheel 
being perpendicular to the a.xle. 

Hound the axle is coiled a rope, one end of which is 
firmly attached to the axle, and the other end of which is 
attached to the weight. 
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Round the circumference of the wheel, in a direction 
opposite to that of the first rope, is coiled a second rope, 
having one end firmly attached to the wheel, and having 
the “ power,” or effort, applied at ita other end. The cir- 
cumference of the wheel is grooved to prevent the rope 
from slipping off. ^ 

160 . To *find the relation hetn>een the effort and the 
weiglU. 

In Art. 93, we have shown that a body, which can turn 
finely about a fixed axis, is in equilibrium if the algebraic 
sum of the moments of the forces about the axis vanishes. 
In this case, the only forces acting on the machine are the 
effort P and the weight ir, which tend to turn the machine 
in opposite directions. Hence, if a be the radius of the axle, 
and h be the radius of the wheel, the condition of equili- 
librium is 

W,a (1). 

W 

Hence the mechanical advantage = p 

h ..radius of the wheel 
” a " radius of the axle 


Verification of the Principle of Work. Let the 

machine turn through four right angles. A portion of 
string whose length is 2?r5 becomes unwound from the 
wheel, and hence P descends through this distance. At 
the same time a portion equal to becomes wound upon 
the axle, so that W rises through this distance. The work 
done by P is therefore P x and that done against W 
is IT X These are equal by the relation (1). 

Also the velopity-ratio (Art. 137) 


2jrb 

2va 


- = the mechanical advantage. 
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161 . Theoretically, by making the quantity - vciy 

large, 'we can make the mechanical advantage as great as 
we please ; practically however there are limits. Since the 
pressure of the fixed supports on the axle must balance F* 
and IF, it follows that ^bhe thickness of the axle, t.6., 2a, 
must not l>e reduced tfnduly, for then the axle would break. 
Neither can the radius of the wheel in practice become very 
large, for then the machine would be unwieldy. Hence the 
possible values of the mechanical advantage are bounded, 
in one direction by the strength of our materials, and in 
the other direction by the necessity of keeping the size of 
the machine within reasonable limits. 

169 . In Art. 160 wc have neglected the thicknesses of the 
ropes. If, however, they are too great to be neglected, compared with 
the radii of the wheel and axle, we may take them into oomsideration 
by supposing the ten.siona of the ropes to act along their middle 
tliread^B. 

Suppose the radii of the ropes which pass round the axle and 
wheel to bo x and y respectively ; the dishinccs from the line joining 
the pivots at which the tensions now act are (a+x) and (b+y) respec- 
tively. Hence the condition of equilibrium is 

P(6-Hy) = Tr{a-f x), 

so that ^ radii of the axle and its rope 

iF*” sum of the radii of the wheel and itsrope * 

163 . Other forma of the Wheel and Axle are the 
Windlass, used for drawing water from a well, and Capstan, 
used on board ship. In these machines the effort instead 
of being applied, as in Art. 159, by means of a rope passing 
round a cylinder, is applied at the ends of a spoke, or 
spokes, which ore inserted in a plane perpendicular to the 
axle. 

In the Windlass the axle is horizontal, and in the 
Capstan it is verticaL 
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In the latter case the resistance consists of the tension 
T of the rope round the axle, 
and the ofTort consists of the 
forces applied at the ends of 
bars inserted into sockets at 
the point A of the axle. The 
advantage of pairs of arms is* 
that the strain on the bearings 
of the capstan is thereby much 
diminished or destroyed. IHie 
condition of equilibrium may 
be obtained as in Art. 160. 

164. Differential Wbeel and Axle. A slightly modifiod form 
of the ordinary wheel and axle is the ditTerentinl wheel and axle. In 
this machine the axle consists of two cylinders, having a common, axis, 
joined at their ends, the radii of tho two cylinders being different. 
One end of the rope is wound round one of thesf> cylinders, and its 
other end is wound in a contnxr}’' direction iviund the other cylinder. 
Upon tho slock portion of tho rope is shmg a pulley to which the 
weight is attached. The part of the rope which passes round tho 
sm^ler cylinder tends to tuni tho machine in the same direction as 
the effort. 

As before, let h bo the radius of the wheel and let a and c bo tho 
radii of the iiortion AC and Cli of the axle, a being the smaller. 

Since tho pulley is smooth, the tension T of tho string round ’t is 
the same throughout its length, and hence, for the equilibrium of tlio 
weight, we have T= J W, 
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Taking moments about the line AB for the equilib^um of the 
machine, we have 

P.h+T.a=T,c. 

JJ r»» C ^ 11 C ”■ Cl 

Ilonce the mechanical advantage = ? =r-?^L. 

^ P c-a 

By making the raflii c e^vd a oi the two portions of the axle very 
nearly equal, we can make the mechanical aidvantago very great, with- 
out unduly weakening the machine. 


165. Weston's DlffeYentia:^ Pulley. 

In this machine there are two blocks; the upper conhiins t^o 
pulleys of neai-ly the same size which turn together 

as one pulley; the lower consists of one pulley to j ^ 

which the weight IV is attar^hed. T 

The figure represents a section of the machine. 

An endless chain passes round the larger of the f ^ 
npicr pulleys, then round the lower pulley and the I tA 1 
smaller of the upper pulleys; the remainder of the 
chain hangs slack and is joined on to the first portion p, ' -p 

of the chain. The effort P is applied as in the figui o. ^ * 

The chain is ijrevented from slipping by small pro- 
jections on the Barfiwjes of the upjer pulleys, or by * 

depressions in the pulleys into which the links of -r .vT 
the chain fit. ^ 

If T bo the tension of the portions of the chain 
which supx)ort the weight W, we have, since these V * ^ 

portions are approximately nearly vertical, on neg- \ — > 

lecting the weight of the chain and the lower pulley, \ ^ 

2T=W (1). \ W 

If It and r bo the radii of the larger and smaller 
pulleys of the upicr block we have, by ttiklng 
moments about the centre A of the upper block, 

P,Jl+T.r=T.B. 

Hence P— T^— — ^ 

Hence P ~2 P ' 

The mechanical advantage of this system therefore 
“P~i2-r‘ , 

Since R and r are ncturly equal this mcMshanical advantage is there- 
fore very great. 
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The diflereiitial pulloy-block avoids one great disadvantage of the 
differential wheel and aide. In the latter machine a very neat 
amount of rope is required in order to raise the weight through an 
appreciable distance. 


EXAMPLES. XXVn. 

1. If the radii of the wheel and n de be respectively 2 feet and 
3 inches, find whac power must be applied to raise a weight of 
56 lbs. 


2. If the radii of the wliecl and axle be respectively 30 inches 
and 5 inches, find what weight would be supported by a force equal 
to the weight of 20 lbs., and find fd «{0 the pressures on the supports on 
Wiiich the axle rests. 

If the thickness of the ropes be each 1 inch, find what weight would 
now be supported. 

3. If by means of a wheel and axle a ^wer equal to 8 lbs. weight 
balance a weight of 30 lbs., and if the radius of the axle be 2 inches, 
what is the radius of the wheel? 

A The axle of a capstan is 16 inches in diameter and there are 
8 bars. At what distance from the axis must 8 men push, 1 at each 
bar and each exerting a force equal to the weight of 26f lbs., in order 
that they may just ^oduce a strain sufficient to raise the weight of 
1 ton? 


5, Four sailors raise an anchor by means of a capstan, the radius 
of wMch is 4 ins. and the length of the spokes 6 feet from the capstan ; 
if each man exert a force equal to the weight of 112 lbs., find the 
weight of the anchor. 

6, Four wheels and axles, in each of which the radii are in th^ 
ratio of 5 : 1, are arranged so that the circumference of each oxla lA 
applied to the circumference of the next wheel ; what effort is required 
to support a weight of 1875 lbs. ? 

7, The radii of a wheel and axle are 2 feet and 2 ins. r8Bpeotive!;^i 
and the strinj^ which hang from them ore tied to the two ends oi ii 
nnifoxm rod, 2 feet 2 ins. in length and 10 lbs. in weight; what we^jhi 
must be also hung from one of the strings that the rod may hafig 
in a horizontal position? 

8, A pulley is suspended by a vertical loop of string from a wheel- 
ond-axle and Bupports a weight of 1 cwt., one end of the string being 
wound round the axle and the other in a contrair direction round the 
wheel. Find the power which acting at one end of an arm, 2 feet in 

a il, so as to turn the axle, will support the weight, assuming the 
of the wheel and axle to be 1 foot and 2 ins. 
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9. In the Differential Wheel and Axle, if the radius of the 'wheel 
be 1 foot and the radii of the two portions of the axle be 5 and 4 ins. 
respectively, what power will support a weight of 66 lbs. ? 

10. In the Differential Wheel and Axle, if the radius of the wheel 
be Iti ins. and the radii of the two portions of the axle be 6 and 4 ins. 
respectively, what weight will be supported by an effort equal to 20 lbs, 
weight? 

11. In a wheel and axle t^e radius of the wheel is 1 foot and that 

of the axle is 1 inch ; if 2 ^eights, ^ach 10 lbs., bo fkstened to 2 points 
on the rim of the wheel, so that the line joining them subtends an 
angle of 120° at the centre of the wheel, find the greatest weight 
which can be supported by a string hanging from the axle in the usual 
way. , 

• 

12. In a wheel and axle, if the radius of the wheel be six timeA 
that of the axle, and if by means of an effort equal to 5 lbs. wt. a 
Ixxly be lifted througli 50 feet, find the amount of work expended. 

13. A capstan, of diameter 20 inches, is worked by means of a 
lover, which incasures 5 feet from the axis of the capstan. Find the 
work done in drawing up by a rope a body, of weight one ton, over 
35 feet of the surface of a smooth plane inclined to the horizon at an 
angle cos'^ 4 * l^ind also the force applied to the end of the lever, and 
the dietoce through which the point of application moves. 

14. Verify the Principle of Work in the cases of the Differential 
Wheel-and-Axle and Weston’s Differential Pulley, finding the Velocity- 
liatio in each case. 


V, The Common Balance. 

166. The Common Balance consists of a rigid beam 
AB (Art. 167), carrying a scaie-pan suspended from o?ich 
end, which can turn freely about a fulcrum 0 outside the 
beam. The fulcrum and the beam are rigidly connected 
and, if the balance bo well constructed, at the point O 
is a hard steel wedge, whose edge is turned downward 
and which rests on a small plate of agate. 

The body to be weighed is placed in one scale-pan and 
in the other are placed weights, whose •magnitudes are 
known ; these weights are adjusted until 4he beam of the 
balance rests in a horizontal position. If OH be perpen- 

14 


u s. 
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dicular to the beam, and the arms IIA and HE be of equal 
length, and if the centre of gravity of the beam lie in 
the line OH^ and the scale-pans be of equal weight, then 
the weight of the body is the same as the sum of the 
weights placed in the other scale-pan. 

If the weight of the body Ijo not equal to tlie sum of 
the weights placed in the other , scale-pan, the balance 
will not rest with its beam horizontal, but will rest with 
the beam inclined to the horizon. 

In the best balances tlfe beam is usually provided with 
a long pointer attached to the beiirn at //, The end of 
this pointer travels along a graduated scale and, when 
the beam is horizontal, the pointer is vertical and points 
to the zero graduation on the scale. 

167 . To find the 'position of equilihrinm of a halmice 
when the weights placed in the scale-pans are not 

Ifit the weights placed in the scale-pans be P and IF, 
the former being the greater • let S be the weight of each 
scale-pan, and let the weight of the beam (and the parts 
rigidly connected with it) be IF', acting at a point K 
on OH, 

\The figure is drawn cnit of proportion so that the points 
mag be distinctly marked ; K is actually very near the heam,^ 

When in equilibrium let the beam be inclined at an 
angle 0 to the horizontal, so tliat OH is inclined at the 
same angle 6 to the vertical. 

Let OH and OK be h and k respectively, and let the 
length of AH or HE be a. 

Let horizontal lines through 0 and H meet the vertical 
lines through tho ends A and E of the beam in the points 
i. My H and M* respectively. 
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Also let the vertical lines through 11 and K meet LM 
in F and G respectively. 



When the system is in equilibrium, the moments of 
the torces about 0 must balance. 

(P + S) . OL rr. ( W ,V) OM H. w ' . OG, . 
le., (P + S) {FL - FO) ( ir 4 - S) {FM + OF) + TF' . OG, 

(P + S) (a cos B — h sin ^) = ( TK + *5) (a cos 0 + 4 sin B) 

W\h sin 0. 

[For OF^ OH cos FOH h sin B\OG^ OK sin 0 ; 

and FL ~ JIH ~ a cos 0.] 

acos0(P- IT) =sin0[ir'4 + (P+ IF + 26^) 4]. 

. . (P- W)a 

*• ir4 + (P+ ir+ 26^)4* 

168 . Eequisitea of a good haZemee, 

(1) The balance must be true.' 

This will be the case if the arms of* the balance be 
equal, if the weights of the scale-pans be equal, and if 
the centre of gravity of the beam be on the line through 

14—2 
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the fulcrum pei*pendicular to the beam ; for the beam will now 

be horizontal when equal weights are placed in the scale-pans. 

To test whether the balance is true, first see if the beam 

is horizontal when the scale-pans are empty; then make 

the beam horizontal by putting sufficient weights in one 

scale-pan to balance the weight*’ of a body placed in the 

other ; now interchange the body and the weights ; if they 

still balance one another, the balance must be true ; if in 

the second case the beam assumes any position inclined to 

tlie vertical, the balance is iiot true. 

1 

(2) The balance must lie sensitive, i.e., the beam must, 
for any difference, however small, between the weights 
in the scale-pans, be inclined at an appreciable angle to 
the horizon. 

For a give7i difference between P and IF, the greater 
the inclination of the beam to the horizon the more sensitive 
is the balance ; also the less the difference between the 
weights required to produce a given inclination the 
greater is the sensitiveness (»f Ihe balance. 

Hence, when P— If is given, the sensitiveness increases 
as 0 increases, and therefore as tan 0 increases ; also, when 
$ is given, it varies as 

jp-ir 

The sensitiveness is therefore appropriately measured by 
tan^ 

>rAi + (/^+ ir+2S)A’ 

Hence, the Sensitiveness of a balance will be great if 
the arm a be faiiHy long in comparison with the distances 
h and k and the weight W' of the beam be as small 
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as is consistent with the length and rigidity of the 
machine. 

If h is not zero, it follows that the sensitiveness depends 
on the values of P and W, i.p. depends on the loads in the 
scale-pans. In a balance for use in a chemical laboratory 
this is undesirable. SuclAialances arc thenefore made with 
h zero, i,e, with the pcJiiit 0 *in the figure coinciding with 
H. The sensibility then varies inversely with k, the 
distance of tlio centrci yf gravity of the beam below 
0 or //. 

But we must not make both h and k zero ; for tlien the 
points 0 and K would both coincide with TI Tii this case 
the balance would either when the weights in the scale-pans 
were equal, be, as in Art. 141, in equilibrium in any 
IKisition or else, if the Avoights in the scale-pans were not 
equal, it wouhl take up a position as nearly vertical as 
the mechanisiu of the machine would allow. 

(3) The balance must be stable and must quickly take 
up its position of equilibrium. 

The determination of the time taken by the machine to 
take up its position of e<iuilibrium is essentially a dynamical 
question. Wo may however assume that this condition 
is best satisfied when the moment of the forces about the 
fulcrum 0 is greatest. When the weights in the scale-pans 
are each i* the moment of the forces tending to restore 
equilibrium 

= {P -I- S) (a cos 0’hhBin0) — (P + S) (a cos $ — ?i ein 0) 

+ Tr' . ifc sin 0 

= [2 (P + AS)A+TK'.A;]sintf, 

This expression is greatest when h and 1c are greatest. 

Since the balance is most sensitive when h and k are 
small, and most stable when these quantities are large, we 
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see that in any balance great sensitiveness and quick weigh- 
ing are to a certain extent incompatible. In practice this 
is not very important ; for in balances where great sensi- 
tiveness is required (such as balances used in a laboratory) 
we can afford to sacrifice quickness of weighing; the 
opposite is the yase when the balance is used for ordinary 
commercial purposes. * ^ 

To insure as much as possible both the qualities of 
sensitiveness and quick weighing, the balance should be 
jnade with fairly light lohg arms, and at the same time 
the distance of the fulcrum from the beam should be 
considerable. 

169. Double weighing. By this method the 
weight of a body may be accurately determined even 
if the balance be not accurate. 

Place the body to be weighed in one scale-pan and in 
the other pan put sand, or other suitable material, sufficient 
to balance the body. N('xt remove the body, and in its 
place put known weights sufficient to again balance the 
sand. The weight of the body is now clearly equal to the 
sum of the weights. 

This method is used even in the case of extremely good 
machines when very great accuracy is desired. It is known 
as Borda’s Method. 

X70. Bz. 1. The arms of a balance are equal in length but the 
beam U unjustly loaded; if a body be placed in each scale-pan in suc- 
cession and weighed^ shew that its true weight is the arithmetic mean 
between its apparent weights. 

For let the length of the arms be a, and let the horizontal distance 
of the centre of gravity of the beam from the folorum be x. 

Let a body, whose true weight is IT, appear to weigh and 
snocessively. * 

If W' be the weight of the beam, we have 
W,a^W'.x^W-y,a, 

W^.a^W\x+W,a, 


and 
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Henoo, by subtraction, 

(W-W^a=(Wi-W)a. 

••• W=l(W^ + W^ 

= arithmetic mean between the 
apparent weights. 

Ex. 2. The arms of a balance are of unequal lengthy but the beam 

Tcinains in a hurizontal pmtm whm the scale-mns are not loaded; 

shew that^ if a body be placed s^iAcessively in each scale-pan^ its true 
weight is the geometrical mean between its apparent weights. 

[Method of Gauss.] 

Shew also that if a tradesman appear to weigh out equal quantities 
of the same suhstajicct using alSernatel^ each of the scale-pans ^ he will 
defraud himself, • 

Since the beam remains horizontal when there are no weights in 
the scale-pans, it follows that the centre of gravity of the beam and 
scale-pans must be vertically under the fulcrum. 

Let a and h be the lengths of the arms of the beam and let a body, 
whose true weight is IF, api)ear to weigh Wi and successively. 


Hence W^a^W^.b (1) , 

and (2). 

Hence, by multiplication, we have 


i.e.f the true weight is the geometrical mean between the apparent 
weights. 

Again, if the tradesman appear to weigh* out in succession quan- 
tities equal to TK, he really gives his customers 

Now Wi+ir^-2W=W^+W^-yiW 

ah ah 

Now, whatever be the values of a and the right-hand member of 
this equation is always positive, so that Wi + W^ is always > 2Tr. 
Hence the tradesman defrauds himself. 

Numerical example. If the lengths of the arms be 11 and 12 ins. 
respectively, and if the nominal quantity weighed be 66 lbs. in each 
cose, the real quantities are yj. 66 and xi'*66, i.e.y 60^ and 72, 
t.e., 132| lbs., so that the tradesman loses ^ lb. 

Bz. 8. If a balance be unjustly weightedt and have unequal arms, 
and if a tradesman weigh out to a custonter a quantity 21V of some stib^ 
stance by weighing equal portiotis in the two scale-pans, sheio that he 
will defraud himself if the centre of gravity of the beam be in the longer 
arm. 
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Let a and h be the lengths of the arms ; and let the weight tV' of 
the machine act at a point in the aim b at a distance x from the 
fulcmm. Let a body of weight )V, placed in the two pans in suc- 
cession, be balanced by and IK, respectively. Then wo have 
W.a=Wi.b+W’.x, 
and Wt.a=W.b + W'.x. 


■W'.x ^ W.b + W'.x 


■ 2jr 


_TV{h 


ah ah 


If hhe>a, the right-hand member of this equation is pixsitive, and 
then is >^W. 

t Hence, if the centre of gravity of the beam bo in the longer arm, 
the tradesman will defraud himself. 


EXAMPLES. XXVIIL 

1. The only fault in a balance being the unequalness in weight 
of the scale-pans, what is the real weight of a body which balances 
10 lbs. when placed in one scale-pan, and 12 lbs. when placed in the 
other? 

2. The arms of a balance are s} and 9 ins. respectively, the goods 
to be weighed being susiiended from the longer arm; find the real 
weight ’of goods whoso apparent weight is 27 lbs. 

3. One scale of a common balance is loaded so that the apparent 
weight of a body, whoso true weight is 18 ounces, is 20 ounces ; find 
the weight with which the scale is loaded. 

4. A substance, weighed from the two arms successively of a 
balance, has apparent weights 9 and 4 lbs. Finjl the ratio of tbc 
lengths of the arms and the true weight of the body. 

5. A body, when placed in one scale-pan, appears to weigh 24 lbs. 
and, when placed in the other, 25 lbs. Find its true weight to three 
places of decimals, assuming the arms of the scale-pans to be of 
unequal length. 

6. A piece of lead in one pan A of a balance is counterpoised by 
100 grains in the pan B ; when the same piece of lead is put into the 
pan B it requires 104 grains in ^4 to balance it ; what is the ratio of 
the length of the arms of the balance? 

7. A body, placed in a scale-pan, is balanced by 10 lbs. placed in 
the other pan ; when the position of the body and the weights are 
-interchanged, 11 lbs." ore required to balance the body. If the length 
of the shorter arm be 12 ins., find the length of the longer arm and 
the weight of the body. 
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8. The arms of a false balance, whose weight is neglected, are in 
the ratio of 10 : 9. If goods be alternately weighed from each arm, 
show that the seller loses -Jths per cent. 

9. If the arms of a false balance be 8 and 9 ins. long respectively, 
find the prices really paid by a person for tea at two shillings per lb., 
if tlie tea bo weighed out from the end of (1) tlie longer, (2) the shorter 
arm. 

10. A dealer has correct weights, but one of his balance is 
^th part shorter than ^he othfer. If he sell two quantities of a 
certain drug, each apiiarently weighing oj- lbs., at 40«. per lb., weigh- 
ing ono in one scale and the other in the other, what will he gain or 
lose? 

• 

11. When a given balance is loaded with equal weights, it^ia 
found that the beam is not horizontal, but it is not known whether 
the arms are of unequal length, or the scale-pans of unequal weight ; 
51*075 grains in one scale balance 51 * 3(52 in the other, and 25*592 
grains balance 25*879 grains ; shew that the arms are equal, but that 
the scale-pans differ in weight by *287 grains. 

12. P and Q balance on a common balance ; on interchanging 
them it is found that we must add to Q one-hundredth part of 
itself; what is the ratio of the arms and the ratio of P to 

13. A true balance has ono scale unjustly loaded; if a body be 
successively weighed iii the two scales and upiwar to weigh P and 
Q pounds respectively, find the amount of the unjust load jtnd also 
the true weight of the body. 

14. ' The arms of a false balance are unequal and the scale 
loaded ; a body, wdiose true weight is P lb»., appears to w'eigh w lbs. 
when placed in one scale and lbs. when placed in the other; find 
the ratio of the arms and the weight with which the scale is loaded. 

15. In a loaded balance with unequal arms, P appears to weigh 
Q, and Q appears to weigh U ; find what R appears to weigh. 

16. A piece of wood in the form of a long wedge of uniform 
width, ono end being ^-iuch and the other -^-inch thick, is suspended 
by its centre of gravity and used as the beam of a balance, the goods 
to be weighed being suspended from the longer arm; find the true 
weight of goods whose apparent weight is 20 lbs. 

17. The arms of a false balance are a and b, and a weight W 
balances P at the end of the shorter arm 6, and Q at the end of the 
arm a ; shew that 

a_P-W 

b-ir-Q- 

18. If a man, sitting in one scale of a weighing-machine, press 
with a stick against any point of the beam beWeen the point from 
which the scale is suspended and the fulorum, shew that he *will 
aimear to weigh more than before. 
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VI. The Steelyards. 

171. The Common, or Roman, Steelyard ia a 
machine for weighing bodies and consists of a rod, AB^ 
jnovable about a fixed fulcrum at a point C. 



A GC p )fi Xg Xa )f4 X , 

Ovv/ 1 2 5 4 

At the point A is attached a hook or scale-pan to carry 
the body to be weighed, and on the arm CB slides a movable 
weight P, The point at which P must be placed, in order 
that the beam may rest in a horizontal position, determines 
the weight of the body in the scale-pan. The arm CB has 
numbers engraved on it at different points of its length, so 
that the graduation at which the weight P rests gives the 
weight of the body. 

172. To graduate the Steelyard Let IT' be the 
weight of the steelyard and the scale-pan, and let G be the 
point of the beam through which W' acts. The beam is 
usually constructed so that G lies in the shorter arm AC* 
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When there is no weight in the scale-pan, let 0 be the . 
point in CB at which the movable weight P must be placed 
to balance W\ 

Taking moments about we have 

y^'.GG=^P.CO (i). 

This condition d«termiues the position of the point 0 

which is the zero of graduation. 

When the weight in the scale-pan is W, let A*' be the 
point at which P must* be pkiced. Taking moments, we 
have 

W.GA+W'.GC^P.CX (ii). 

By subtracting equation (i) from equation (ii), we have 
W.GA = P.OX. 

OX=j,.CA (iii). 

Firsts let W — P', tlien, by (iii), we have 
OX=.CA. 

Hence, if from 0 we measure oft’ a distance OX^ (= (7A), 
and if we mark the point A\ with the figure 1, then, 
when the movable weiglit rests here, the body in the 
scale-pan is P lbs. 

Secondly, let W = 2/^; then, from (iii), OX - 2CA. 

Hence from 0 mark off a distance 2GA, and at the 
extremity put the figure 2. Thirdly, let IT = 3P ; then, 
from (iii), OX = 3GA, and we therefore mark off a distance 
from 0 equal to 3(7A, and mark the extremity with the 
figure 3. ^ 

Hence, to graduate the steelyard, we must mark off from 
0 successive distances CA^ 2(7A, 3(7A,... and at their ex- 
tremities put the figures 1, 2, 3, 4,.... The intermediate 
spaces can be subdivided to shew fractions of P lbs. 
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If the movable weight be 1 lb., the graduations will 
shew pounds. 

Cor. Since the distances between successive graduations are equal , 
it follows that the dishuices of the points of graduations from the 
fulcrum, corresponding to equal increments of weight, form an 
arithmetical progression whose common diiTcreiice is the distance 
between the fulcrum and the point at v^nich the body to be weighed 
is attached. * , « 

173 . When the centre of gravity G of the machine is in the 
longer arm, the point 0 from which the graduations are to be measured 
must lie in the shorter arm. The theory will be the same as before, 
except that in this case we shall have to add the equations (i) and (ii). 

174. The Danish steelyard consists of a bar AB^ 
terminating in a heavy knob, or ball, B. At A is attached 
a hook or scalc-paii to carry the body to bo weighe<l. 



The weight of the body is determined by observing 
about what point of the bar the machine balances. 

[This is often done by having a loop of string, which can slide 
along the bar, anti finding where the loop must be to give equi- 
librium.] 

If 

176. To graduate the Danish steelyard. Let T be 
the weight of the bar and scale-pan, and let G be their 
common centre of gravity. When a body of weight W is 
placed in the scale-pan, let 0 be the position of the fulcrum. 
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By taking moments about C, we have 

AG. W=GG.P=^{AG-AC).r. 

:. AG{P+ ir). p.AQ. 



First, let W=P\ t)\mAC=\AG. % 

Hence bisect AG and af the middle point, Xi, engrave 
the li^urc 1 ; when the steelyard balances about this point 
the weight of the body iij the scale-pan is P, 

Secondly, let IF = 2/* ; then AG ~= \AG. • 

Take a point at a distance from A equal to and 
mark it 2. 

Next, let IF in succession be equal to 3P, -IP,... ; from 
(i), the corresponding values of AC are \ AGy J-iff,.... Take 
points of the bar at these distances from A and mark them 
3 , 4 ,.... 

Finally, let IF - ; then, from (i), AC =- ^AG^ 

and let IF - ^P; then, from (i), AC - \A0, 

Take points whose distances from A are iAG, 

^AG,...y and mark them 

It will be noticed that the point G can be easily de- 
termined ; for it is the position of the fulcrum when the 
steelyard balances without any weight in the scile-pan. 

Cor- Since ^ 1 X 3 ,... are inverBcly proportional to the 

numbers 2, 3, 4, ... they form an harmonical progression; hence the 
distances of the points of gvixduation from the scale-pan (corresponding 
to equal increments of the body to )>o weighed) are m harmonical pro- 
gression. * 

Bx. A Danish steelyard weighs 6 Z&s., and the distance of its 
centre of gravity from the scale-pan is 3 feet; find the disUmces of the 
successive points of graduation from the fulcrum. 

Taking the notation of the preceding article,* we have Ps 6 , and 
AOzzS feet. 
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when >K=1, feet, 

when W=%, ^X,=-^^=2i feet, 
when jr=3, ilXs=-V®-=2 leet, 


when Jr=i, JXi=-,— =2 
3 J+6 

and so on. i 

These give the required graduatiohs. ^ 


10 


feet, 


EXAMPLES. XXIX. 

i 

• 1, A common steelyard weighs 10 lbs. ; tho weight is suspended 
from a point 4 inches from the fulcrum, and tho centre of gravity of 
the steefyard is 3 inche.s on the other side of the fulcrum ; the movable 
weight is 12 lbs.; where should the graduation corresponding to 1 cwt. 
be situated? 

2. A heavy tapering rod, 14^ inches long and of weight 3 lbs., 
has its centre of gravity if inches from the thick endiuid is used as 
a steelyard with a movable weight of 2 lbs, ; where must the fulcrum 
be placed, so that it may weigh up to 12 lbs., and what are the inter< 
vals between the graduations that denote pounds? 

« 

3. In a steelyard, in which the distance of tho fulcrum from the 
point of suspension of the weight is cue inch and the movable weight 
is 6 ozs., to weigh 15 lbs. the weight must be placed 8 inches from the 
fulcrum; where must it be placed to weigh 24 lbs. ? 

4 . The fulcrum is distant if inches from the point at which arc 
suspended the goods to be weighed, and is distant 2 inches from the 
centre of gravity of the bar ; the bar itself weighs 3 lbs. and a 2 lb. 
weight slides on it. At what distance apart are the graduations 
marking successive pounds’ weight, and what is the least weight that 
can be weighed? 

5. A steelyard, AB, 4 feet long, has its centre of gravity 11 inches, 
and its fulcrum Q,iQ<^hes, from A, If the weight of the machine be 
4 lbs. and the movable weight be 3 lbs., find bow many inches from 
B is the graduation marking 15 lbs. 

6. A uniform bar, ABy 2 feet long and weighing 8 lbs., is used 
as a steelyard, being supported at a mint 4 inches from A. Find 
the greatest weight {hat can be weighed with a movable weight of 
2 lbs., and find al^ the point from which the groduations are 
measured. 
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7. A uniform rod being divided into 20 equal parts, the fulcrum is 
placed at the iirst graduation. Tho greatest and least weights which 
the instrument can weigh are 20 and 2 lbs. ; hnd its weight and the 
magnitude of the movable weiglit. 

8. A unifonn rod, 2 feet long and of weight 3 lbs., is used as 

a steelyard, whose fulcrum is 2 inches from one end, the sliding 
weight being 1 lb. Find the greatest and the least weights that can 
be measured. « 

Where should tlie slitting weight be to shew 2# lbs.? 

9. The beam of a steelyard is 3.3 inches in length ; the fulcrum is 

distant 4 inches and the centre of ^tvHy of the beam 3^ inches from 
the point of attachment of the weight; if the weight of the beam be 
6 lbs. and the heaviest weigh tT that CM.n bo weighed be 24 lbs., find the 
magnitude of the movable weight. • 

10. A steelyard is formed of a inuforni bar, .3 feet long and 
weighing 2j lbs., and tho fulcrum is distant 4 inches from one end ; if 
the movable weight bo 1 lb., find the greatest and least weights that 
can bo weighed by the machine and the distance between tho gradua> 
tiona when it is graduated to shew pounds. 

% 

11. A common steelyard, supposed uniform, is 40 inches long, 

tho weight of the beam is equal to the movable weight, and the greatest 
weight that can be weighed by it is hair times the movable weight; 
find the position of the fulcrum. • 

12. In a Danish steelyard the distance between the zero gradiuv- 
tion and the end of the instrument is divided into 20 equal parts and 
the greatest weight that can bo weighed is 3 lbs. 9 ozs. ; find the weight 
of the instrument. 

13. Find the length of tho graduated ami of a Danish steelyard, 
whose weight is 1 lb., and in which the distance between tho giwlua- 
tions denoting 4 and 5 lbs. is one inch. 

14. In a Danish steelyard the fulcrum rests halfway between tho 
first and second graduation ; shew that tho weight in the scale-pan is 
^ths of the weight of the bar. 

15. If the weight of a steelyard be worn away to one-half, its 

len^h and centre of gravity remaining unaltered, what corrections 
must be applied to make the weighing true, if the distance of the zero 
TOint of giMuation from the fulcrum were ori^ally one-third of tho 
distance Mween successive graduations, and if the movable weight bo 
one pound? * 

16. A steelyard by use loses ^th of its weigfit, its centre of gravity 
remaining unaltered; shew how to correct its graduations. 
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17, A shopman, using a common sfceelyard, alters the movable 
weight for which it has been graduated ; does he cheat himself or his 
customers? 

18, In a weighing machine constructed on the principle of a 
common steelyard, the pounds are read oif by gi'od nations reading 
from 0 to 14 lbs., and the stones by a weight hung at tbe end of the 
arm ; if the weight corresponding to one stone be 7 ounces, the movable 
weight ^ lb., and the length of the arini measured from the fulcrum 1 
foot, shew that the liistance between succes^'ve graduations is f inch. 

19, A weighing machine is constructed so that for each complete 
stone placed in the weighing pan ain additional mass of m ounces has 
to be placed at the end of the arm, which is one foot in length 
measured from the fulcrum, whtUst th& odd uounds in the weighing 
pan are measured by a mass of n ounces sliding along the weighing 
arm. Bhew that the (listonces between the graduations for succcssivo 

lbs. must be ^ inches, and that the distance from the fulcrum of tlio 
7n 

point of suspension of the weight is inches. 

do 


VII- The Screw. 

176 . A Screw consists of a cylinder of metal round 
the outside of which runs a protuberant thread of metal. 
Let A BCD be a solid cylinder, and let EFGH be a 



rectangle, whose base EF is equal to the circumference 
of the solid cylinder. On EH and FO take points 
L\ Q... and A, M, P„. 
such that EL, LH,...FK, KM, MP 
are all equal, and join EK, LM, NP,..„ 
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Wrap the rectangle round tlie cylinder, so tliat the 
point E coincides with A and EH with the line AD, On 
being wrapped round the cylinder the point F will coincide 
with E A, 

The lines EK^ LM^ NP^ ... will now become a con- 
tinuous spiral line on the surface of the icylinder and, if 
wo imagine the metjil along this spiral line to Ijecomo 
protul>erant, we shall have the thread of a screw. 

It is evident, by tlie method of construction, that the 
thread is «an inclinexl plane running round tJie cylindef 
and that its inclination to the horizon is the same every- 
where and equal to the angle KEF, This angle is often 
called the angle of the screw, and the distance between 
two consecutive threads, measured parallel to the axis, is 
called the pitch of the screw. 

It is clear that FK is equal to the distance between 
consecutive threads on the screw, and that EF is eqyal to 
the circumference of the cylinder on which the thread is 
traced, 

. . / , if ^ 

, . tan (angle of screw) = 

_ pitch of screw 

"" circumference of a circle whose radius is the distance from 
the axis of any point of the screw. 

The section of the thread of the screw has, in pra<jtice, 
various shapes. The only kind that we shall consider has 
the section rectangular. 


177 . The screw usually works in a fixed support, 
along the inside of which is cut out a holhow of tlie same 
shape as the thread of the screw, and itlong which the 
thread slides. The only movement admissible to the screw 

15 
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is to revolve about its axis, and at the same time to move 
in a direction parallel to its length. 

If the screw were placed in an upright position, and 
a weight placed on its top, the screw would revolve and 
descend since there is supposed to be no friction between 
it and its suppj^rt. Hence, if ^e screw is to remain in 
equilibrium, some force must act on it; this force is usually 
applied at one end of a horizontal arm, the other end of 
which is rigidly attached to the screw. 

** 178 , In a smooth screw, to find the relation hetiveen 

the effort and the weight. 

Let a be the distance of any point on the thread of the 
screw from its axis, and h the distance, AB, from the axis 
of the screw, of the point at which the effort is applied. 


y W 



The screw is in equilibrium under the action of the 
effort P, the weight W, and the reactions at the points 
in which the fixed block touches the thread of the screw. 
Let R^S^T, denote the reactions of the block at different 
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points of the thread of the screw. These will be all per- 
pendicular to the thread of the screw, since it is smooth. 

Let a bo the inclination of the thread of the screw 
to the horizon. 

The horizontal and vq^^ticai components of the reaction 
R are R sin a and R a respectively. • 

Similarly, wo may resolve /S', .... 

PIcneo the reactions of tlie block are equivalent to 
a set of forces R cos a, S co5 a, 

T cos tt, . . . vertically, and a set 
R sin a, S sin a, T sin a, . . . lu>rizou- 
billy. These latter forces, though 
they act at different points of the 
screw, all act at the same distance 
from the axis of the screw ; they also tend to turn the 
screw in the opposite direction to that of P. 

Efjuating the vertical forces, we have 
W- R cos a 4- S CO.S a + f- S f T . . .) cos a . r .(1). 

Also, taking moments about the axis of the screw, we 
have, by Art. 03, 

P .b --- R sin a . <6 + S sin a , a + sin a . cn- . . . 

.a^\na{R + S+T+ ...) (2). 

From equations (1) and (2) wo have, by division, 

P sin a 

'~W “ » 

P a . 27ra tan a 

•• -2^—- 

But, by Art. 176, • 

27ra tan a - distance between consecutive flireads — pitch of 
the screw. 



15—2 
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Also 2?r6 = circumference of the circle described by the 
end B of the effort-arm. 

Hence the mechanical advantage = ^ ~ — 

® P 2va tan a 

circumference of a circle whoso radius is the effort-arm 
^ distance between consecutive) threads of the screw 

Verification of the PHnoiple of Work. 

For each revolution made by the effort-arm the screw 
rises through a distance equal tQ the distance between two 
oonsocutive threads. 

Hence, during each revolution, the work done by the 
effort is 

P X circumference of the circle descril)ed by the end of the 
effort-arm, 

and tliat done against the weight is 

W X distance between two consecutive threads. 

These are equal by the relation just proved. 

* 179 . Theoretically, the mechanical advantage in 
the case of the screw can l^e made as large as we please, by 
decreasing sufficiently the distance between the threads 
of the screw. In practice, however, this is impossible : 
for, if we diminish the distance between the threads to 
too small a quantity, the threads themselves would not 
be sufficiently strong to bear the strain put upon them. 

By means of Hunter^s Differential Screw this 
difficulty may be overcome. 

In this machine we have a screw AD working in a fixed 
block. The inside of the screw AD is hollow and is 
grooved to admit a smaller screw DE, The screw DE 
is fastened at // to a block, so that it cannot rotate, but 
can only move in the direction of its lengtli. 
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When the elFort-arm jIB haa made one I'evolutiou, 
the screw AD has advanced a distance equal to the dis- 
tance between two consecutive threads, and at the same 
time the smaller screw goes into DA a distance equal 



to the distance between two consecutive threads of the 
smaller screw. Hence the smaller screw, and therefore 
also tlie weight, advances a distance equal to the differettre 
of these two distances. 

T^lien in equilibrium let 7i?, S, Ty ... be the reactions 
between the larger screw and its block, and if', S\ T\ ... 
the reactions between the inner and outer screws ; let 
a and a* be the luidii, and a and a' the angles V>f the screws. 

As in the last article, since the outer screw is in equi- 
librium, we have ^ 

P. 6 = (i? + 7^+ ...) sin a . a- (if' + S^ + ...) sin a . o' 

* Q-\ 

and (J? + (S'+ T+ S' + ...)coao' .,.(2). 
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Also, since the inner screw is in equilibrium, we have 


+ ...)cosa' (3). 

From (2) and (3), we have 

W W 

Ii'+S'+ ... and JR + S+ ... - 

cos a COS a 

Hence, from (1)^ • 


P . b— ir . a i?iu u — W fa' tan a. 

. W 

P 2Tra tan a — 27ra' tan a 

^circum. of the circle d(i.scri1ijcd by the end of the power-arm 
dillcrcnce of the pitches of the two screws 

By making the pitches of the two screws nearly equal, 
we can make the mechanical advantage very great without 
weakening the machine. 

The principle of work is seen to be true in this case 
also; for the weight rises in this c.aso a distance equal 

to the difference between the pitches of the screws. 

* 

EXAMPLES. XXX. 

1. Find what mass can be lifted by a smooth vortical screw of 
1 J ins. pitch, if the power be a force of 25 lbs. wt. acting at the end of 
an arm, 3^ feet long. 

2, What must be the length of the power-arm of a screw, having 
6 threads to the inch, so that the mechanical advantage may bo 216? 

3, What force applied to the end of an arm, 18 ins. long, will 
produce a pressure of 1100 lbs. wt. upon the head of a screw, when 
seven turns cause the screw to advance through -frds of an inch? 

4 , A screw, •whose pitch is ^ inch, is turned by means of a lever, 
4 feet long ; find the force which will raise 15 cwt. 

5. The arm of a screw-jack is 1 yard long, and the screw has 
2 threads to the inch. What^orce must bo applied to the arm to 
raise 1 ton? t 

6. What is the*thrust caused by a screw, having 4 threads to the 
inch, when a force of 50 lbs. wt. is applied to the end of an arm, 2 feet 
long? 
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7. What thrust will a screw, whose arm is 2 feet and with 
10 threads per foot of its length, produce, if the effort be a force of 
112 lbs. weight? 

8. If the effort be applied at the end of an arm of 1 foot in length, 
and if the screw make seven complete turns in 1 foot of its length, 
find the effort that will support a -weight of 1 ton. 

9. If the lever whicl* a screw is worked J>e 6 feet in length, 
detenu ine the distance lAtwecn two successive threads of the screw, 
in order that a thrust of 10 lbs. wt. applied to each end of the 
lever may produce a thrust of 1000 lbs. wt. at the end of the 
screw. 

10. Find the mechanical jidvautTigc in adilfcTential screw, having 
5 threads to the inch iind C threads to the inch, the effort bci&g 
api>licd at the circumference of a wheel of diameter 4 feet. 

11. Find the inechaniojil advanhige in a differential screw, the 
larger screw having 8 threads to the inch and tho smaller 9 threads, 
the length of tho effort-arm being 1 foot. 

12. If tlio axis of a screw be vertical and the distance between 
the threads 2 inches, and a door, of weight 100 lbs., bo attaclied to 
tho screw as to a hinge, find the work done in turning the door 
through a right angle. 

• 

13. Prove that the tension of a stay is equal to 9 tons^ weight if 
it be set up by a force of 49 lbs. at a leverage of 2 feet acting on a double 
screw liaving a right-handed screw of 5 threads to the inch and 
a left-handed one of 6 threjxds to tlio inch. 

[For one complete turn of the screw its end.s are brought nearer by 
a distance of (7 + ^) Inch. Hence tho principle of work gives 
X ( J + 'J) X '/a =49 X 27r . 2, 
where T is the tension of tho stay in lbs. wt.] 



CHAPTER XIIL 

FlllGTION. 

180 . In Art. 20 we defined smooth bodies to bo 
bodies such that, if they be in contact, the only action 
between them is pei’pendicular to both surfaces at the 
point of contact. With smooth bodies, therefore, there 
is no farce tending to prevent one body sliding over the 
other. If a perfectly smooth body be placed on a perfectly 
smooth inclined plane, there is no action between the plane 
and the body to prevent the latter from sliding down the 
plane, and hence the body will not remain at rest on the 
plane unless some external force be applied to it. 

Practically, however, there are no bodies which are 
perfectly smooth ; there is always some force between two 
bodies in contact to prevent one sliding upon the other. 
Such a force is called the force of friction. 

c 

Friction. Def. 1/ two bodies be in contact with one 
another^ (he property of the two bodies, by virtue of which 
a fo'rce is exerted between them at their point of contact to 
prevent one body sliding on the other, is called friction; also 
the force exerted is called the force of friction^ 
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181 . Friction is a self-adj^istiag force; no more 
friction is called into play than is sufficient to prevent 
motion. 

Let a heavy slab of iron with a plane base be placed on 
a horizontal table. If we attach a piece of string to some 
point of the body, and piJll in a horizontal direction passing 
through the centre oV gravity of the slab, a resistance is felt 
which prevents our moving the body ; this resistance is 
exactly equal to the force which we exert on the l>ody. 

If we now stop pulliifg, thef force of friction also ceases 
to act ; for, if the force of friction did not cease to act, the 
body would move. 

The amount of friction which can be exerted between 
two bodies is not, however, unlimited. If we continually 
increase the force which we exert on the slab, we find that 
finally the friction is not sufficient to overcome this force, 
and the body moves. 

182 . Friction plays an important part in the me- 
chanical problems of ordinary life. If there were no friction 
between our boots and the ground, we should not be able 
to walk; if there wore no friction between a ladder and 
the ground, the ladder would not rest, unless held, in any 
position inclined to the vertical ; without friction nails 
and screws would not remain in wood, nor Av*^ald a loco- 
motive engine be able to draw a train. 

183 . Tiie laws of statical friction are os follows : 

liaw I. When two bodies are in contact^ the direction 

of the friction on one of them at its point of contact is oppo- 
site to the direction in which this point of contact would com- 
mence to move, • 

Law II. The magnitude of the fridtion ts, when there 
is equilibrium, just sufficient to preveiit the body from moving. 
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184 . Suppose, in Art. 156, Case 1., the plane to be 
rough, and that the body, instead of being supported by 
a force, rested freely on the plane. In this case the force 
P is replaced by the friction, which is therefore equal to 
W sin a. 


Bz. 1. In whi^' direction does thi force of friction act in the 
case of (1) the wheel of a carriage^ (2) th/ feet of a man who is 
walking ? 

Bz. 2, A body, of weight 30 Ihs., rests on a rough hori/iOntal 
plane and is ocficd upon by a force, equal to 10 lbs. w’t., making an 
angle of 30*^ with the horizontal ; shciv that tlic force of friction is 
equal to about 8*66 lbs. wt. 

Bz. a. A body, resting on a rough horizontal plane, i.s acted on 
by two horizontal forces, equal respectively to 7 and 8 lbs. wt., and 
acting »i.t an angle of G0°; shew that the force of friction is equal to 


13 lbs. wt. in a direction making an angle sin"^ 


4^0 


13 


- with the first 


force. 


Bz. 4. A V)ody, of weight 40 lbs., rests on a rough i>lano incUiied 
at 30® to the liorizon, and is supporterl by (1) a force of 14 lbs. wt. 
acting up the idane, (2) a force of 25 lbs. acting up the plnne, (3) a 
horizontal force equal to 20 lbs. wt., (4) h lorcc equal to 30 lbs. wt. 
makiug an angle of 30® with the plane. 

Find the force of friction in each jase. 


Am. (1) 6 lbs. wt. np the plane ; f2) 5 lbs. wt. down the plane ; 
(3) 2’68 lbs. wt. up the plane ; 6*98 lbs. wt. down the plane. 


185 . The above laws hold good, in general ; but the 
amount of friction that can be exerted is limited, and equi- 
librium is sometimes on tho point of being destroyed, and 
motion often ensues. 

laimiting Friction. Def. WJien one body is just on 
the point of sliding upon another hody^ tlie equilibrium is 
said to he limiting^ and the friction then fixerted is called 
limiting friction. 


186. The direction of the limiting friction is given 
by Law I. (Art.* 183). 

The magnitude of the limiting friction is given by the 
three following laws. 
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Law 111. The magnitude of the limiting friction 
always hears a constant ratio to the 'twrmal reaction^ a/nd 
this ratio depends only on ilte substances of which the bodies 
are composed. 

Law IV. The limiting friction is independent of the 
cadent and shape of^Jie surfaces in contftcty so long as the 
^wrmal reaction is unaltered. 

Law V. When motion e/nsues^ by one body sliding over 
the othcTy the direction of* frlctifm is opposite to the direction 
fjf motion ; the nmgniiude of the friction is independent of 
the velocity y but the ratio of the friction to the normal reaction 
is slightly less than when the body is at rest and jnst on the 
2)olnt of motion. 

The above laws are experimental, and cannot be ac- 
cepted as rigorously accurate, though they represent, 
however, to a fair degree of accuracy the facts under 
ordinary conditions • 

For example, if one body be pressed so closely on 
another that the surfaces in contact are on the {)oint of 
being crushed, Law III. is no longer true; the friction 
then increases at a greater rate than the normal reaction. 

187- CoefiBcient of Friction. T^ e constant 
ratio of the limiting friction to the normal pressure is 
called the coefHcient of friction, and is generally denoted 
by /x; hence, if iP be the friction, and R the normal 
pressure, between two bodies when equilibrium is on the 

F 

point of being destroyed, we have hence 

F^pR. 

The values of p are widely different* for different pairs 
of substances in contact; no pairs of substances are, 
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however, known for which the coefficient of friction is as 
great as unity. 

X8S. To verify the laws of friction by experiment. 



Bzperlment 1 . Take a large smooth piece of wood (d) and 
clamp it iiniily so as to be horizontal. Take a second piece of wood 
{B) to act as a sliding piece and make it as snux)tli as possible ; 
attiu.*h a light string to it and pass the string over a light pulley 
fixed at the end of the piece A, and at the other end of the string 
attach a scale-pan. 

The pulley should be so j^laced that the part of the string, which 
is not vertical, should be honzontal. 

Upon the sliding piece put a known weight and into the scale- 
pan put known weights, until the slider is just on the point of 
motion., The required weight F can bo very approximately ascer- 
tained by gently tapping the fWed piece A. 

Consider now the right-hand diagram. 

Let W be the total weight of li and the sliding piece, and W' the 
total weight of F and the scale-pan. Since the Slider is just on the 
point of motion the friction on it is pW ; also the tension T of the 
string is equal to W', since it just balances the scale-pan and F. 

From the equilibrium of the slider we have 

ir 

fr* 

Next, put a difterent weight on the slider, and adjust the corre- 
sponding weight F imtil the slider is again on the point of motion 
and calculate the' new values, JFj and TF/, of IF and Then, as 
before, 



Perform the experiment again with different weights on the slider 
and obtain the values of 

^ & 
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Then, approximately, it will be found that 

w wv 15V 

will be the same. 

Hence the truth of the first part of Liiw HI. viz. that the value 
0 / fiis independent of the normal reaction. 

Bzperlment 2. Take a\}other piece of wood (B) whoso shape is 
quite different from the^iece used in Experiment 1. [This should be 
obtained by cutting it fr^ the same piece of welhplaned wood from 
which the first piece B was taken.] 

The area of this piece B in conitvet with the board A should differ 
considerably from that in Experiment 1, whether greater or less is im- 
material. • • 

Perform the Experiment 1 over again and deduce tlie correspondHig 
value of /4. It will bo found to bo, within the limits of experiment, 
the same as in Experiment 1. But the only difference in the two 
experiments is the extent of the rough surfaces in contact. 

Hence the truth of Law IV. 

Bzpeximent 3. Take another piec^o of a different kind of wood 
(C) and plane it well. Cut out from it pieces, of different area, but 
with surfaces otherwise as nearly alike as possible. 

Perform Experiments 1 and 2 over again and obtain the value of fi. 
This value of p will be found to differ from the value of fi found when 
the slider was made of wood B. Hence the truth of the second part 
of Law HI. viz. that the ratio depends mi the mhetances of which the 
bodies are composed. 

Bzperlment 4. Perform the above three experiments over again 
but in this case choose F not so that the slider shall just be on the 
point of motion, but so that the slider shall move with a constant 
velocity. The truth of Law V. will then approximately appear. 

However carefully the surfaces of the wood used in the previous 
experiments be prepared, the student' must expect to find some 
considerable discrepancies in the actual numerical resuKs obtained. 
There must also bo applied a correction for the force necessary to 
makq,the pulley turn. However light and welUmado it may be, there 
will Mways be a certain amount of friction on its axis. Hence the 
tensions of the string on each side of it will not quite be equal, as 
we have assumed; in other words some part of F will be used in 
turning the pulley. 

This method is the one used by Morin in a.d. 1833. 

189. Ang^le of Friction. When tho equilibrium 
is limiting, if the friction and the normal* reaction be com- 
pounded into one single forc^, the angle which this force 
makes with the normal is called the angle of friction, and 
tho%ingle force is called the resultant reaction. 
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Let A be the point of contact of the two bodies, and 
let AB and AC \>q the directions of the normal force B 
and the friction ftJ?. 

Tjet AD he the direction of the resultant reaction S^ so 
that the angle of friction is BAD, T-iet this angle be 

Since B and are the compdhents of S, we have 
S cos k = B, 
and S sin X — filL 

Hence, by squaring and adding, we 
have 

and, by division, 

tan X = ft. 

Hence we see that iJte coefficient of friction is equal to 
the tangent of the angle of friction, 

190 . Since the greatest value o£ the friction is it follows 
that the greatest angle which the direction of resultant reaction can 
make with the normal is X, i.e., tan**^ /x. 

Hence, if two bodies be in oonhict and if, with the common normal 
as axis, and the point of contact tis vertex, we describe a cone whose 
semi- vertical angle is tanr^/i, it is possible for the resultant reaction 
to have any direction lying within, or u]^x>n, this cone, but it cannot 
have any direction lying without tlie cone. 

This cone is called the Cone of firletion. 

191 . The following table, hiken from Prof. Kaiikino’s Machinery 

and Millworkj gives the coefficients and angles of friction for a few 
substances. ^ 



SUBSTANCRS 


X 

Wood on wood — Dry 

■26 to *6 

14° to 264° 

„ „ „ — Soapeil 

•04 to -2 

2° to llj® 

Metals on metals — Diy 

■15 to -2 

8i° to 114 “ 

„ ,, „ Wet 

■3 

164“ 

Leather on metals — Dry 

•66 

294“ 

»f »» *1 —Wet 

•36 

20* 

>» tf —Oily 

•16 

84 “ * 
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192 . If a body he placed upon a rough itidined plane^ 
and he on the point of sliding doivn the plane u/tider the 
action of its weight and the reactions of the plane only, the 
angle of inclination of the plane to the horizon is equal to 
the amjle of friction. 

Let 0 be the incj^natlon of the plane%to the liorizon, W 
the weight of the body, and *R 
the normal reaction. 

Since the body is oii^the 
point of motion down tlie 
plane, the friction acts iqy 
the plane and is equal to /xA\ 

Resolving perpendicular 
and parallel to the plane, wo 
have 

ireos 0 

and ir sin - pR, 

Hence, by division, 

tan 0 /X -- tan (angle of friction), 

0 : the angle of friction. 

This may bo shewn otherwise thus : 

Since the body is in equilibrium under the action of its weight and 
the resultant reaction, the latter must bo vertical; but, ^since the 
equilibrium is limiting, tho resultant reaction makes w' a the normal 
the angle of friction. 

Hence the angle between the normal and tlie vertical is the angle 
of friction, i.e.^ the inclination of the plane to the horizon is the angle 
of friction. 

On accounff of the property just proved the angle of 
fiiction is sometimes called the angle of repose. 

The student must carefully notice that, when the body 
rests on the inclined plane supponrted hy ah external forcCj it 
must not be assumed that the coefficient of friction is equal 
to (;lie tangent of inclination of the plane to tho horizon. 




240 


STATICS 


108 . To determine the co^cient of friction, experimentally^ and 
to verify the laws of friction. [Second Method.] 

By means of the theorem of the previous article the coefficient of 
friction between two bodies may bo experimentally obtained. 

For let an inclined plane be made of one of the substances and let 
its face be made as smooth as is possible; on this face let there be 
placed a slab, having a plane face, comj^sed of the other substance. 

If the angle of in>^lination of the piano be ^^radually increased, until 
the slab jui,t slides, the tangent of tlie angle of inchnation is the co- 
efficient of friction. 

To obtain the result as accurately as possible, the expennient 
should be performed a largo number of times willi the same sub- 
stances, and the mean of all the results taken. 

In the apparatus here drawn wo liavc a board binged at one end to 
another board whici];i can be clamped to the table. 'Ihe hinged hooid 
can be raised or lowered by a string atLiched to it whose other end 
passes over the top of a fixed support. 



On the hinged board can be placed sliders of different sizes and 
materials upon which various weif^hts can be placed. Each slider x 
has two thin brass rods screwed to it on which weights can be piled so 
that they shall not slip during the experiment. A. graduated vertical 
scale is attached to the lower board, so that the height of the hinged 

BC 

board at B is easily seen. The value of i.e., tan $ of Art. 185, is 

if u 

then easily obtained. 
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By this apparatus the laws of friction can be verified ; for, within 

DC 

the limits of experiment, it will be found that the value of 

AC/ 

(1) is always the same so long as the slide ic is made of the same 
material in the same state of preparedness of surface, 

(2) is independent of the weights put upon the slide, or of its 

shape, • 

(3) is different for diffWent substances. 

This method is the one used by Coulomb in the year 1785. 

194. Equilibrium on a rough inclined plane. 

A body is placed on a ronyfi jilane inclined to the horizon at^ 
an amjle yreaier than the angle of friction, and is supjyortcd 
by a force, acting parallel to the plane, and ‘along a line of 
greatest slope; to find the limits between which the force 
must lie. 

Let a be the iiiodiiiatiori of the plane to the horizon, 
ir the weight of the body, and Jl the normal reaction 
(Fig. I, Art, 156). 

(i) Ijet the body b<3 on the ptiint of motion down the 
plane, so that the friction acts up the plane and is equal to 
fx2i ; let P be the force required to keep* the body at rest. 

llosolving parallel and perpendicular to the plane, we 


liave 

P -i- fill ~ W sill a •{^)i 

and Jd = W cos a (2). 


P = IF (sin a — p cos a). 

If /A =z tan A, we have 

P=z IF [sin a — tan X cos a] 

- ^ r sin g cos X ~ sin X cos a l _ sin(a - 
^ L cosX J”" posX 

(ii) Let the body be on the point of 'motion up the 
plane, so that the friction acta dotvn the plane and is equal 

16 



L. a. 
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to fkR ; let 1\ be the force required to keep the body at 
rest. In this case, we have 

Fi—fjiE = W sin a, 
and jR = ir cos a. 

Hence Fi — W (sin a + /t cos a) 

= W (sin a H tan X cos a] = ^ ^ — (4). 

These values, F and Pu are the limiting values of the 
force, if the body is to remain in equilibrium ; if the force 
Jie between F and Pj, tlie body remains in equilibrium, 
but is not on the point of motion in either direction. 
Hence, for equilibrium, the force must lie between the 

values 

cosX 

It will be noted that the value of Pj may bo obttiined 
from that of P by changing the sign of ft. 

^ 195 . If the power P act at an angle 6 with the in- 
clined plane (as in Art. 156, Case HI.), when the body is 
on the point of motion down tiie plane and the friction 
acts therefore up the plane, the equations of equilibrium are 


P cos 0 + pR ~ sin a (1), 

7^sinfi ITcosa (2). 


Hence, multiplying (2) by ft, and subtracting, we have 
p __ a — fi cos a j^sin (a — X) 

"" cos ^ — fi sin ^ ~ cos (^ + X) ’ 

By substituting this value of P in (2), tl>e value of R may 
be found. 

When tlie body is on the point of motion up the plane 
we have, by changing the sign of ft, 
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Cor. The force that will just bo on the point of moving 
the body up the plane is least when 

is least, 

cos (o — a) 

I.C., when cos {0 — X) is unity, 

^.d., when ^ = X. % 

Hence the force required to* move the body up the plane 
will bo least when it is applied in a direction making with 

the inclined plane an angle equal to the angle of friction. 

• • 

106 . The results of the previous article may be found bjr 
geometric construction. 



Draw a vertical lino KL to represent W on any scale that is 
convenient (e,g, one inch i)er lb. or one inch per 10 lbs.). 

Draw LO parallel to the direction of tlie normal reac tion JR, 
Make OLFj 0Li\ each equal to the angle of friction A, as in the 
figure. 

Then LF^ are parallel to the directions T>H, of the 
resulting reaction at D according as the body is on the point of 
motion down or up the plane. 

Draw JiTilOfj panJlel to the supporting force P to* meet LF^ XiPj 
in M and 

Then clearly KLM and KLM^ are reBpectively the triangles of 
forces for the two extreme positions of equilibrium. 

Hence, on the same scale that KL represents 1^, KM and KM^ 
represent the P and P^ of the previous ssrtiole. - 

Clearly 0LK= L between JR and the vertical a, so that 
^MLK^c^-^'K and £M-^LKs:^cL-^\m 


16—2 
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Similarly 

L KQO=i l between the directions of It and P=90® - 
BO that Z KQL = 90*=’ + e, L = 90° + ^ - X, 

and Z^3fI,=90° + <?+X. 

Hence 

P __ KM jr sin KLM __ sin fa - ^ _ sin (a - X) 

F ~ KL sin k’ML ~ sTMOO" -T ^^X) ~ cos“^ + X) ’ 

and 

Pj _ KMi _ sin KLMj __ sin (o^ X) _ sin (a + X) 

W ^ ~Kh ~ SnTJI/, L “ - X) cos (0 - X) ' 

^ Cor- It is clear that 70/^ is least when it is drawn perpendicular 
to i.e. when Pj is inclined at a right angle to the direction of 

resultant reaction , and therefore at an angle X to the inelincil 
plane. 


EXAMPLES. XXXI. 

1, A body, of weight 40 lbs., rests on a rough horizontal plane 
whose coefficient of friction is *25; find the least force which acting 
horizontally would move the hotly. 

Find also the least force which, acting at an angle cos' * g with the 
horizontal, would move the body. 

Determine the direction and magnitude of the resultant reaction 
of the piano in each case. 

2, A heavy block with a piano base is resting on a rough hori- 
zontal plane. It is acted on by a force at an inclination of 45° to the 
plane, and the force is gradually increased till the block is just goi^ig 
to slide. If the coefficient of friction be '5, compiiro the force witli 
the weight of the block. 

3, A mass of BO lbs. is resting on a rough horizontal plane and 
can be just moved by a force of 10 lbs. wt. acting horizontally ; find 
the coefficient of friction and the direction and magnitude of the 
resultant reaction of the plane. 

■ 

4, Shew that the least force which will move a weight W along a 
rough horizontal plane is W sin </», where 0 is the angle of friction. 

5, The inclination of a rough plane to the horizon i8Cos~^y§; 

shew that, if thcP coefficient of friction be the least force, acting 
parallel to the plaqe, that will support 1 cwt. placed on the plane is 
8x7 * shew also that the force that would be on the point of 

moving the body up the plane is 77i^ lbs. wt. 
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0, T}ie base of an indinGd piano is 4 feet in length and ibo height 
if 3 3 feet ; a force of 8 lbs., acting parallel to the plane, will just prevent 
a weight of 20 lbs. from sliding down ; find the coefficient of friction. 

7. A body, of weight 4 lbs., rests in limiting equilibrium on a 
rough piano whose slope is .W ; the piano being raised to a slope of 
C0“, find tlie force along tho plane required to support the body. 

% 

8. A weight of 30 IVj^. just rests on a rougft inclined plane, the 
height of tho plane being §ths of Its length. Shew that it will require 
a force of 36 lbs. wt. acting parallel to the plane just to be on the 
point of moving tlio weight up the plane. 

9. A weight of 60 lbs. is t)n the* point of motion down a rough 
inclined plane when supported by a force of 24 lbs. wt. acting parallll 
to tho plane, and is on the point of motion up tho plane when under 
the influence of a force of 36 lbs. wt. parallel to the piano; find the 
coefficient of friction. 

10. Two inclined planes have a common vertex, and a string, 
passing over a small smooth pulley at the vertex, supports two equal 
weights. If one of the planes be rough and the other smooth, find the 
relation between tho two angles of inclination of the two planes 
when ^ho weight on tho smooth plane is on the point of moving 
down. 

11. Two unequal weights on a rough inclined piano aro connected 

by a string which passes round a fixed pulley in tho plane ; find the 
greatest inclination of the plane consistent with the equilibrium of 
the weights, * 

12. Two equal weights are attached to the ends of a string which 
is laid over the top of two equally rough planes, having the same 
altitude and placed back to back, the angles of inclination of the 
planes to the horizon being 30° and 60° respectively ; shew that the 
weights will be on the point of motion if tho coefficient 0 i friction be 


13. A particle is placed on the outside surface of a rough sphere 
whoso coefficient of friction is /u. Hhew that it will be on the point of 
motion when tho ri^ius from it to the centre makes an angle tan''^ 
with tho vertical. 

14. How high can a particle rest inside a hollow sphere, of radius 
a, if the coefficient of friction bo ? 

15. At what angle of inclination should the traces be attached to 
a sledge that it may be drawn up a given hill with the least exertion ? 
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Exa.XXXI 


16. A cubjoal block of stone, of weight 5owt., is to be drawn 
along a rough horizontal plane by a force P inclined at 40^ to the 
horizontal. If the angle of friction be 25°, find, by a graphic con- 
struction, the least value of P. 

17. A body, of weight 1 cwt., rests on a plane inclined at 2*5° 

to the horizon, being just prevented from sliaing down by a foice 
of 15 lbs. acting up the plane ; find, by a graphic construction, the 
force that will juG^ drag it up and me value of the coefilciont of 
friction. . ^ 

197« To Jmd the work done in dragging a body vp a 
rough inclined plane, 

^ * 

# From Art. 194, Case IT., wo know that the force 
which would just move the body up the plane is 
W (sin a + /A cos a). 

Hence the work done in dragging it from A to C 
rrPjXilC (Pig. Art. 156) 

= W(auxa+p,ooaa), AC 
= W, AC sin a + pW, AG cos a 
^W.BC + pW.AB 

= work done in dragging the body through the same 
vertical height without the intervention of the plane 
+ the work done in dragging it along a horizontal distance 
equal to the base of the inclined plane and of the same 
roughness as the plane. 

198. From the preceding article we see that, if our 
inclined plane be rough, the work done by the power is 
more than the work done against the weight. This is true 
for any machine ; the principle may be ex'pressed thus, 

In cmy machine^ the work done by the power is equal to 
the work done against the weighty together with the work done 
a^ainsi the frictional resistoffices of the rmchine^ and the 
work done against the weights of the component parts of the 
machim. 
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The ratio of the work done on the weight to the work 
done by the effort is, for any machine, called the efficiency 
of the machine, so that 

Useful work done by the machine 

ciency ^ork suppli^ to the machine 

L< 3 tiibe the effb-t require<l if there Vere no friction, 
and P the actual effort, then, by Art. 138, 

Work done against the weight 

— 7J X distance through which iti^poiiit of application moves, 
and work supplied to the njachine 

— Px distance through which its point of application moves. 

Hence, by division, 

P 

Efficiency - 

_ Effort when there is no friction 
^ . Actual effort 

• 

Wo can never get rid entirely of frictional resistances, 
or make our machine without weight, so that some 
work must always be lost through these two causes. 
Hence the efficiency of the machine can never be so great 
as unity. The more nearly the efficiency approaches to 
unity, the better is the machine. 

There is no machine by whoso use we can create work, 
and in practice, however smooth and perfect the machine 
may be, we always lose work. The only use of any machine 
is to multiply tlffe force we apply, whilst at the same time 
the distance through which the foi^^e works is more than 
proportionately lessened. 

199. Equilibrium of a rough screw. To find 
the relcUion hetvoeen the effort and the resistance in the case of 
a screw, wlwn friction is taken inJto accomit. 
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Using the same notation as in Art. 178, let the screw 
be on the point of motion downwardsy 
so that the friction acts upwards along \ R 

the thread. [As in Art. 176, its sec- 
tion is rectangular.] 

In this case ^he vertical presffures 
of the block are 

R (cos a -f /i. sin a), S (cos a + /jl sin a), . . . 
and the horizontal components of these pressures are 
, R (sin a — /Lt cos a^\ S (sm a — /* cos a), . . . 

Hence the equations (1) and (2) of Art. 178 become 

W ~(R + S + . ..) (cos a + fx sin a) (1), 

and P. h — a(R + S-\-T+ ...) (sina — /Acosa) (2). 

Hence, by division, 

P,b sin a — u cos a sin a cos A. — cos a sin \ 



W cos a + sin a cos a cos A. 4* sin a sin A 

_ sin (a - A) 

~ ^ cos (a - A) * 

. Pa,, . 

Similarly, if the screw be on the point of motion up- 
wards, we have, by changing the sign of /x, 


Pi a sin a + a cos a a , , 

jfr 7 - - = T tan (a + A). 

n 0 cos a — ft sin a 6 ' ' 

If the effort liave any value between P and Pi, the screw 

will be in equilibrium, but the friction will not be limiting 

friction. 


It will he noted that if the angle a of the screw be equal 
to the angle of friction, A, then the value of the effort P is 
zero. In this case the screw will just remain in equilibrium 
supported only by the friction along the thread of the screw. 
If a < A, P will be negative, i,€, the screw will not descend 
unless it is forced down. 



FRICTION 


249 


Bx. 1. If tfie circumference of a ecrew he two inches^ the distance 
hctvwen its threads half an inchy and the coefficient of friction -y, 
find the limits hetioeen which the effort must lie, so that the screw may 
be in equilibrium when it is supporting a body of weight 1 ewt,^ the 
length of the effort-nnn being 12 inches. 

Here 2ira = 2y and 2iratana = ^. 

a==i, and tana = i.» 

‘ IT ^ 

1 • 

Also tanX=- , and &=r2. 

o 

Honco llic force wliich would j'lwi support the screw 

= ] 1 2 X “ tan (a “ X) * 


= 112x---x 

1-’" i+i-i 


112 1 14,. , , 

■ iTT* ^ wt. = -14 IhS. \vt. 

riTT 21 99 


Again, the force which would just be on the point of moving the 
screw upwards 


-.112x-;tan(a4X) = tA^. . A 

= l./y®j,- lbs. wt. = 1-4067 lbs. wt. 

^^llonce the screw will be in equilibrium if the effort lie between 
•ii and 1-4067 lbs. wt. • 

If the screw were smooth, the force required would 

= 11 2^ tan a = x ^ = ‘742 lbs. wt. 

0 127r 4 b6 

The efficiency therefore, by Art. 198, 

*742 


Bx. 2. The coefficient of friction of wrought iron on w*ood being 
•15, shew that the least angle of inclination of the thread of a screw, 
so that it may slide into a proparetl hole in the wood under the 
influence of its own weight, is tan"*^"^-. 

Ex. a. If tllfe circumforenco of a screw bo f- inch, the coefficient 
of friction *15, the length of the power-arm 12 inches, and if there be 
3 threiida to the inch, find the forces which will respectively just 
support, and just move, the screw when it supports a weight W, Find 
also the value of the effort, when the same ^rew is smooth, and 
deduce its efficiency. 



260 STATICS 

Bx. 4. Sheio that the efficiency of a ttcrew is greatest when its 
angle is 45”-^. 

The force required to lift the weight W, when there is friction, 

ssJF'-tana + X, 
o 

and where there is nf friction it ^ 

= tan a. 
o 

, As in Art. 198 the efficiency, J2, 

=:tho ratio of these* 

tan a _ sin a cos (a + X) 
tan(a + X) cosasina + X 

. 2'’— 1 

coflasin(a + X) coaa8in(a + X) 

28inX 

*" Bin (2a + XjTsiiTx ’ 

H is greatest when 1 - J^Ms least, 

i,e, when ain(2a+X) is proatcst, 

i,e. when 2o-i X=90°, 

and then a = 45° - Q , 

200 . JFkeel and Axle with the ^nvot resting on rough 
hearings. 
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Let the central circle represent the pivots A ov B oi 
Fig. Art. 159 (much magnified) when looked at endways. 

The resultant action between these pivots and the 
bearings on which they rest must be vertical, since it 
balances P and W, ^ 

Also it must make an .angle X, the' angle of friction, 
with the normal at the point of contact Q, if we assume 
that P is just on the point of overcoming IT. 

Hence Q cannot be at the E>west point of the pivot, ljut 
must be as denoted in the figure, where OQ makes an angle 
X with the vertical. The resultant reaction at Q is thus 


vortical. 

Since R balances P and W, 

R=r:P+JF ( 1 ). 

Also, by taking moments about 0, we have 

P R,c sin X = IF. a (2), 


where c is the radius of the pivot and 6, a the radii of the 
wheeLand the axle (as in Art. 159). 

Solving (1) and (2), wo have 

P - W ^ ^ ^ 

~ b — c sin X ‘ 

If P be only just sufficient to support IF, if the 
machine be on the point of motion in the direction 
then, by changing the sign of X, we have 

6 + c Bin X ^ 

In this case the point of contact Q is on the left of the 
vertical through 0, 
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201. The Wedge is a piece of iron, or metal, 
which has two plane faces meeting 
in a sliarp edge. It is used to split 
wood or other tough substances, its 
edge being forced in by repeated 
blows applied bjj a hammer to hts 
upper surface. 

The problem of the action of a 
wedge is essentially a dynamical 
one. * 

s 

We shall only consider the statical problem when tho 
wedge is just kept in equilibrium by a steady force applied 
to its upper surface. 

Let A SO be a section of the wedge and let its faces bo 
equally inclined to the base SC, Let tho angle CAS be a. 

Let S be the force applied to the upper face, S and S' 
the normal reactions of the wood at tho points where tho 
wedge touches the wood, ai.d fxS and julS' the frictions, it 
being assumed that the wedge is on the point of being 
pushed in. 

We shall suppose the force P applied at the middle 
point of SC and that its direction is perpendicular to SC 
and hence bisects tlie angle SAC, 

Resolving along and perpendicular to SC, wo have 
/iii^sin ~ — 7? cos /iS' sin “ 7^' cos ^ (1), 

P = /t (S + Jl') con ^ + (B + Ii') Bin ^ (2). 

From equation (1) we have S — S', and then (2) gives 



and 
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Hence 


2 « 1 

P a , a 

IL cos 2 + «in 2 


cosX 


.a 0- • \ 

sin jr cos A + cos ^ sm A 
J A 


cos X 



if X 1)0 tho coefficient of friction. 


Tlie splitting power of the wedge is measured by R. 
For a given force P this splitting power is therefore 
greatest when a is least. • 

Tlicoretically this Avill bo when a is zero, i.e. whcMi tlie 
wedge is of infinitesimal strength. Practically the wedge 
has tho greatest splitting power when it is miule with as 
small an angle as is consistent with its strengtli. 


S03. If there be no friction l>etwocn tlio wedge and wood 
(though this is practically an impossible snx>position), we should have 
X=0, and therefore 

2/2 1 a 


2103. If the force of compression exerted by the wood on the 
wedge be great enough the force P may not be large enough to make 
the wedge on the point of motion down; in fact the wedge may be on 
the point of being forced out. 

If Pj be the value of P in this case, its value is found oy changing 
tho sign of fi in Art. 201, so that we should have 

P, = (sin ? - cos 


= 2iJ 


sin(|-x) 

cosX 


If “ bo>X, Iho value of Pj is positive. 

A 

If ^ be < X, P, is negative and the wedge could therefore only be 
A 
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on tho point of slipping out if a pull 'vedro applied to its upper 
surface. 


If ^=Xf tlie wedge will just stick fast without the application of 
any force. 

Bz. Prove that the multiplication ‘of force produced by a screw- 
press, in which the distance between successive threads is c and the 
power is applied at ti^e extremities of a cross-bar of length 2&, is the 
same as that produced by a thin isosceles wedge of angle a such that 

sin ^=c-f-4ir6. 

£ 

204 . Friction exerts ^ucli iva important influence on 
the practical working of machines that the theoretical 
investigations are not of mucli actual use and recourse 
must for any particular machine be had to experiment. 
Tho method is the same for all kinds of machines. 


The velocity-ratio can be obtained by experiment ; for 
in all machines it equals the distance through which the 
effort moves divided by the corresponding distance through 
which Jbhe weight, or resistance, moves. Call it n. 

Let the weight raised be W, Then tho theoretical 


effort corresponding to no friction, is — . Find by 

experiment the actual value of the effort P which just 

raises W. The actual mechanical advantage of tlie machine 

W P 

is -p , and the efficiency of it is, by Art. 198, -A . The 

P W W 

product of the efficiency and the velocity ratio = tj -77 “ “5 
the mechanical advantage. • 


a06. As an example take the case of a class-room 4nodel of 
a differential wheel and axle on which some experiments were 
perionned. The m^hine was not at all in good condition and was 
not cleaned before use, and no lubricants were used for the bearings of 
either it or its pulley. 

With the notation of Art. 164 the values of a, h, and c were found 
to be 1^, 3, and 6f inches, so that the value of the velocity ratio n 

2b „ 2x6f _,^ 

c-fl 8-H 
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This value was also verHied by experiment ; for it was found that for 
every inch that W went up, P went down nine inches. 

P was measured by means of weights put into a scale-pan whose 
weight is included in that of P ; similarly for W, 

The weight of the pulley to which W is attached was also included 
in the weight of W. 

The corresponding values of P and TF, in grammes’ weight arc 
given in the following table ;^the value of P wat^that which just over- 
came the weight W. The third column gives the corresponding values 
of pQ , i.e, the effort which woufd have been required had there been 
no frictional resistances. 




^ • W 


IF 

ir 

r 

T» I— 

P 


50 

28 

5*55 

*2 

1-79 1 

100 

36 

11*11 

•HI 

2*78 ! 

150 

45 

16*67 

•37 

3-3 1 

250 

60 

27-78 1 

•46 

4*17 1 

450 

90 

60 1 

•56 

« 1 

650 

110 

72*22 

•61 

6*46 

850 

147 

94*44 

•64 

5*78 

1050 

175 

116*67 

•67 

6 

1250 

203 

138*88 

*08 

0*16 

1450 

232 

161*11 

*694 

6*25 


The fourth column gives the values of E, the corresponding 
efficiency, and the last column gives the values of 3f, the mechanicid 
advantages. 

On plotting out on squared paper the above results, which the 
student should do for himself, the TOints giving P arc found to 
roughly be on a straight line going through the thir '' and last of 
the above. Hence, according to the theory of graphs, the relation 
between P and W is of the form P=:air+5, where a and 6 are 
constants. 

Also P=45 when TF=150, and P=232 when Tr= 1450. 

Jk 45 = 150a -f 5 and 232s 1450a -i- 5. 

Solving, we have a= *144 and b=23*4 approximately, so that 
- P=-144Tr+23-4. 


This is called the Law of the Machine. 


Also 

Hence 


p,=|F-=-m7K. 

P •U4»r+28-4’ 
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^ p •i44JK + 23-4‘ 

Tbeso give K and M for any weight Tr. 

The values of E and M get bigger as W increases. Assuming the 
above value of E to be true for all values of then its greatest value 
is when W is infinitely great, and 

•111 ^ 

= about -77, 

*144 

so that in this machine at least 23®/o of the work put into it 
is lost. 


The corresponding gi’eatest value of the mechanical advantage 


=—-= about 7. 
*144 


If the machine had been well cleaned and lubricated before tlio 
experiment, much better results would have been obtained. 


206 . Just as in the example of the last article, 
so, with iiny other machine, the aetual efficiency is f<jnnd 
to fall considerably short of unity. 

There is one practical advantage which, in general, 
belongs to machines having a comparatively small 
efficiency. 

It can Ije shewn' that, in any machine in which the 
magnitude of the effort applied has no effect on the 
friction, the load does not run down of its own accord 
when no effort is applied provided that the efficiency is less 
than 

Examples of such machines are a Screw wliose pitch is 
small and whose “ Power or effort is applied horizontally 
as in Art. 178, and an Inclined Plane where the effort acts 
up the plane as in Art. 194. 

In macliines where the friction does depend on the 
effort applied no such general rule can be tlieoretically 
proved, and each case must be considered separately. 
But it may be taken as a rough general rule that where 
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the effort has a comparatively small effect on the amount of 
friction tlieii tho load will not run down if the efficiency be 
less than Such a machine is said not to “reverse” 
or “overhaul.” 

Thus in the case of t^o Differential Pulley (Art. 165), 
as usually constructed tho efficiency is les^ than ij, and the 
load W does not run down wlien no force F is applied, that 
is, when the machine is left alone and tho chain let ga 

This property of not overhauling compensates, in great 
measure, for the comparatively small efficiency. * 

In a wheel and axle the mechanical advantage is 
usually great and tlio efficiency usually considerably more 
than ^ \ but the fact that it reverses does not always make 
it a more useful machine than the Differential Pulley. 

The student, who desires further information as to tho 
]»ractic<al working of machines, should consult Sir Robert 
Ralls Experimental Jfechanics or works on Applied 
Mechanics. 


EXAMPLES. XXXn. 

1. How much work ia done in drawing a load of 6 cwt, Ujj a rough 
inclined plane, whoso height is 3 feed and base 20 feet, the coeffioient 
of friction being 


2. A weight of 10 tons is dragged in half an hour through a 
length of 330 feet up an inclined' plane, of inclination 30"^, the co- 

• 1 

efficient of friction being ; find the work expended and the h.p. of 
\fo 

the engine which could do the work. 


• 

3. A tank, 24 feet long, 12 feet broad, and 16 feet deep, ia filled 
by water from a well the surface of which ia alwaya 80 feet below the 
top of the tank; find the work done in filling the tank, and tho H.r. 
of an engine, whose efficiency ia *5, that will fill the tank in 4 hours. 

17 


L.S. 



258 


STATICS 


Exs. 


The diameter of the circular piston of a steam engine is 
60 inches and it makes 11 strokes per minute, the length of etich 
stroke being 8 feet, the mean pressure per square inch on the piston 
being 15 lbs., and the efliciency of the engine *65. Find the number 
of cubic feet of water that it will raise per hour from a well whose 
depth is 300 feet, on the supposition that no work is wasted. 

5. The diameff r of the piston of«an engine is 80 inches, the mean 
pressure of steam 12 lbs. per square inch, the length of the stroke 
10 feet and the number of double strokes i)er minute is 11. The 
engine is found to raise 42^ cub. ft. of water per minute from a depth 
of 600 fathoms. Shew that its efficiency is *6 nearly. 

' 6. The radii of a wheel and axle are 4 feet and 6 inches. If a force 

of 56 lbs. wt. is required to overcome a resistance of 200 lbs. wt. what 
is the efficiency of the machine? 

7 . In some experiments with a block and tackle (second system of 
pulleys), in which the velocity-ratio was 4, the weights lifted were 10, 
80, and 160 lbs. and the corresponding values of the effort were 23, 58, 
and 85 lbs. Find the efficiency in each case. 

8. With a certain machine it is found that, with efforts equal to 
12 and 7*5 lbs. wt. respectively, resistances equal to 700 and 300 lbs. 
wt. arc overcome; assuming that r^a + blF, find the values of 
a and b, 

9. In some experiments with a scre\v-jack the values of the load IF 
were 150, 180, 210, 240 and 270 lbs. wt. and the corresponding values 
of the effort P were found to be 20*9, 22*7, 25*75, 28*4 and 31*4 lbs. wt. ; 
plot the results on squared paper and assuming that P=a-|-blF, Jind 
the approximate values of a and 6. 

10. In some experiments with a model block and tackle (the 
second system of pulleys), the values of JF (including the weight of 
the lower block) and P expressed in grammes’ weight were found to 
be as follows: 

1V=^5, 175, 275, 475, 675, 875, 1076; 

P=25, 48, 71, 119, 166, 214, 264. 

Also there were five strings at the lower block. Find an approxi- 
mate relation between P and IF and the corresponding values for the 
efficiency and mechanical advantage. 

Draw the graphs of P. Po. E. and AT. 
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11 . The following table gives the load in tons upon a crane, and 
the corresponding effort in lbs. wt. : 

Load 1, 3, 5, 7. 8, 10, 11. 

Effort 9, 20, 28, 37, 42, 51, 50. 

Find the law of the machine, and Ciilcnlate the rfliciciK'y at the 
lo:uis 5 and 10 tons given that the velocity -ratio is 500. 

12, A weight is lifted by a screw-jack, of pitch J inch, the force 
being aiiiilicd at right angles i6 a lever of length 15 inclics. The 
values of the weight in tons, and the corresponding force in Ihs., are 
given in the following table; 

Weight 1, 7, H, 10. 

Force 24, 32, 10, 57, 63, 73. 

Find the Jaw of the inacliino, and calculate it.s etUciciicy for the 
weights 4 and 9 tons. 


17—3 
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207 . In this chapter w(3 give some furtlicr examples 
of the solution of problems where friction is involved. 

Ex. 1. A nnijonn Uuhler is in eqailihriuni , with 07ie end restimj on the 
ground^ and the other end (ujoinst a vertical wall: if the ground and 
wall be both roughs the coefficients of friction being g. and /x' respectively, 
and if the ladder be on the point of slipping at both ends, find the 
inclination of the ladder to the horizon. 

Let AB be the ladder, and <i its c^'iitre of gravity; let Ji and S bo 
the normal reactions at A and B re- 
spectively ; the end A of the ladder is 
on the point of slipping /rowi the wall, 
and hence the friction nB is towards 
the wall; the end B is on the point 
of motion vertically downwards, and 
therefore the friction judS acts vpwards. 

Let 0 he the inclination of the lad- 
der to the ground, and *2a its length. 

Resolving horizontally and ver- 
tically, we have 

fill==S 

and 

Also, taking moments about A, we have 

W. a cos 0 = f/S . 2a cos O + S . 2a sin 0, 

TV cos 0 = 2S (pf cos 0 + sin 0) 

From (1) and (2), wo have 

and •. pW= H (1 + pp') (4). 


C 1 


\ 

/ 

A 

/ 

/ 

y 

rJ 

" ^ / 

r 




A /.R , 

f 


w 


( 1 ). 

( 2 ). 


.( 3 ). 
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By ( 3 ) ami (4), we have, by division, 

cos d _ 9 + sin $) 

fi " i+iu/A' 


co5 0{X- fifi')=2/xs\n$. 


Honoe tan 

« 

Otherwise ttius; 


Let A and V be the anj^les of friction at A and 7i; draw ^(7 making 
an angle \ with the normal atyl, and TiC making an angle V with 
the normal at lit as in the figure. 

By Art. 189, AC and liC are the directions of the resultant re- 
actions at A and Ji. • • 

The ladder is kept in equilibrium by these rosullant reactions and 
its weight; hence their directions must meet in a pt)int and therefore 
the vertical line tlivough C must i)ass through C. 


Formula (1) of Art. 79 gives 

(ai-n) cot CO Ji = a cot ACG - aeot/^CY^, 


2 tan 0 = cot X - tan X' 



tan^— 


jflfA 
2 ^ ■' ' 


Ex. 2. A ladder is placed la a (fiven position with one end rcstinp 
on the (/round and the other at/uinst a vertical wall. If the (/round and 
wall he both rmi(jht the antjles of friction heiiuj \ and \' rc.^pcetivelijt 
find hy a graphic construction how high a nfan can ascend the ladder 
without its slipping. 

Let AB (Fig. Ex. 1) be the ladder. 

Draw vf (7 and liC making the angles of friction with tho normals 
at A and Ji to the wall and ground respectively. 

Draw CG vertically to meet AB in G. If tho eontro gravity of 
the man and ladder together be between A and G the ladder will rest ; 
if not, it will slide. 

For if this centre of gi*avity be between G and Ji the vertical 
through it will meet BCt the limiting direction of friction at Jf, 
in a point 1* such tjjat tho z PAJt is gx’cater than the? angle of friction 
at At and so equilibrium will be impossible. 

If this centre of gravity bo between G and A equilibrium will bo 
possible; for even if the friction were limiting at A tho vertical 
tlirough this centre of gravity would meet AC in 9 . point P such that 
the angle PBH would bo <X', so that equilibrium would be i>ossible. 
Similarly we may show that if the friction be limiting at there is 
still equilibrium. 

If then Gf, bo the centre of gravity of tho ladder, the highest 
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possible position of the man, and and ^ respective 
weights, then is determined bj the relation 
W^.GG^=ir^,GG^. 

EXAMPLES. XXXin. 

1, A uniform ladder, 13 feet long, /'^ests with one end against a 
smooth vertical wallAind the other on a rough horizontal plane at a 
point 5 feet from the wall ; find the. friction between the ladder and 
the ground, if the weight of the ladder be oG lbs. 

2, A uniform ladder rests with one end on a horizontal floor and 
the other against a vertical wall, the coeflicionta of friction being 
respectively ® and J ; find the ‘inclination of the ladder when it is 
aHout to slip. 

3, If in the last example the coefficient of friction in each case be 

shew that the ladder will slip when its inclination to the vertical is 

tan“*f. 

4, A uniform ladder rests in limiting equilibrium with one end 
on a rough floor, whose coefficient of friction is ju, and with the other 
against a smooth vertical wall ; shew that its inclination to the vortictiL 
is tan“i (2/4). 

5, ,A uniform ladder is pbiced again<;t a wall ; if the ground and 
wall be equally rough, the coefficient of friction being tan 0, shew that 
the limiting inclination of the ladder to the vertical is 20. 

Wlien the ladder is i,n this position can it be ascended without its 
slipping? 

6, A uniform ladder rests in limiting equilibrium with one end 
on a rough horizontal plane, and the other against a smooth vertic-Ll 
wall ; a man then ascends the ladder ; shew that he cannot go more 
than half-way up. 

7, A uniform ladder rests with one end against a smooth vertical 

wall and the other on the ground, tho coefficient of friction being ^ ; 
if the inclination of the ladder to the ground bo 45°, shew that a man, 
whoso weight is equal to that of the ladder, can just ascend to tho top 
of the ladder without its slipping. , 

8, A uniform ladder, of length 70 feet, rests against a vertical 
wall with which it makes an angle of 45°, the coefficienU of friction 
between the ladder and the wall and ground respectively beipg ^ and 

If a man, whose weight is one-half that of the ladder, ascend the 
adder, how high will he be when the ladder slips? 

If a boy now stand on the bottom rung of tho ladder what must be 
hU least weight go that the man may go to the top of tho ladder? 
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9. Two equal ladders, of weight are placed so as to lean against 
each other with their ends resting on a rough horizontal floor ; given 
the coefllcient of friction, /x, and the angle 2a, that they make with 
each other, find what weight on the top would cause them to slip. 

Explain the meaning of the result when tan a->2/4 or</x. 

10, A uniform ladder reSis, at an angle of 45*^ with the horizon, 
with its upper extremity against a rough vertictn wall and its lower 
extremity on the ground. If /x and fi! be the coefficients of limiting 
friction between the ladder and the ground and wall respectively, shew 
that the least horizontal force which will move the lower extremity 

towards the wall is ilF . . 


11. In Ex. 9 if the weight be plsvced at the middle point of one 
leg and be heavy enough to cause slipping, shew that the other leg 
will be tlio one that will slide first. 


208. Bx. 1. A uniform cylinder is placed vnth its plane base 
on a rough inclined plane and the inclination of the plane to the 
horizon is gradually increased; shew that the cylinder will topple over 
before it slides if the ratio of the diameter of the Inise of the cylinder 
to its height he less Hum the coejicient of friction, 

• 

Let 0 be the inclination of the jilane to the horizon when the 
cylinder is on the point of tumbling over. 

The vertical line through the centre of 
gravity G of the cylinder must just fall 
within the base. 

Hence, if AB bo the base, the line GA 
must be vertical. 

Let C be the middle point of the base, 
r its radius, and let h bo the height of the 
cylinder, 

tan0=cotC>lG=-- = ^=— (1). 

CG ih h ' ' 

• • 

Also the inclination $ of the plane to the horizon, when the 
cylinder is about to slide, is given by 

tan d=:p (2). 

Hence the cylinder will topple before it slides if 0 be less than 0, 

*.c., ii bc<fi. 
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Bz. 2. A rectangle AliCD rests on a vertical pUmCt with its base 
AB on a rough table ; a gradvally increasing force acts along DC ; will 
equilibrium be broken by sliding or toppling f 

Let F be the force, and W the weight of the rectangle. 

Let AB=2a and BC=h. 

If the rectangle topples it will clearly 
turn about and this will be whey the 
moments of F and about B just balance, 

i.c., when F , h = W .a..t (1). 

Also the rectangle will slide when F is 
equal to the limiting friction, 

i.e.t when F=g.W (2). 

The rectangle will topple *ox slide ac- 
cording os the value of F given by (1) is less 
or greater than the value of F given by (2), 

i.e., according 

i.e.f according as jx is ^ the ratio of the base to twice the height of th< 
rectangle. 


D C .F 

r ■ I — 
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EXAMPLES. XXXIV. 

1. ' A cylinder rests with its circular base on a rough inclined 
plane, the coefficient of friction being J. Find the inclination of the 
plane and the relation between the height and diameter of the base of 
the cylinder, so that it’ may be on the point of sliding and also of 
toppling over, 

2. A solid cylinder rests on a rough horizontal piano with one of 
its flat ends on the plane, and is acted on by a horizontal force througii 
the centre of its upper end ; if this force bo just sufficient to move 
the solid, shew that it will slide, and not topple over, if the coefficient 
of friction be less than the ratio of the radius of the base of the 
cylinder to its height. 

3. An equilateral triangle rests in a vertical plane with its base 
resting on a rough horizontal plane ; a gradually increasing horizontal 
force acts on its vertex in the plane of the triangle ; prove that the 
triangle will slide before it turns about the end of its base, if the 
coefficient of friction be less than 

4. A conical sdgarloaf, whose height is equal to twice the diameter 
of its base, stands on a table rough enough to prevent sliding ; one 
end is gently raised till the sugarloaf is on the point of falling over ; 
find the inclination of the plane to the horizon in this position. 
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5. A oono, of given vertical angle 2a, rests on a rough plane which 
is inclined to the horizon. As the inclination of tho plane is in- 
creased, shew that the cone will slide, before it topples over, if tho 
coefficient of friction be less than 4 tan a. 


6. A right cone is placed with its baso on a rough inclined plane ; 
if ^ be the coefficient of friction, find the an^le of the cone when 
it is on tho point of both slipping and turning over. 


7. A cone rests on a rough table, and a cord fastened to the vertex 
of the cone passes over a smootli pulley at the same height as the top 
of tho cone, and supports a weight. ^Bhew that, if the weight be con- 
tinually increased, the cone will turn over, or slide, according as ttie 
coefficient of friction is > or -ctana, where a is the semi-vertical 
angle of tho cone. 


8. A cubical block rests on a rough inclined piano with its edges 
parallel to the edges of the plank. If, as the plank is gradually raised, 
tho block turn on it before slipping, what is the least value that the 
coefficient of friction c^n have? 


9, The triangular lamina yliiC, right-angled at B, stands with BC 
upon a rough horizontal plane. If the plane be gradually tilted round 
an axis in its own plane perpendicular to iiC, so that tho angle B is 
lower than the angle O, shew that the lamina will begin to slide, or 
topple over, according as the coefficient of friction is less, or greater, 
tliantaii.4. • 


10. A square uniform metallic plate ABGD rests with its side BC 
on a perfectly rough plane inclined to tlie horizon at an angle a A 
string AB attached to A^ tho highest point of tho plate, and i;asslng 
over a smooth pulley at i’, the vertex of the plane, supn^as a weight 
w’, and is horizontal. If W be the weight of the plate, shew that, 
as w increases, it will begin to turn when 

1 + tan a 

w>Tr . 


11, A block, of weight one ton, is in tho form of a rectangular 
parallelopi^d, 8 feet high, standing on a square base whoso side is 
6 feet. It is placed on a rough weightless board with the sides of its 
base parallel to the length and breadth of the board, and tho centre 
of the base is distant 6 feet from one extremity of the board. The 
board is now tilted round this extremity until ilie block topples with- 
out sliding ; find the work done. 
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200. Sx. A uniform rod rests in limiting equilibrium within 
a rough hollow sphere; if the rod stihtcnd an angle 2a at the centre 
of the sphere^ and if \ he the angle of friction^ shew tiuit the angle 
of inclination of the rod to the horizon is 

to„-i 

lict AB he tHe rod. O its centre of grrvity, and O the centre of the 
sphere, so that 

lGOA= lGOB=a, 

Through A and B draw 
lines ilC and BC making an 
angle \ with the lines join- 
ing A and B to the centre. 

Art. 189, these are the 
directions of the resultant 
reactions, B and 5, at A and 
B r««peotively. 

Since these reactions and 
the weight keep the rod In 
equilibrium, the vertical lino 
through G must pass through C. 

Let AD he the horizontal line drawn through A to meet CG in D 
so that the angle GAD is d. 

The^ angle CAG^ I OAG - X =90° - a - X, 

and the angle CBG = i OBG + X = 90° - a + X. 

Hence theorem (2) of Art. 79 gives 

(a + (/) cot CGB = a cot CAB -a cot CBA , 
i.c. 2 tan 0 = cot (90° - a - X) - cot (90° - a -|- X) 

= tan(a+X)-tan(tt-X) (1). 

OtberwiM Urns; The solution may be also obtained by using tho 
conditions of Art. 83. 

Kesolving the forces along the rod, we have 

Boos (90° - tt - X) - ;S» cos (90° - o + X) = ITsin 0, 


i.«. J? sin (a + X) - 5 sin (a - X) = ir sin ^ (2) . 

Besolving x)orpjBndicular to the rod, we have 

B cos (a + X) + S cos (tt - X) = ir cos d (3). 

By taking moments about A, we have 

S,ABem (9O°-tt+X) = Tr.AGcoa0, 

* i.e. 2,Scoa(tt-X) = Troos^ (4). 

From equations (3) and (4), we have 


B cos (a + X) = cos (tt - X) = ilF coa 
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Substituting these values of 72 and B in (2), we have 
tan (a -f- X) - tan (a - X) =2 tan B. 

Numerical example. If the rod subtend a right angle at the centre 
of the sphere, show that its inclination to the horizon is twice the 
angle of friction. 


310. Ez. Two bodies, of weights and W.^t are placed on an 
inclined plane and are connected hy a light strhig^rhich coincides with 
a line of greatest slope oj the plane; if the coefficients of friction 
between the Jtodies and the plani he respectively and /Ji^, find the 
inclination of the plane, to the horizon when both bcnlies are on the point 
of 7notiont it being assumed that the smoother body is below the other. 
The lower body would slip when the inclination is tan”!/!!, but the 
upper would not do so till the inclina* 
lion had the Viiluo tan"* /x.,. When tho 
two are tied together the inclination for 
slipping would he bctwoeri these two 
values. Let it be 0 and Jot 72j and 
be tho normal reactions of the bo<lies; 
also let T ho tho hmsion of the string. 

Tho frictions ;(i72i and 
act up the plane. 

Fcr the equilibrium of Tf'j, we have 
1Vi sin 0 = 

and TrjCos(?=:/2i. • 

7’=}ri (sin<?-;UiCos^) (1). 

Fur the equilibrium of we have 



T^gSin 

and jr^cost; =722. 

T = /4g72a - T1 "g sin ^ (p^ oos - sin (2) 

Hence, from (1) and (2), 

IFj (sin B - Pi cos B) = JK (pjcoa B - sin B), 
( 1^1 + IFg) sin 0 = (T^\Pi + Trg/no) cos &, 

1^1+ lla 


.( 2 ). 


Ez. 1. Two equal bodies arc placed on a rougji inclined plane, 
being connected by n light string; if the coeiTicieiitB of fiiction be 
respectively -J- and shew that they will both be on the point of 
motion when tho inclination of the plane is tan"^-j;V. 

Ez. 2. Show that the greatest angle at which a plane may be 
inclined to the horizon so that three equal bodies, whose cocOlcients 
of friction are -g-, and ^ respectively, when rigidly connected together, 
may rest on it without slipping, is tan**^ 
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211. Bz. A particle is placed on a rough planer whose inclina- 
tion to the horizon is a, and is acted upon Jyy a force P acting parallel 
to the plane and in a direction making an angle with the line of 
greatest slope in the plane; if the coefficient of friction be g, and the 
efuilibrium be limiting, find the direction in which the body will begin 
to move. 

Let W be the weight of the particle, and li the normal reaction. 

The foi-ces perp^.dicular to the in^ 
dined plane must vanish. 

JR=Trco3o (1). 

The other component of the weight 
will be W sin a, acting down the line of 
greatest slope. 

f Let the friction, gP, act in the direc- 
tion AB, making an angle 0 with the 
line of greatest slope, so that the particle 
would begin to move in the direction BA produced. 

Since the forces acting along the surface of the plane are in equi- 
librium, we have, by Lami’s Theorem, 

gB. _ _ V 

sin (i sin (0 + /3) “ sirTS ^ 

From (1) and (2), eliminating It and JF, we have 

It sin a sin 8 
cos a = f,. ~ , “r . 

fF /tsin{6? + /3) 

■TT . tiJiiasinS 

Hence sin (0 + jS) (.1) , 

giving the angle 0. 



Numerical Example. Suppose the inclination of the plane to be 
30°, the coefficient of friction to bo J-, and the angle between the for*-'o 
P and the line of greatest slope to be 30°. 

In this case we have 


sin (fl + 30°) = 




( 4 ). 


Hence 6 is 30°, and the body bedns to slide down the plane in a 
direction making an angle of 30° with the lino of greatest slope. 

W 

The force P could be easily shewn to be 


If the force be on the point of overcoming the weight, it can bo 
easily shewn for it follows from (4), since another solution is f?=::90°], 
that the friction gh acts horizontdly, so that the particle would start 
in a horizontal direction, and that the corresponding value of P is 
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EXAMPLES. XXXV. 


1. A liwlder, whose centre of gravity divides it into two portions 
of length a and b, rests with one end on a rough horizontal door, and 
the other end against a rough vertical wall. If the coefiicients of 
friction at the floor and wall be resjKictively /i and shew that the 
inclination of the ladder to the floor, when the equilibrium is limiting, 
. a-bfiyf 

IS tan-' . 

fi(a+h) 


2. A weightless rod is supported horizontally between two rough 
inclinod planes at right angles to each other, the angle of friction \ 
being less than the inclination of either plane. Shew that the length 
of that portion of the rod on which a weight may be placed without 
producing motion is sin 2tt.sin‘2\ of the whole length of the rod, 
where a is the inclination of cither plane to the horizon. 


3. A heavy uniform rod is placed over one and under the other of 
two horizontal pegs, so that the rod lies in a vertical plane; shew that 
the length of the shortest rod which Avill rest in such a position is. 

a(l + hin ttCOtX), 

where a is the distance between the pegs, a is the angle of inclination 
to the horizon of the line joining them, and X is the angle of friction. 

4. A uniform heavy rod, 1 foot long, one end of which is rough 
and the other smooth, rests within a circular hoop in a vertical plane, 
the radius of the hoop being 10 inches. If the rod is in limiting equi- 
librium wdien its rough end is at the lowest point of the hoop, shew 
that the coeniclcnt of friction is 4^. 

5. A lieavy uniform rod rests with its extremities on a rough cir- 
cular hoop fixed in a vortical plane; the rod subtends an angle of 120'^ 
at the centre of the hoop, and in the limiting position of equilibrium 
is inclined to the horizon at an angle B. If ^3/4= tan a, y. being t»ic 
coeflicient of friction, shew that 

tan 0 ; tan 2a ;; 2 ; /,^3. 

6. A and are two small equal heavy rings which slide on a rough 

horizontal ro<l, the coeflicient of friction being 3^?. Another equal 
heavy ring 0 slides on a weightless smooth string connecting A and JJ; 
shew that, in the position of limiting equilibrium, is an equi- 
lateral triangfe. ^ 

7. One end of a heavy uniform rod A B can slide along a rough 
horizontal rod AC, to which it is attached by a ring; B and C arc 
joined by a string. If ABC be a right angle wheq tlie rod is on the 
point of sliding, y, the coeflicient of friction, and a the angle between 
AB and the vertical, shew that 

^“tiin®o+2. * 
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8, A uniform rod slides with its ends on two fixed equally rough 
rods, one being vertical and the other inclined at an angle a to the 
horizon. Shew that the inclination 6 to the horizon of the movable 
rod, when it is on the point of sliding, is given by 


tand=: 


1 7 2/a tan a -/A* 
2 (tan a ^ /a) 


9. A uniform UtJlder, whose length is a and whose weight is ir, 
makes an angle 6 with the horizontal, and rests with one end against 
a vertical wall and the other upon a horizontal floor, the wall and 
floor being equally rough, and the coefticient of friction being tank. 
Shew that a man, whose weight is P, can never get nearer to the top of 

. 1 . 1 XT Trcot2\ + PcotX-(TF + P)tan(? . 
the ladder than ^ a sin 2\. 


10. The poles supporting a lawn-tennis net are kept in a vertical 

n 'tion by guy ropes, one to each pole, which pass round pegs 2 feet 
Dint from the poles. If the coefficient of limiting friction between 
the ropes and pegs be shew that the inclination of tlio latter to the 
vertical must not be less than tan the height of the poles being 
4 feet. 


11, A chest in the form of a rectangular p:iraUelopipe<l, wliose 
weight without the lid is 200 lbs., and widili from back to front 1 foot, 
has a, lid weighing .50 lbs. and stands N\ith its bjick 0 inches from a 
smooth wall and parallel to it. If iho lid bo open and lean against the 
wall, find the least coefiieicnt of frietiou between the cliest and the 
ground that there may bo no motion. 

12. A heaA^ circular disc, whose plane is vertical, is kept at rest 
on a rough inclined plane by a string x)arallel to the plane and touch- 
ing the circle. Shew that the disc will slip on the plane if the 
coefficient of friction be less than \ tan i, where i is the slope of the 
plane. 


13, A particle resting on a rough table, whoso coefficient of 
friction is /a, is fastened by a string, of length a, to a fixed point A on 
the table. Another string is fiistencd to the particle and, after passing 
over the smooth edge of tlio hiblo, 6ax>porta an equal particle hanging 
freely. Shew that the particle on the table will rest at any point P 
of the circle, whose centre is A and whose rtidius is n, Vhich is such 
that the string AP is kept taut and the distance of the second string 
from A is not greater than /aa. 

14. A heavy rod, of length 2a, lies over a rough peg with one 
extremity leaning against a rough vertical wall; if c be the distance of 
the peg from the wall and \ bo the angle of friction both at the peg 
and the wall, shew that, when the point of contact of the rod with the 
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wall is abovo tho peg, then tlie rod is on the x^^int of sliding down- 
wards when 


sin* ^—-cos^X, 
a 

where 0 is the inclination of the rod to the wall. If tho point of 
contact of the rod and wall bo below the peg, prove that the rod is on 
the point of slipping downwavds when ^ 

sin- 0 sin (d-h 2X) ^ ^ cos’* X, 

and on tlio point of slipping upwards when 


sin’* e sin^^ - 2X) cos’* X. 

15. A circular disc, of nulius a and weight TK, is iil;w‘.ed within a 
smooth sphere, of radius and a particle, of weight ic, is placed on 
tho disc. If the coclYicicnt of friction between tho particle and the 
disc bo /X, find tho greatest distance from the centre of the disc at 
which tile pariiclo can rest. 

16. A smooth sphere, of given weight jr, rests between a vertical 
wall and n prism, one of whose faces rests on a horizontal plane; if the 
cocllicient of friction between the liorizontal plane and the prism be/*, 
shew that tho least weight of tho prism consistent with equilibrium is 

jy * where a is the inclination to the horizon of (he fjvco 

in contact with the sphere. 

17. Two equal rods, of length 2*1, are fastened together so as to 
form tivo sides of a square, and ono of them rests on a rough iiog. 
Show that the limiting distances of the points of contact from tlie 

middle point of the roil are ^{l=fc/*), where /* is the coeilicicut of 

friction. 


18. Two uniform rods, AC and i?C, are rigidly joined at C so 
that they form one uniform bent rod, wrhose two portions are at right 
angles. This bent rod is supported on the edge of a rough table 
which touches ^C^at its middle point. If SC bo* three times AC, 
shew that tke tangent of tho inclination of AC to the horizon is 

Find also the least value of the coefficient of friction that the rod 
may rest with tho point A on the edge of the table. 

« 

19. A heavy string re.sts on two given inolined planes, of the some 
material, passing over a small pulley at their common vertex. If the 
string be on the point of motion, shew that the line joining its two 
ends is inclined to the horizon at the angle of friction. 
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20. i’oukIi imilinetl phine (/u -- i) a weight ]Kis just supported 
W 

by a force - acting up the plane and iMirallel to it. Find the 

magnitude and direction of the least additional force, acting along 

W 

the plane, which will prevent motion when the force acts along 
the plane, but at 60° with the line ot greatest slope. 

21. A weight W is laid upon a' rough plane inclined 

at 4o° to the horizon, and is connected by a string passing through a 
smooth ring, at the top of the plane, with a weight P hanging 
vertically. If JF— 3P, shew that, if 0 be the grciitcst possible inclina- 
tion of the string ^ IF to the line of greatest slope in the plane, then 

. V2 

cos $ = . 

Find also the direction in which IF would commence to move. 


22. A weight IF rests on a rough inclined plane inclined at an 
angle a to the horizon, and the coefficient of friction is 2 tan a. Show 
that the least horizontal force along the plane whifdi will move the 
body is ^^SlFsin a, and tliat the bo<ly will begin to move in a direction 
inclined at 60° to the line of greatest slope ui» the plane. 

23. II two equal weights, unequally rough, be connected by a 
light rigid rod and be placed ou an inelincd plane whose inclination, 
a, to the horizon is the angle whose tangent is the geometric mean 
between the coefficients of friction, shew that the greatest possible 
inclination to the litie of greatest slope which the rod can make when 

at rest is cos"^ 

friction. 


/ /Xi -+-/Xo \ 

’pl) * Fa ftre the cocfilcients of 


24. A heavy particle is placed on a rough plane inclined at an 
angle a to the horizon, and is connected by a stretched weightless 
string >4 P to a fixed point A in the plane. If A Ji bo the line of greatest 
slope and 0 the angle P^IP wlien the particle is on the point of 
slipping, shew that sind = ficota. 

Interpret the Tesult when /x cot a is greater thay unity. 

25. A hemispherical shell rests on a rough plane,, whose angle of 
friction is X; shew that the inclination of the plane base of the rim 
to the horizon cannot bo greater than sin"' (2sinX). 

26. A solid homogeneous hemisphere rests on a rough horizontal 
plane and against a smooth vertical wall. Shew that, if the coefficient 
of friction be greater than the hemisphere can rest in any position 
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and, if it be less, the least angle that the base of the hemisphere can 
make with the vertical is cos”' ~ . 


If the wall be rough (coefficient of friction ju') shew that this angle 


27 . -A- heavy homogeneous hemisphere rcst&witli its convex sur- 
face in contact with a rough inc^lined plane; shew that the greatest 
possible inclination of the plane to the horizon is sin'-^f. 

Shew that a homogeneous sphere cannot rest in equilibrium on any 
inclined plane, whatever its roughness. 


28 . If n> hemisphere rest in equilibrium with its curved surface 
in contact with a rough plane inclined to the horizon at an angle 
sin'^ ibo inclination of the plane base of the hemisphere to 

the vertical. 


29 . A uniform hemisphere, of radius a and weight IT, rests with 
its spherical surface on a horizontal plane, and a rough particle, of 
weight W', rests on the plane surface; shew that the distance of the 

particle from the centre of the plane fece is not greater than , 

orV 

where /« is the coefficient of friction. 


30 . A sxjhere, whose radius is a and whose centre of gravity is at 
tt distance c from the centre, rests in limiting equilibrium on a rough 
plane inclined at an angle a to the horizo^ ; shew that it may to 
turned through an angle 


2 COB“l 



and still be in limiting equilibrium. 


L. 8. 
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CHARTEli XV. 

MiaCELLANFiOirs. 


212. Bodies connected by smooth hinges. 

When two bodies are liinged together, it usually happ(*ns 
that, either a rounded end of one bf‘dy fits l«)osely into 
a prepared hollow in the other body, as in the case of 
a ball-and-socket joint; o/ Ih.^t a round pin, or other 
separate fastening, passes thiough a hole in each body, as 
in the case of the hinge of a door. 


Ill either cJise, if the Kidies be smooth, tlK‘, acticui or 


each body at the hinge consists of a single 
force. Let tJie figure represent a section 
of the joint connecting two bodies. If 
it be smooth the actions at all the points 
of the joint pass through the centre of the 
pin and thus liave as resultant a single • 
force passing through 0. Also the action 



of the hinge on the one body is equal and opposite to the 
action of the hfhge on the other body ; for forces, equal 
and oppoflitie to these actions, kf*ep the pin, or fastening, in 
equilibrium, since its weight is negligible.. 
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T£ tho joint 1)6 not Binootli, then at the points of contact A, JJ, C, 
7), ... there will al»o be frictional resistances acting in directions per- 

pendicular to 0/1, OB, OC, The forces acting on such a joint will 

not, in general, reduce to a single force but to a force and a couple 
(Art. 87). 

In solving questions concerning smooth hinges, tiie 
direction and magnitude of the actio A at the hinge are 
usually both unknown. Hence it is generally most con- 
venient to assume the action of a smooth hinge on one 
body to consist of two unknown components at right angles 
to one another : the action of Mie^Iiingo on tlie other body 
will then consist of roraponents equal and opposite to 
these. 

The forces acting on each body, togetlier with the 
actions of the hinge on it, are in equilibrium, and the 
g<uieral conditions of e<{uilibrium of Art. 83 will now apply. 

In order to avoid mistakes .'is to the components of 
tho reaidJon acting on e.ach hod 3 % it is convenient, as in 
the second iigure of tht* fullowing example, not tb pro- 
duce the beams to meet but to leave .a space between 
tliem. 


213. Ex. Three eqiml uniform roAn, each of iceitjht IT, are 
smoothly Jointed so as to form an equilateral trianyle. Jf the siistem 
he supported at the middle point if one of the nxls^ shew th the 

/3 

aetinn at the lowest anyle is If’", and that at each vf ihe others is 


IV 



Let JSC bo the triangle formed by the ro<l3, and J) the middle 
point of tho side at which the system is supported. 

Let the action of tho hinge at A on tho rod AS consist of two 
components, respectively equal to Y and A'’, acting in vertical and 
horizontal directions; hence the action of the hinge on AC consists 
of components equal and opposite to these. • 

Since the whole system is syminetrical about the vertical line 
through i>, the action at B will consist of components, also equal to 
Y and X, as in the figure. 


18—2 
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Let the action of the hinge C on CB consist of L, vertically up- 
wards, and Xi horizontally to the right, so that the action of the saino 
hinge on CA consists of two components opposite to these, as in the 




Fur ABf resolving vertically, we have 

S^W+2Y (1), 


where S is the vertical reaction of the peg at D. 

For GDt resolving horizontally and vertically, and taking moments 


about C, we have 

( 2 ). 

W==Y+l\ (3). 

and • ir.ttcos60'’ + X.2#xsin60”— F.2aco3 60“ (4). 

For CAf by resolving verticahy, vf*. have 


(5). 

From equations (3) ahd (-')) wo have 

Fj=0, and r=Tr. 

Hence equation (1) is 

A^jTr«ot60«=J^3 = f TF. 

Therefore, from (2), Xi= - W. 


Also (1) gives S~ZW. 

Hence the action of the hinge at B consists of a force 
( /13\ Y 

f i.e. angle tan”' ^ (i.g/ tan”' 2/1^3), to the 

horizon ; also the action of the hinge at C consists of a horizontal 
force equal to 

A priori reasoning would have shewn us that the action of the 
hinge at C must be horizontal ; for the whole system is symmetrical 
about the line CD, and, unless the component Y^ vanished, the re- 
action at C would not satisfy the condition of symmetry. 
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EXAMPLES. XXXVI. 

1. Two equal uniform beaniB, AB ami BC, are freely jointed at H 

and A is (ixcd to a hinge at a point in a wail about which AB can 
turn freely in a vortical plane. At what point in BC must a vertical 
force be applied to keep the two bciLins in one horizontal line, and 
what is tlio magnitude of Ac force? V 

2. Two uniform beams, A Citind Cii, are smoothly hinged together 

at 6', and have their ends attached at two points, A and B, in the 
same horizontal line. If they bo made of the same material and be of 
total weight 60 lbs., and if each be inclined at an angle of 00° to the 
horizon, shew that the action of the hinge at the point G is a hori- 
zontal force of lbs. weight. * , 

3. A pair of compasses, each of whose legs is a unifoim bar of 
weight IK, is supported, hinge d(»wnwards, by two smoi'^th pegs placed 
at the middle points of the legs in the same hoiizontal line, the legs 
being kept apart at an angle *2a with one another by a weightless rotl 
joining their extremities; shew that the thrust in this rod and that 
the action at the hinge are each \ W cot a. 

4. Two equal uniform rods, A B and A C, each of weight IK, are 
smoothly jointed at A and placeil in a vertical piano with the ends B 
and C resting on a smooth table. Equilibrium is preserved by a 
string which attaches C to the middle point of AB, Shew tlmt the 
tension of the string and the reaction of the rods at A are both 
equal to 

cohcc a + 8 cos^ a, 

and that each is inclined at an angle tan''^(;\ tana) to the horizon, 
where a is the inclination of either rod to the horizon. 

5. Two equal beams, AC ami BC, freely jointed togf*t)icr at C, 
stand with tlioir ends, A and B, in contact with a ror*„li horizontal 
plane, and with the plane ABC vertical. If the coetlicicnt of friction 
be shew that the angle ACB cannot be greater than a right angle, 
umf find the thrust at G in any position of equilibrium. 

6. Three uniform heavy rods, AB, BC, and CA, of lengths 5, 4, 
and 3 feet raspcctif ely, are hinged together at their extremities to form 
a triangle. Shew tliat the whole will balance, with AB horizontal, 
about a fulcrum which is distant of an inch from the middle point 
towards A, 

Prove also that the vertical components of the actions at the 

1R7 163 

hinges A and B, when the rod is balanced, are and swcTK 

OiA) oUU 

respectively, where JF is the total weight of the rods. 
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Exs. XXXVI 


7. Two equal rods, AB and UC, are jointed at 1^, and have their 
middle points connected by an inelastic string of such a length that, 
when it is straightened, the angle ABC is a right angle; if the system 
be freely suspended from the point Ay shew that the inclination of 
AB U) the vertical will be tan~i and find the tension of the string 
and the action at the hinge. 

8. Two equal ba/s, AB and BC, each 1 foot long and each of 
weight Wj are jointed together at B and suspended by strings (X4, OB, 
and OC, each 1 foot long, from a fixed peg O ; find the tensions of the 
three strings and the magnitude of the iiction at the hinge, the strings 
and bars being all in one plane. 

9. Three uniform beams yllf, BC, and CD, of the same thickness, 
and of lengths I, 2Z, and I respectively, are connected by smooth hinges 
at B and C, and rest on a perfectly smooth sphere, whose radius is 2/, 
so that the middle point of BC and the extremities, A and O, are in 
contact with the sphere; shew that the pressure at the middle point 
of BC is yVu of the weight of the beams. 

10,, Three uniform rods ABy BC, and CD, whose weights are 
proportional to their lengths a, by and c, are jointed at B and C and 
are in a horizontal position resting on two pegs P and Q; find the 
actions at the joints B and C, and shew that the distance between the 
pegs must be 

' .iii. 

2a ^ + 

11. AB and AC are similar uniform lods, of length «, smoothly 
jointed at A. BD is a weightless bar, of length b, smoothly jointed 
at B, and fastened at I) to a smooth ring sliding on AC, The system 
is hung on a small smooth pin at A, Shew that the rod AC make ^ 
with the vertical an angle 

tan~i / . 

a+ 

12. A square figure A BCD is formed by four equal uniform rods 
jointed together, and the system is suspended from the joint yf, and 
kept in the form -of a square by a string connoctbig A and C; shew 
that the tension of the string is half the weight of the folir rods, and 
find the direction and magnitude of the action at either of the joints 
BorD. 

13. Four equal rods are jointed together to form a rhombus, 
and the opposite joints are joined by strings forming the diagonals, 
and the whole system is placed on a smooth horizontal table. Show 
that their tensions are In the same ratio as their lengths. 
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214. Funicular^ i,e. Rope^ Polygon. If a light 
cord liave its ends attached to two fixed points, and if at 
diffei-ont points of the cord thci*e be attached weights, the 
figure formed by the cord is called a funicular polygon. 

Let 0 and 0^ be ti^e two fixed p^nnts at which the 
ends of the cord arc tied, and let A.j, ... Af^ be 
the ])oiuts of the cord at which are attached bodies, 
whoso weights arc ... respectively. 

Tjct the lengths of tlic portiTms 

OAi, AjAj, Jo/lj, ... d,,Oi,ber/j, respectively, 

and let tiioir inclinations to the horizon bo 

ai, a., ... 



Let A nn<l A be respectively the liorizontal and vertical 
distances between the points 0 and 0i , so that 

rtj cos tti + «a cos a., + ... -i- a,^^l cos -/*...(!), 
and rt, sin uj + Og sin aj + ... + sfn = A. . . (2). 

Ijet ... be r<*spectively the tensions of the 

portions of the cord. 
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Resolving vertically and horizontally for the equilibrium 
of the different weights in succession, we have 

T^ sin ttj — Ti sin and cos — 2\ cos a, - 0 ; 

7^3 sin ttg — 2\ sin “a “ a., — 0 ; 

T^ sin 04 — 2\ sin og = w^y and T^ cos 04 — 2\ cos =- 0 ; 

sin on+i - Tn sin and T^^^ cos a,,^ ^ - 2^ cos a„ 0. 



These 2n equations, together with the equations (1) 
and (2), are theoretically sufficient to determine the (m+ 1) 
unknown tensions, and the (w+ 1) unknown inclinations 

cq, Oj, ... 

From the rfght-hand column of equatioiTs, we^havo 

T^ cos oj = T^ cos €4 =: 2\ cos 03 == . . . = T^^^ cos 

, =A'(say) (3), 

60 that the horizontal component of the tension of the 
cord is constant throughout and is denoted by K 
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From (3), substituting for ... in the left- 

hand column of equations, we have 

4 . 4 . 

tan cLj — tan "■ i 


tan tts n— tan — 



tan — tan Og 


Ws 


• w?,, 

tan - tan a„ . 

If the weights be all equal, the right-hand members of 
this latter column of equations are all equal and it follows 
that tana^, taiiag, ... tana,j+i, are in arithmetical pro- 
gression. 

Hence when a sot of equal weights are attached to 
difterent points of a cord, as alx>ve, the tangents of in- 
clination to the horisfi<^n of successive portions of the cord 
form an arithmetical progression whose constant difference 
is the weight of any attached particle divided by the 
constant horizontal tension of the Ci)rd3. 

215. Graphical congtniction. If, in the Fmii- 
cular Polygon, the inclinations of the different pr^rtions of 
cord be given, we can easily, by geometric construction, 
obtain the ratios of ... w^. 

For let C be any point and CD 
the horizontal line through C7. Draw 
Cl\y ... parallel to the 

cords OAi, A^A^, ... A^O^^ so that 
the angles PiCD, P^CD, ... are re- 
spectively ttj, Oj, .... 

Draw any vertical line cutting 
these lines in 2), P,, Pj.... 
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Then, by the previous 


article, 


u\ . 

-Vr = ^2 ■ 

A 


~K 

and so on 


-y-^ ~ tan a, — tan a., = 


DP^ 

DP, 

P.P, 

'CD 

CD ~ 

CD ’ 

DP» 

DP, 

P,P. 

CD 

CD ^ 

CD' 


Hence the quantities A'', tv.j, ... are respectively 
proportional to the lines (7Z>, Pi/\f 1 , and 

hence their ratios arc determined. 

This result also follows from the fact that CPoPi is 
a triangle of forces for the weight at similarly 

for the weight at A^^ and so on. 

Similarly, if the weights hung on at the joints be given 
and the directions of any two of the cords be also known, 
we can determine the directions of the others. We draw a 
vertical line and on it mark olF PiP^^y p.p „ ... proportional 
to the weights T£ the directions of the cords 

OAif AiA^ are given, we Uraw P^O parallel to them 

«and thus determine the point O. J oin 0 to A, A. -• . etc., 
and we have the directions of the rest of the cords. 


216 . Tensions of Elastic Strings. All through 
this book we have assumed our strings and cords to be 
inextensible, Le. that they would bear any tension without 
altering their length. 

In practice, all strings are extensible, although the 
extensibility is in many cases extremely small, and prac- 
tically negligible. When the extensibility of, the string 
cannot be neglected, there is a simple ex|>erimental law 
connecting tlie tension of the string with the amount 
of extension of *the string. It may be expressed in the 
form 

The tension of cm dcMtio siring varies as the extension of 
the string beyond its natural length. 
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Hupposo a Btriiig t.o be naturally of length one foot; its tension, 
when the length is 13 inches, will be to its tension, when of length 
15 inches, as 

13-12 : 15-12, fuj 1 : 3. 

This law may be verifietl ex£jcriincn tally thus ; take a spiral spring, 
or an india-rubber band. Attach one end to a fixed point and at the 
otlier end B attach weights, and observe the amnunt of the extensions 
produced by the weights. These extensions 'dll be found to be 
api)roxiinately proportional to the weights. The amount of the 
weights used must depend on tlfe strength of the spring or of the 
rubber band ; the heaviest must not be large enough to injure 
or iicrmancntly deform the spring or band. 

217 . Tho student will ol,»servc carefully that the 
tonsioii of the string is not proportional to its stretched 
length, hut to its extension. 

The above law was discovered }>y Hooke (a.u. 1635 — • 
1703), and enunciated by him in the form Ut tensw, sic vis. 
From it wo ejisily obtain a formula giving us the tension in 
any 

Ijct a Ix) the unstrotched length of a string, and T 
its tension wlicii it is stretched to be of length . 7 ;. * The 
extension is luiw x — r?, and the law' states that 
roc .r-a. 

Tliis is genenilly expressed in tlie form 


the eoiisiant of variation being — . 

® a 

The quantity A depends only on the thickness of tlu^ 
string and on the material of which it is made, and is calhxl 
the Modulus of Elasticity of the. String. 

It is equal to the force which would stretch the string, 
if placed on a smooth horizontal table, to twice its natural 
length ; for, when x = 2a, w© have the tension 



a 


No elastic string will however bear an unlimited 
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stretching; when the string, through being stretched, is 
on the point of breaking, its tension then is called the 
breaking tension. 

Hookers Law holds also for steel and other bars, but the 
extensions for which it is true in these cases are extremely 
small. We cannot stretch a bar to twice its natural length ; 
but A. will be 100 times the force which will extend the bar 

by natural length. For if x — a -■ > then 


T^ 


X 

100 * 


The value of 'T will depend also on the tiiickness of tlxe 
bar, and the bar is usufilly taken as one squai*e inch section. 
Thus the modulus of elasticity of a steel bar is about 
13500 tons per square inch. 

By the method of Art. 134 it is easily seen that 
the work done in stretching an elastic soring is equal to the 
extension multiplied by the mean of the initial and final 
tensions. 


Bz. ABC is an elastic striniu hanging vertically from a fixed 
point A ; at B and C are attached -particles ^ of v^eights 2fr and IK 
respectively. If the modulus of elasticity of the string he 3JK, find the 
ratio of the stretched lengths of the portions of the string to their an- 
stretched lengths. 

Let c and Cj be the unstretched lengths of AB and BC\ and x and 
y their stretched lengths. 

Let T and 'l\ be their tensions, bo that 


7*=X 


-=3ir 



[A 


and 

• Cl 

From the equilibrium of B and C, wo have 
andri=sTF. 

Hence 


8rr—=aw, and 

C Cl 


/J 

B 

''T, 

> iTi 

G 


a?a:2o, aiidy=|ci, 

go that the stretched lengths are respectively twice and four-thirds of 
the natoial lengths. 
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EXAMPLES. XXXVIL 

1. ABCi^ an elastic string, whose modulus of elasticity is 4Tr, 
which is tied to a fixed point at -d. At B and C are attached weights 
ciuih equal to W, the unstretched lengths of AJi and BC being each 
equal to c. Shew that, if tl^> string and bod\s take up a vertical 
position of equilibrium, the stretched lengths of and BC are vc 
and respectively. 

2. An clastic string has its ends attached to two points in the 
same horizontal plane, and initially it is just tight and unstretched; 
a particle, of weight W, is tied to the iwiddle point of the string; if the 

W 

modulus of elasticity be , shew tli.at, in the position of cquili- 

V' 

brium, the two portions of the string w'ill be* inclined at an angle of 
00'^ to one another. 

3. In the previous question, if 2a be the distance between the 
two points, 2c the unstretched length of the string, and X the modulus 
of elasticity, shew that the inclination, (?, of the strings to the vertical 
is given by 

W a 

3 ^ tan dH- sin 0=-^], 

C' 

4. A body rests on a rough inclined plane whose inclination a to 
the horizon is greater than X, the angle of friction ; it is held at rest 
by an elastic string attachexl to it and to a point on tl^e plane. If the 
iriodiilus of elasticity be equal to the weight of the body, prove that in 
the position of equilibrium the ratio of the length of the string to its 
original length is 

l + sin (a - X) . sec X. 


5. Four equal jointed rods, enoh of length a, are hu»ig from an 
angular jxiint, which is connected by an elastic string with the 
opposite point. If the rod.s hang in the form of a square, and if 
the modulus of elasticity of the string be equal to the weight of a 


rod, show that the unstretched length of the string is 




6. An elastic cord, whose natural length is 10 inches, con be kept 
stretched to a length of 15 inches by a force of 5 lbs. wt. ; find the 
amount of work done in stretching it from a length of 12 inches to a 
length of 15 inches. 


7. A spiral spring requires a force of one pound weight to stretch 
it one inch. How much work is done in stretohing it three inches 
more? 
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Graphic Conatructions. 

218 . To find the remdtant of any number of coplanar 
forces, ^ ^ 

Let tlio forces be 2\ /t, and S whose lines of action 

are as in the left-hand figure. 

Draw the figure ABODE havinff its sides A By BCy CD, 
and DE respectively parallel and proportional to l\ R 
and S, Join AE, so that by the Polygon of Forces AE re- 
presents the required resultant in magnitude and direction. 



Take any point 0 and join it to A, B, C, D, and E; !et 
the lengths of these joining lines be a, 6, c, d, and t: 
respectively. 

Take any point a on the line of action of E ; draw ap 
parallel to BO to meet Q in p, py parallel to CO to meet 
R in y, and yS parallel to DO to meet B in 8. 

Through 8 and a draw lines parallel respcsctively to EO 
and OA to meet in €. 

Through c draw eZ parallel and equal to AE, Then 
cZ shall represent the required resultant in magnitude and 
line of action, on the same scale that AB represents P. 
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For P, being rcipresented by AB^ is equivalent to forces 
represented by AO and OB and therefore may be replaced 
by forctjs equal to a and h in the directions ca and [ia. So 
Q may be replaced by h and c in directions a/i and y/J, It by 
c and d in directions j3y ^nd Sy, and S forces d and e in 
directions yS and cS. 

The forces <?, if, and S have therefore been replaced 
})y forces acting along the sides of tlie figure a^ySc, of 
which the forces along a^, and y8 balance. 

Hence we have left forces a\ c which are parallel and 
equal to AO and OE^ whose resultant is AE. 

Since eL is drawn parallel and e^qual to AEj it therefore 
represents the required resultant in magnitude and lino of 
action. 

Such a figure as ABODE is called a Force Polygon 
and one such as a/JySc is called a Link or Funicular 
Polygon, because it represents a set of links or cords 
in equilibrium. 

219 . If the point E of the Force Polygon coincides 
with the point A it is said to close, and then the resultant 
force vanishes. 

If the Force Polygon closed, but the Funicular Polygon 
did not close, i.e, if Sea was not a straight line .ve should 
have left forces ac;ting at S and a parallel to OE and AO, 
i,e, we should in this case have two equal, opposite, and 
parallel forces forming a couple. 

If however tlfo Funicular Polygon also closed, then Sea 
would be a straight line and these two equal, opposite, and 
parallel forces would now be in the same sti'aight line and 
would balance. 

Hence, if the forces P, Q, E, S are in equilibrium, both 
their Force and Funicular Polygons must close. 
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220 . If the forces bo parallel the construction is the 
same as in the previous article. The annexed figure is 



drawn for the case in which the forces are parallel and two 
of the five forces are in the opposite direction to that of 
the other three. 

Since P, i?, and S are in the same direction we have 
AB^ CD, and DE in one direction, whilst BC and EF 
which represent Q and T are in the opposite direction. 

The proof of the construction is the same as in the last 
article. The line f/i, equal and parallel to AF, represents 
the required resultant both in magnitude and line of 
action. 

This construction clearly applies to finding the re- 
sultant weight of a number of weights, 

221. A closed polygon of light rods freely jointed at 
ihsir exh'emities is acted upon by a given system of forces 
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ctctiny at the joints which are in equilibrium; find tJic 
actions along the rods, 

Ijet AjA^, A.jAn, ... AjiAi lie a system of five rods freely 
jointed at their ends and at the joints let given foroes 
Pj, A^t as in the V’gure. 

Let the consequent actions along t)io rods be ti , t^^ t^, t^, 
and as marked. 

Draw tlie pentagon a^ya./i.jfi^ having its sides parallel 
and proportional to the forces Pj, ••• Since the 
forces are in equilibrium this polygon is a closed figure. 

Through «, draw afi) parallel A1A2 and through 
draw a^O parallel to 

Now the triangle a^On^ has its sides panillel to the 
forces Pi, ti, and t^ which act on the joint dj. Its sides 
are therofoi*c proiKjrtional to these forces; hence, on the 
same scale that (ija, represents P,, the sides Oa^ aiuf a^O 
represent <5 and /j. 

Join Otta, and Oa^, 

The sides OiO^ and Oo, represent two of the forces, P^ 
and which act on A^, Hence which completes the 
triangle OiOa,, represents the third force t, in '^^agnitude 
qnd direction. 

Similarly Oa^ and 0 a^ represent t^ and t^ respectively. 

The lines Oa^fjOa^, Oa^, Oa^ and Oa^ therefore represent, 
both in ma^itude and direction, the foroes aloixg the sides 
of the framework. The figure a^a^Oga/i^ is called the force 
polygon, 

A similar construction wouhl apply whatever be the 
number of sides in the frainowork. 

19 


L. s. 
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222 . It is clejir that the figure and construction of the 
preceding article are really the same as tliose of Art. 218. 

If the right-hand figure represents a framework of rods 
OaCta, a/i^ ... acted on at the joints by forces along 
UiOf ... then /‘.he polygon ^.^A^A^Aq of the left-hand 
figure is clearly its force polygon, since AiA.^, A.A^ ... are 
respectively parallel to a^O, OoO .... 

Hence either of tliese two polygons may he taken as the 
Framework, or Funicular Polygon, and then the other is 
the Force Polygon. For this reason such figures are called 
Reciprocal. 

As another example we give a triangular framework 
acted on at its joints by three forces I\y in equili- 
brium whoso force polygon is n/tjai ; conversely, is 

the force polygon for the triangle acted on by forces 

T^, and T^. 



323. Ex. 1. A frameworky AJiCDy comUting of light rods 
stiff ciml hy a brfice AC, is stijfported in a vertical plane hy supports at 
A ami h, so tluit AB is hcrrizontal; the lengths X)f A CD and 

DA are 4, 3, 2, ami 3 feet respectively; also A B and Ct) are parallel, 
and AD and BC are equally inclined to AB. If weights of 5 and 10 cwt. 
respectively he placed at C and D, find the reactUms of the sujqnyrta 
at A and B, and the forcM exerted hy the different 2 *orti(ms of the 
framework. 

Let the forces in the Rides bo as marked in the figure and let P and 
Q be the reactions at A and B. 
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Draw a vertical line 5 inolies in length, to represent the weight 
10 cwt. at /); al^io draw a5 parallel to -rlD and fih parallel to CD. 



Tlieii CL^!^ is the Triangle of Torots hu* the joint /), and the foroos at 
innst be in the diroetions in.iilxod. * 

N(jUj that the fov<>o at ("■ in the bar DC must be along DC or CD. 
and that at D in the same bar along C/) or DC. 

( This is an important general pvineipic; for any bar, \v^■ch under- 
gocH stress, is either rt*sisting a tendency to compress it, or a tendency 
to streteh it. 

In the first c:iso, tho action at each end is from its centre towards 
its ends, in which case it is called a Stmt; in the second case it is 
towards its co!»tre, when it is called a Tic. 

• 

In r?/7/cr<.*i*.so tliS actions at tho two ends of tho rod arc equal and 
opposite.] 

Draw fiy vertical and equal to 2 J ins. to represent tho weight at C. 
Draw 76 parallel Uy BC and Sc parallel AC. Then SflytS is tho 
Polygon of Forces for the joint (7, so that the actions at C are as 
marked. 

Draw c(^ horjViOntol to meet ay in 


19—2 
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Then ey^ is the Triangle of Forces for /i, so that the reaction Q is 
represented by 7^, and jPj by fc. 

Finally, for the joint we have the polygon dcfiad, no that P la 
represent^ by f'a. 

On measuring, we have, in inches, 

cf=110, 7 c:^ 3*31, 5j8 = l*77,*. 5a=5-30, 3c=*91, 

7f= 3*125, and fa = 4*375. 

HeUH, since one inch represents 2 cwt., we have, in cwts., 
™=2*20, 7’^=6*62. T3=3*54. 7^4=10*6, 7V,=1*82, 

<^ = 6*25, and P=8*75. 

It 'W'ill be noted that the hnvfjrAB and AO are in a state of tension, 
i.e. they arc tics, whilst the other bars of the framework are in a state 
of compression, i.r. they are struts. 

'ITio values of P and Q may be also found, as P and S are found 
in the next example, by the construction of Art. 220. 

Bz. 3. A portiofi of a JVarren. Girder couniats of a lipht frame com- 
posed of three equilateral triangles ABCt CBD^ CDE and rests with A CK 
horizontal being mpported at A and E. Lfxids of 2 and 1 tons are hang 
on at Ji and I); find the stresses in the varUmn members. 



Draw ap, By vertical, and equal to 2 inches and 1 inch respectively » 
to represent 2 tons and 1 ton. Take any pole O and join Oa, Opt O7. 

Take any point a on the line of action of the 2 ton wt. ; draw ad 
parallel to aO to meet the reaction P in d, and ah parallel to pO to 
meet the vertical through D in b, and then he parallel to 7O to meet 
S in c. Join ed. Then ahed is the funicular polygon of which (if we 
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draw Od parallel to cd) is the force polygon (in this case a straight 
line). Hence 8a represents J2 and y8 represents S» 

Let the forces exerted by the rods, whether thrusts or tensions, be 

Tg, ... as marked. 

Draw 8c parallel to CA and ae parallel U} A 7); then ac6 is a 
triangle of forces for the mint A, so that %e and cS represent Ta 
and 5 1 . 

Draw and parallel to and BT) respectively. Then is 
the polygon of forces for the joint B so that and are g i|B|n by 
and respectively. 

Draw 8$ parallel to DC ; then 8c^e is the polygon of forces for the 
joint C and hence ^6 and 08 represent 1\ and 

Draw yi parallel to DC to meet coproduced in t; then fjfSyi is the 
polygon of forces for the joint D so that yi and represent and T-, 
respectively; [it follows that yi must bo equal and parallel to 80 ^ and 
hence lO must be equal and parallel to y8 and therefore represent *9.] 

Finally lOj; is the triangle of forces for the joint K. 

Hence if we measure off the lengths a5, 8y, ed, ta, ti", 08^ f 
in inches, we shall have the values of Ji, >5, 'I\, Tg, ig, 24, .'Zj, Tg, 
Tj respectively expressed in tons* wt. 

They are found to be 1*75, 1-25, 1*01, 2*02, *87, *29, *72. -29, and 
1*44 tons* wt. resi)ectively. 

From the figure it is clear that AC, CJH and CD are ties and that 
the others are struts. 

EXAJCPLES. XXS^mi. 

jollowimj are to be solved by yraphic inetbods,] 

1. A uniform triangular lamina ABC, of 30 lbs. weight, win turn 
in a vertical plane about a hinge at it is supported w''ii the side 
A Ji horizontal by a peg placed at the middle point of BC. If the sides 
AB, BC, and CA be respectively 6, 5, and 4 feet in length, find the 
pressure on the prop and the strain on the hinge. 

2. A uniform ladder, 30 feet long, rests with one end against a 
smooth w»ill and the other against the rough groun^l, tlie distance of 
its foot from tlie wall being 10 feet; find the resultant force exerted 
by the grouifd on the foot of the bidder if the weight of the ladder be 
150 lbs. (1) when there is no extra weight on the ladder, (2) when 
1 cwt. is placed J of the way up. 

3. It is found by experiment that a force equal to the weight of 
10 lbs. acting along the plane is required to make a mass of 10 lbs. 
begin to move up a plane inclined at 45° to the horizon ; find the 00- 
clllcieut of friction between Uio mass and the plane. 
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4. Three forces equal respectively to the weights of 6*05 lbs., 
4*24 lbs., and 3*85 lbs. act at throe given points of a Hat disc resting 
ou a smooth- table. Place the forces, by geometric con-struction, 
so as to keep the disc in equilibrium, and measure the niiinbcr of 
degrees in each of the angles which they make with one luiothcr. 

5. A uniform rcc^ingular block, of which ABCl) is the sym- 
metrical section through its centre of ff^iavity, rests with CD in con- 
tact with a rough horizontal plane (/x = i) * the weight of the block is 
40 lbs. and a force equal to 10 lbs. wt. iwits at /) in tlie direction C7>; 
if the lengths of UC and CD be respticti\ely 3 and 5 feet, lind the value 
of the least force wliicli, applied at the middle X)oint of CU X)arallel to 
the diagonal would move the block. 

6. A body, of weight 100 lbs., rests on a rough idane whoso 
slope is 1 ill 3, the coelTicient of friction being J ; jind the magnitude 
of the force which, acting at an angle of 40-’ with the plane, is on the 
XX)int of dragging the Ixxly up the plane. Find also the force wliicli, 
acting at an angle of 40*^ with the plane, is on the ixiint of dragging 
the b^y down the plane. 

7. ABC is a triangle whose sides AB^ BC, CA are respectively 
12, 10, and 15 inches long and BD is the i>crpcndicular from B on CM. 
Find by moans of a force and funicular x)olygun the magnitude and the 
line of action of the resultant of the folio sving forces; B from A to (', 
8 from C to 71, 3 from B to A, and 2 f»\jm B to 77. 

8. AB is a straight line, 3 f'‘ct lung; at A and 71 act x>!ivallol 
forces equal to 7 and 5 civt. ros]jectivoly winch are (1) like, (2) unlike; 
construct for ouch case the x>osi(ion of the x^iot D at w'liich their 
resultant meets AB and measure its distance from A. 

9. Loads of 2, 4, 3 cwt. are placed on a beam 10 ft. long at 
distances of 1 ft., 3 ft., 7 ft. from one end. Find by an aceu^ato 
drawing the line of action of the resultant. 

10. A horizon till beam 20 feet long is supported at its ends and 
carries load.s of 3, 2, 5, and 4 cwt. at di.stanccs of 3, 7, 12, and 15 foot 
re8X)ectiYeIy from one end. Find by means of a funicular i>olygon the 
thrusts on the two ends. 

11. A triangular frame of jointed rods ylBC^ right-angled at Ay 
can turn about A in a vertical piano. The side AB is horizontal and 
the corner C rests against a smooth vortical stop below J . If d 71 = 3 ft. , 
AG=1 ft., and a weight of 50 lbs. be hung on at 71, find grax)hically the 
stresses in the various bars. 

12. Forces equal to 1, 2, 4, and 4 lbs. weight respectively act 
along the sides AB, BC, CD, and UA of a square. Prove that their 
resultant is 3*6 lbs. weight in a direction inclined at tali'" ^ f to CB ojid 
intersecting BC produced at G, where CG is equal to ^ liC, 
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13. AC and CB aro two equal beams inclined to one another at 
an angle of 40^^, the ends A and B resting on the ground, wliich is 
rough enough to prevent any slipping, and the plane ACB being 
incUned at an angle of 70"^ to the ground. At C is attached a body 
of weight 10 cwt., and the system is supported by a rope, attached to 
C, which is in the vertical plane passing through C and the middle 
point of AB. If the rope ba attached to the ^fround and bo inclined 
at an angle of >50 ^ to the ground, find the tension of the rope and the 
action along the boaniK. [This arrangement is called a Sheer-legs.] 

• 

14. A beam, of weight 140 lbs., re.sts with one end yf on a 
rough horizontal piano, the other end, By being supported by a cord, 
passing over a smooth pulley at C, whose horizontal and vertical 
distances from A are respectively 15 and ‘20 feet. If the length of the 
beam be 15 feet, iirid it be on the jHiiftt of slipping '.vhen the end B is 
at a height of 9 feet above the horizontal plane, find the magnitudes 
of the eoeflieient of friction, the tensitwi of the chord, and tlic resultant 
rciiction at .1. 

15. A triangular framework ABC, formed of three bars jointed at 

its angular points, ia in equilibrium under the action of three forces 
1\ Qy and li acting outwards at its angular points, the line of action 
of each being the line joining its point of application to the middle of 
the opposite bar. If the sivlos BC, C’.f, and AB be 9 ft., S ft., and 7 ft. 
in length rc^ipectivcly, and if the force V be equal to 50 lbs, W't., find 
tlio values of Q and Ji, and the forces acting along the bars of the 
framework. , 

IG, A and B are two fixed i^gs, B being the Ingher, and a heavy 
roil rests on B and passes under A ; shew that, the angle of friction 
between the rod and the ][>cgs being the saijie for both, the rod will 
rest in any position in which its centre of gravity is beyond B, 
lirovided tliat the inclination of yfZ? to the horizon is less than the 
angle of friction; also, for any greater inclination, determine grajdne 
ally the limiting distance of the oeiitre of gravity beyond B con.-^ioU'nt 
with equilibrium. 

17. A uniform beam AB, weighing 100 Ib'-i., is supported by 
strings JC? and BD, the latter being vertical, and the angles CAB and 
ABJ) are each 105°. The rod is mainUiincd in this position by a 
horizontal force P ap£>lied at B. fcJhew that the value of P is about 
25 lbs. weight. 

18. yfZ^and ore two equal rods of no appreciable weight 
smoothly jointed together at A, which rest in a vertical plane with 
their ends upon a smooth horizontal piano BC. J> is a point in AB 
such that AD =r.^AB and B and P are the points of trisection of AG, 
B being the nearer to .4. A fine string connects J) and jPand is of 
such a length that the angle A is 60°. Shew that, if a weight IF be 

W 

attached to E, the tension of the string is . 

2 
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19. AIWDEF is a regular hexagon. Shew that the forces which 
must act along if C, AF^ and DE to produce equilibrium with a force 
of 40 lbs. weight acting along EC are respectively 10, 17*32, and 
34*64 lbs. weight. 

20. Fig* 1 oonsists of a symmetrical system of light rods freely 
joint^ and supported vertically at the extremities ; vertical loads of 
10 and 5 cwt. are placed at the points indicated ; find the thrusts or 
tensions of the i^s, if the side rods are inclined at 50° to the 
horizon. 


21. Fig. 2 consists of a symmetrical system of light rods freely 
jointed and supported by vertical reactions at A and 71; if a weight of 
10 cwt. be pla^ at D find the thrusts or tensions in the rods, given 
that /D^71=55°and y.CdU=35°. 



22. A crane is constructed as in Fig. 3, and 15 cwt. is hung on 
at A ; find the forces aJoxfg the parts AC and AB, 

If the post BC be free to move, and BD be rigidly fixed, find the 
pull in the tie CD, 

23. ’ A portion of a Warren girder' oonsists of three equilateral 
triangles ABC, ADC, BCE, the lines AB, DCE being horizontal and 
the latter the uppermost. It rests on vertical supports at A and B and 
carries 5 tons at D and 3 tons at E, Find the reactions at the supports 
and the stresses in the four inclined members. 

24. ABCD oonsists of a quadrilateral consisting of four light rods 
loosely jointed, which is stiffened by a rod BD; nfA and«0 act forces 
equal to 40 lbs. weight. Given that AB=^ ft., BC=3 ft., C7>=:4 ft., 
DAs:zi^ ft., and DJ3=5 ft., find the tensions or thrusts of the rods. 


CHAPTER XVL 

SOME ADDITIONAL PllOPOSITIONa 

224. Formal proof of the Parallelogram of 
Forces. 

The pix>o£ is divided into two portions, (I) as 1 ‘egards the 
direction, (11) as regards the magnitude of the resultant. 

1. Direction. 

(a) Equal Forces. 

Let the forces be equal and represented by OA and 
OR 

Complete the parallelogram 
OA CJJy and join OC. Then OC 
bisects the angle AOB, 

Since the forces are equal, 
it is clear that the resultant 
must bisect the i^igle between 
them; for there is no reason to shew why the resultant 
should lie on one side of OC which would not equally hold 
to shew that the resultant should lie on the other side of 
OC, Hence, as far as regards direction, we may assume 
the truth of the theorem for equal forces. 




298 


STATICS 


(fi) Commensurable Forces. 

Lemma. ly the theorem he tme^ as far as regards 
directimiy for a pair of forces P and (?, a'od also for a pair 
of forces P and R acting at the same anglc^ to shew that it is 
true for the pair of ^rces P and (C^ -l- R). 

Let the forces act at a point A of a rigid lK>dy, and let 
AR he the direction of I\ and ACD that of Q and R. 

Let AB and AC represent the forces P and Q in 
magnitude. 

Since, by the principle of The Transmissibility of 
Force, the force R may be supposed tt) act at any point in 
its lino of action, let it act at C and ha represented by 

CP. 



Complete the pamllologrfinis ABEC and ABFP. 

The resultant of P and Q is, by supposition, (',qual to 
some force T acting in the direction AE ; let them be 
replaced by this resultant and let its j)oint of application be 
removed to E, 

This force Ty iicting at Ey may now be replaced by 
forces, equal to P and Qy acting in tho directions GE and 
EF respectively. 

Let their points of application b^ removed to G 
and F. 

x\gain, by tho supposition, the resultant of P and 7?, 
acting at (7, is equivalent to some force acting in the 
direction GF^, hjt them be replaced by their resultant and 
let its point of application bo removed to F. 
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All tlie forces have now been applied at F without 
altering their combined effect \ hence F must bo a point 
(311 the line of action of tlieir resultant ; therefore AF is 
the direction of the rcdquired resultant. 

J lenoe the Lemma is v^'oved. X 

A-ppUcation of the lemma. 

By (a) we know that the tlneorein is true for forces 
which are each Cijual to S. 

]lenc(i, by the lemma, putting I\ Q, and R each equal 
t<3 ;S’, ^\•e sc(^ that the theorem is (I'ut^ for forces S and 2 aS'. 
.\gain, by the leinnia, since the tlujorem is true for forces 
(iS'j S) and (*S^, 2S) we scic that it is true for forces (*S', SaS*). 
Similarly for f<3rc(^s (*S', and so on. 

Continuing in this way we see that it is tioie for forces 
S and ‘inS^ where m i.s any positive int(‘gcr. 

Again, fr(3m tlui hunma, j)uttiMg P ecpial to mS^ and 
Q and R both equal to S^ the th(5orem is true for forces 
mS and 2S, 

-\gain, putting 1* ecjual to inS, Q to 2S^ and R to S, 
the thcon‘m is triuj for forces mS and 3.9. 

Proceeding in this way we see that the theorem is true 
for foretjs mS and nS, where m and n ai*o positive integers. 

Also any two commensurable forces can l)e represen ic'd 
by ^iiS and 7o9. 

(y) Incommensurable Forces. 

Let P and Q l)e inconimciLsurable foixics, and let AB 
and AC r^rosei^ them. 
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Complete the parallelogram A BDC, 

If the resultant of P and Q be not in the line AD let it 
act in the line AE meeting CD in E, 

Divide AC into any number of equal parts a;, each less 
tlum ED^ and froi^* CD cut olf s^'iccessivcly portions, each 
equal to £C. The last point of subdivision F must fall 
between E and since x is* less than ED, 

Draw FG parallel to CA to meet AB in 6r, and join 
AF, 

The lines AC and AG Vepresont commensurable forces, 
and therefore their resultant is, by (^), in the direction 
AF, 

Hence the resultant of forces AC and AB must lie 
within the angle BAF, But this resultant acts in t!ie 
direction AE^ which is without the angle BAF, 

But this is absurd. 

Hence AE cannot be the direction of the resultant. 

In a similar manner it can be shewn that no other 
line, except AD^ can be the direction of the resultant. 

Hence AD is the direction of the resultant. 

ri. Magnitudk. 

As befoi-e let AB and AG represent the forces F and 
Complete the parallelogram ABDG, 

E 




SOME ADDITIONAL PROPOSITIONS 301 


Take a force i?, represented both in magnitude and 
direction by AE^ to balance the resultant of P and Q, 

Then, by the first part of the proof, AE is in the same 
straight line with AD, AE shall also be ec][ual to AD. 

Complete tlie parallelogram AEFB. \ 

Since the three forces and R are in equilibrium, 

each of them is equal and opposite to the resultant of the 
other two. 

Now the resultant of P and R is in the direction AF] 
hence AC^ tlio direction of is' in the same straight line 
with A F. 

Therefore A DBF is a piinallclogram, and henco DA 
equals BF, 

But, since AEFB is a parallelogram, ///^equals AF, 

Thei’efore AD equals AE^ and lienee AD \a equal, in 
magnitude jis well as direction, to the resultant of P 
and Q, 

The above proof is knoAvn as Duebayla's Proof: 

225. Centre of gravity of a uniform circular 

arc. 

# 

Let AB be a circular arc, subtending an angle 2a at its 
centre 0, and let OC bisect the 
angle AOB. 

Let the arc be divided 
into 2w equal portions, the 
points of division, starting from 
C, being A, i\... .Pn-i towaids ^ 

A^ and ^a> • • • Oh-i B. 

At each of these points of 
division, and at the extremities 
A and 7i, and also at the point 
C, let there be placed equal particles, each of mass m. 

Lot the arc joining two successive particles subtend 
an angle p at the centre O, so tliat 2nP = 2a, 
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Since the system of particles is symmetrical with respect 
to the line 0(7, the centre of gravity, (r, must lie on tho 
line 00, Let x be the distance OG. 

Then, by Art. Ill, 

_ mr + 2?n , r c<fe P + 2m . r co%:2/9 + . . . + 2mr cos n(3 
7n + 2m + 2711 + ... + 2m 

= ^ /3 + 2 cos 2/3 + ... +2 cos 


2n +- 1 


1+2 


7i + 1 _ . nB 

cos -jj-, ^sin ^ 
~ 
sing 


, [Tri;/. Art. 242] 


by summing the trigonometrical series, 

r ^ sin(n+l)^-sm| 

"2^+1 . B 

sm^ 

it 


(2?i +1) sin^ (271 + 1) sin ^ 


a 

2n 


.(i). 


Now lot the nuniber of particles bo increased without 
limit, a remaining constant, and consequently /3 decreasing 
without limit. We thus obtain the case of a unifonu 
circular arc. 

. a 


XT /.I w • ^ '♦* 

Now (2?i -I 

' ' V/»l V<w 


2n 


a 

sin 77 - 


Ti n 27^ 

L^ + 2nJ-“- a 


2n 


when n is made indefinitely great. 
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Hence, in the case of a uniform circular arc, (i) l>ecoraes 
„ sin a ^ 


Cor. In the case of a semicircular arc, in ^hich a = 
the distance of the centr^ of gravity from the centre 


r.1 T ■ 


. TT 

sin - 
2 2r 

TV TT ' 

9 


226. Centre of gravity of a sector of a circle. 

With the same notation as in the last article, let P and Q 
be two consecutive points on the circular l>oundary of the 
sector, so that PQ is very approximately a straight line, 
and OPQ\^ a triangle with a very small vertical angle at 0. 

Take I** on OP such that OP - iOP ; when PQ is very 
small, P is tlie centre of gravity of the triangle 0PQ» 


* Tho Stndont ^ho is acqiuiintoJ with iho Integral Calcuhi«; 
can obtain tins result very much easier thus; 

Ijct Pbe a point on the arc such that 2 POC=Ot and P a very 
close point such that l V'OP-^dO, 

I£ M be tho mass oi the whole aro the mass of the element PP i'-" 

~ . M, and tho abscissa of tbo point P is r cos 0. Hence, by Arr 111, 

Ad 



Also, by symmetry, it is clear that tho centre of gravity must lie 
pn OC. 
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By joining 0 to an indefinitely large number of con- 
secutive points on the arc AB^ the ^ 

sector can be divided into an in- 
definitely large number of triangles, 
each of ^^hose centres of gravii^y 
lies on the dotted circular arc, whose 
radius is fr. 

Hence the centre of gravity of 
the sector is the same as that of the 
circular arc A'CB\ so that, by the 
last article, 

.sin a 


0Q* = 0G*- 





Cor. If the sector he a semi-circle, a----, and the 


distance OG' ~ ^ 


4r 
37r ‘ 


227. Centre of gravity of the segment of a 
circle. 


The segment of a circle ACB is the differtuice between 
the sector OAGB and the triangle 


GAB. 

Using the same notation as in 
the two previous articles, let Gi and 
G 2 be respectively the centres of 
gravity of the triangle AOB and the 
segment ACB* Also let G be the 
centre of gravity of the sector, and 
let AB meet OC in /). 



We have, by Art. 109, ^ 

AAOB X OGi + segment ACB x OG^ ... 

TA Oii-i^tAU s 
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But 


OGi = %OD — |r cos a, 


and 


a 


Also A A 0^ — sin 2a,^ 

and segment A BC - sector A OB — A A OB 

~ . 2a — Jr- sin 2a. 

Hence ecjuation (i) becomes 

sin a sin 2a x cos a 4- Jr* ('la — sin 2a) x OG^ 
a J?** . 2a 

_ cos a sin 2a + 06 o (2a — sin 2u) 


Ir sin a — cos a sin 2a ~ OG^ (2a sin 2a) ; 

sin a ~ cos* a sin a 


/. 0G,=^ir 


2a — sin la 


^ sin** a 
2a — sin 2a* 


228 . Centre of gravity of a Zone of a Sphere. 

To prove that the centre of yramti/ of the surface of mty 
zone of a ephere is midway between its plane en.U. 

[A zone is the portion of a sphere intercepted between 
any two parallel planes.] 

Let ABUJD bo the section of tho zone which is made by 
a plane through the centre of tho sphere perpendicular to 
its plane ends. 

In the plane of the paper let ROR* be the diameter 
piU'allel to the plane ends. Draw the tangents RU and 

20 


L. S. 
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R*U* at its ends, and lot AB and CD meet tlieiii in the 
points a, by a, and d. 

Considei' the figure obtained by revolving tlie above 
figure about E0E\ The arc ^Z>-will trace out thc5 zone 
and the line ad will trace out a portion of the circum- 
scribing cylinder. 



Wo shall shew that the areas of the p<n’tions of the 
zone and cylinder inlercepte^l l>etweeu tlio planes ah and cd 
are the same. 

Take any point P on tJie arc l>etw(ieu A and D and 
another point Q indejinitely close to P, .Draw the lines 
2 )PMP' 2 / and qQNQ*^ perpendicular to OE as in the 
figure. 

Let PQ meet E‘E in T and draw QS perpendicular 
to PM. 

Since Q is the very next point to P on the arc, the 
line PQ is, by the definition of a tangent, the tangent at P 
and hence OPT is a right angle. Also in the limit, when 
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P and Q ai*o very close to one another, the area traced out • 
))y PQ^ which really lies })etweeii ^ttMP ,PQ and ^wNQ.PQ^ 
is equal to either of tlieiiL 


We then have % 

element of the zone area trat*e<l out by PQ 
ilenient of th'O cylinder- area traced out by 

'lir.JJP.PQ MP PQ MP 1 

Mp.jyq itp * Mp cosiSYj>y^ 

MP 1 MP 1 MP OP 
“ Mp ' no^'OTP “ Tt/j; ‘ ^wxMOP " \Mp ' MP 



The portions of the zonci and cylinder cut oil' by these 
two indiiiinitely close jlanes are Uiert'foro the siiino and 
hence their centres of gravity are tlu? saiiui. 

If we now take an indciiniltly largo nmnl>er (»f ^hin 
sections of tlie zone and cyliiulcr starting with AB and 


By Integral Calculus. ]*et / .tO/t/--a, L and JlPOE^O. 

Tho element of jiren, at V- aHO x2rru iy\n Oy ami tlie abscissa oC P is 
acoaO. Ilenne, by Art. lil, 


/ •iiTfi- sin 060 . ti cos 0 I h'niO i o-i 0- 

__0 .lA 

'r 


‘27r<f‘'*sm $d0 


Jo 


sill OtlO 


• G 


Jp _ a sin- a - sin'-* /3 

COS/J-OOBtt 


* COS® /3 - cos 
2 Goap-coi 

==llOL + OL']. 


a cos® B - cos® a a , _ . . 

= s ~ “o = s (cos p + cos o) 

2 cos cos a 2' ^ ' 


20—2 
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ending with CD the corresponding sections diavo the same 
mass and the same centre o£ gravity. 

The centre of gravity of the zone and cylinder ai*e 
therefore the same, and the centre of gravity of the latter 
is clearly the mideflo point of LLr^ 

Hence the centre of gravity of any zone of a sphere is 
midway between its plane ends. 

229. Centre of gravity of a hollow hemisphere. 

Let AB pass through the centre of the sphere and 
therefore coincide with Also lot D and G move up 

to coincide with so that the bounding plane DC becomes 
a pioint at E. 

Tlic zone thus becomes the hcinispliere JWECE' and its 
centre of gravity is therefore at the middle point of OE^ 
1.0., it bisects the radius of the sphere perpendicular to the 
plane base of the hemisphere. 

' 230. To find the ^wsition of the centre of gravity of 

a solid hemisphere. 

*Let LAM be the soction of the heinispliere made by the 

* By Xnteeral Calculus, bet P ho any point on tho arc AL\ 
draw PA’’peri)endi<jiihir to OA and Jet ON—.r, NP^tji then ciiwly 

where a is tho radius of the hemisphere. 

The element of volume included between PN and tho plane at 
distance x + bx is vy^bx. Also the abscisstii of P is x. 

Hence, by Art. Ill, 
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piano of the paper, and let OA bo tho radius of the 
hemisphere which is perpendicular to its 
piano base. 

Tako iiny jxjint P on tho hcmisjdiero 
and consider an exceedingly small ele- 
ment of the surface at P. The centre 
of gravity of the very thin pyramid, 
whose base is this small clement and 
whose vertex is 0, is at a point T' on 
0I\ such that OP' ^lOP, (Art. 107.) 

The weight of this very thin pyramid 
may therefore bo coi\.sidered concentrated 
at P\ 

Let the external surface of tho hemisphere be entirely 
divided up into very small portions and tho corresponding 
pyramids drawn. Tlicir centres of gravity all lie on the 
hemisphere JJP'a^i' wlioso centre is 0 and whose radius is 
0a{y--\0A), 

Hence the centre of gravity of the solid hemisphere is 
the same as that of the hemispherical shell L'P'aM\ i,e, it 
is at where 

OG^^lOa^^lOA, 

231 . Ill a similar manner wo may obtain the position 

of the centre of gravity of a spherical sector which is tho 
figure formed by tho revolution of a circular sector, such as 
tho figure OAQEDO^ in tho figure of Art. 228, about tho 
bisecting radius CiE, * 

The distance of its centre of gravity from O is easily 
seen to bo § {OL + OE), 

232 . There are some points which are not quite 
satisfactory in the foregoing proofs. For a strict demon- 
.Btration the use of tho Calculus is required. 
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233. Virtual Work. 

When we have a system of forces acting on a htxly in 
equilibrium and we suppose tliat the Ixxly undergoes a 
slight displacemenj:, which is consistent vnth the. gcometrkaZ 
conditions under which the systmi exists^ and if a point Q of 
the body, with this imagined displacement, goes to Q!, then 
QQf is called the Virtual Velocity, or Displacement, of the 
point Q, 

The word Virtual is used to impl}' that the displacement 
is an imagined, and not an actual, displacement. 


234. Tf a force R act at a point Q of the body and 
QQf be the virtual <lisplacemcnt of Q and if Q'N be the 
perpendicular from Q' on the direction of A*, then the 
product R, Qlf is called the Virtual Work or Virtual 
Moment of the force R, As in Art 127 this work is 
positive, or negative, according as is in the same 
direction as R, or in the opposit-e direction. 


235. The vvrtufiL loork of a farce is eqtud to the 
sum of the virtual ^oorJes of its components. 

Tx^t the components of R in two directions at right 
angles be X and T, R being 
inclined at an angle to the 
direction of JT, so that 
X=^R cos </» vand Y--R sin 

Let the point of application 
of 72 1)0 removed, by a virtual 
displacement, to Q* an<l draw (fJX perpendicular to R 
and lei 



iNQif - a. 
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Tho sum of tho virtual works of X and Y 
^.X,QL+Y.QM 

-- li COR . QQ* cos + a) + sin . QQ* sin (</> h a) 

- R . QQ' [oos </» cos (<^ -I- a) + sin sii? ((f> + a)] 

- R,Q0' cos a 
^--R.QN 

- tlie virtual work of R, 

236 . The principle of virtual work states that If a 
system of forces mtiiitj on a body he in equilihi'ium and the 
body undergo a slight disjylacement consistent with the 
geometrical conditions of the system^ the algebraic sum of 
the virtual works is zero ; and conversely if this algebraic 
sum he zero the forces are in equilibrium. In other wo7*ds, 
if tach fcnxe R have a virtual displacement r in the 
direction of its line of action^ then }i(A\r)-0; also^co7i- 
versely {/’ 2(A.7*) he ze7*o^ the forces are in equilibrium, 

Tn the next article we give a proof , of this theorem for 
coj)lanar forces. 

237 . Proof of the principle of virtual work for any 
system of forces in one plane. 

Take any two straight lines at right angles to one 
another in the plane of the forces and let the body under- 
go a slight displaceinent. This can clearly be done by 
turning th^ body through a suitable small angle a radians 
about 0 and then moving it through suitable distances a 
and h parallel to the axis, 

[The student may illustrate this by moving a book from any 
position on a table into any other position, the book throughout 
the motion being kept in contact with the table.] 
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liCt Q be the point of application of any force i?, whose 
ceordinates referred to 0 are 
X and y and whose polar 
coordinates are r and so 
tliat x = r cos 6 and^y = r sin 
where OQ = r and XOQ = 

When the small displace- 
ment has been made the coordinates of the new position 
Q' of Q are 

r cos (^ + a) + a and r sin + a) + 6, 
i(?. r cos 6 cos a — r sin ^ sin a + a 

and r sin 6 cos a + r cos 0 sin a h- &, 

Le, r cos (9 — a . r sin 0 -f- a 

and r sin ^ + a . r cos 6 + hy 

since a is very small. 

The changes in the coordinates of Q are therefore 
a — a,r sin 0 and h r a, r cos 6, 
i.e, a~~oy and 6 + cur. 

If then X and Y l)e the components of 72, the virtual 
work of 72, which is equal to the sum of the virtual 
works of X and Y, is 

X (a — ay) + 7" (6 + ax\ 

Le, a, X b , Y + a{Yx-~ Yy), 

Similarly we have the virtual work of any other 
force of the system, a, ft, and a being the same for each 
force. 

The sum of the virtual works will th(?refore «bo zero if 
a% {X) + ftS ( F) 4- aS ( T® — Xy) be zero. 

If the forces be in equilibrium then 2 (X) and 2(7) are 
the suras of the components of the forces along the axes 
OX and OY and hence, by Art. 83, they are separately 
equal to zero. 
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Also Yx — Xy =- sum of the moments of X and y about 
the origin 0 ~ moment of R about 0, (Art. 62.) 

Hence S ( Yx — Xy) ~ sum of the moments of all the 
forces about 0, and this sum is zero, by Art. 83. 

^ * 

It follows that if the forces be in equilibrium the sum 
of their virtual works is ^ro. 

238 . Conversely, if the sum of the virtual works be 
zero for any displacement, the forces are in equilibrium.' 

Witli the same notation as in the last article, the sum of 
the virtual works is 

ak{X)^-h%{Y)^a:%{Yx-Xy) (1), 

and this is given to ]>e zero ./or all displacements. 

Choose a displacement such that the body is displaceil 
only through a distance a parallel to the axis of x. For 
this displacement h unci a vanish, and (1) then gives 
a2(A’)--.0, 

so that 2 {X) - - 0, i.e. the sum of Uie components parallel h* 
OX is zero. • 

Similarly, choosing a displacement parallel to the axis 
of 2 /, we have the sum of the components parallel to OY 
zero also. 

Finally, let tho displacement be one of siinple rotation 
round the origin 0, In this case a and h vanish and (1) 
gives 

^ . 5(lx-Jfy) = 0, 

SO tliat the sum of the moments of the forces about 0 
vanish. 

The three conditions of equilibrium given in Art. 83 
therefore hold and the system of forces is therefore in 
equilibrium. 
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aao. As an example of tbe application of tbe Principle of 
Virtual Work wo shall solve tbe following 
problem. 

Six equal rods AB, BG, CD^ DE, EF, 
and FA are each of weight W and are 
freely jointed at their extremities so as to 
form a hexagon; the roti AB is fixed in n 

horizontal position and the middle points 

of AB and BE are joined hy a string; 

•prove that its tension is 3)^. 

Let Gj } G.j I Go , G^ , Gg , and Gg be tbe 
middle points of the rods. 

Since, by symmetry, BC and CD are equally inclined to the 
vertical the depths of the points G, G, and D below A B are respec- 
tively 2, 3, and 4 times as great as that of G^. 

Let the system undergo a displacement in the vertical piano of 
such a character that D and E are always in the vertical lines through 
B and A and BE is always horizontal. 

If Gj descend a vertical distance x^ then G, will descend 3 j*, G^ 
will descend 4x, whilst Gg and Gg will descend and x respectively. 

Tbe sum of the virtual works done by the weights 
= TF. X + 3.r f IF. 4.r + V' . 3x + IF. x 

' =12rF..x. 

If T be tbe tension of the string, the virtual work done by it 
will be , 

rx(-4x). 

For the displacement of G 4 is in a direction opposite to that in 
which T acts and hence the virtual work done by it is negati ve. 

The principle of virtual work then gives 
12TF.x-f r(-4.r)=0, 
i.e. r=3TF. 

240. RobervaPfl Balance. This balance, which 
is a common fbrm of letter-weigher, conflicts of,, four rods 
AB, BE, ET>, and DA freely jointed at the corners A, B, 
E, and D, so as to form a parallelogram, whilst the middle 
points, 0 and ¥, of and ED are attached to fixed 
points C and ¥ which are in a vertical straiglit line. The 
rods AB and DE can freely turn about C and F. 
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To ilie 1X3(18 AD and BE are attached scale-pans. In 
one of these is placed the substance W which is to be 
wcnghod and in the other the counterbalancing weight P, 



We shall apply the Principle of Virtual Work to prove 
that it is inunatc^rial on what part of the scah^-pans the 
Weights P and W arc^ placed. 

Since CBEF n,i\A CADF avo parallelograms it follows 
that, whatever he the angh^ through w'hich the iMilance is 
turruxi, tlie rods BE and A D are always parallel to C/'and 
therefore are ahvays vertical. 

[f the rod AB Ix^ turned through a small angh- the 
p<3int B rises as much Jis the point A falls, ^‘he rcxl BE 
therefore ris(3s as much as A D falls, and ttie right-hand 
scale-pan rises as much as the left-hand one falls. In such 
a disphicement the virtual work of the \veights of the rod 
BE and its scale-jian is therefoi*e ecpial and opposite to the 
virtual w<?rk of the weights of A D and its scale-pan. Thesti 
virtual works tliereforo cancel one another in tlie e(|uation 
of virtual work. 

Also if the displacement of the right-hand scale-pan bo 
^3 upwanls, that of the left-hand one is p downwards 
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The equation of virtual work therefore gives 

P.p^W{^p)^0, 

u p-r. 

Hence, if the machine balance in any position whatever, 
the weights P and W are equal, and this condition is 
independent of the position of the weights in the scale-pans. 
The weights therefore may liave any position on the 
scale-pans. 

It follows that the scale-pans need not have the same 
shape, nor be similarly attached to the machine, provided 
only that their weights are the same. 

h'or example, in the above figure either scale-pan instead 
of pointing away from CF may point towards it, and no 
change would be requisite in the position of the other. 


' EXAMPLES. XXXIX. 

1, Four equal heavy uniform rods are freely jointed so as to 
form a rhombus which it freely suspended by one angular point and 
the middle points of the two upper rods are connected by a light rod 
so that the rhombus cannot collapse. Prove that the tension of 
this light rod is 4 IP tan a, where W is the weight of each ro<l and 2a 
is the angle of the rhombus at the point of suspension. 

2, A string, of length a, forms the shorter diagonal of a rhombus 
formed of four uniform rods, each of length b and weight }l\ which 
are hinged together. 

If one of the rods be .supported in a horizontal position prove that 
the tension of the string is 

* 2W{2V^^a^ 

3, A regular hexagon ABCDEF consists of 6 equal rods 
which are each of weight IV and are freely jointed together. The 
hexagon rests in a vertical plane and AH is in contact with a 
horizontal table; if C and F be connected by a light string, prove 
that its tension is IV ^/3. 
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4. A tripod consists of three equal uniform bars, each of length 
a and weiglit w, which are freely jointed at one extremity, their 
middle points being joined by strings of length h. The tripod is 
placed with its free ends in contact with a smooth horizontal plane 
and a weight W is attached to the common joint; prove that the 
tension of each string is 


r{(2ir+3i^’) 




5, A squsiro framework, formed of uniform heavy rods of equal 
weight jointed together, is hung up by one comer. A weight 
ir is suspended from eiich of the three lower comers and the shape 
of the square is preserved by a light loii along the horizontal 
diagonal. Prove that its tension is 4 IK. 


6. Pour equal ro^ls, each of length a, are jointed to fomi a 
rhombus AUCD and the angles B and B are joined by a string of 
length f. TJie system is placed in a vertical piano with A resting on 
a horizontal plane and A(J is vertical. Prove Unit the tension of the 

string is 2ir --- , \\here iris the weight of each ixxl. 


7, A heavy cltistic string, whoso natural length is 27ru, is placed 
round a smooth cone whose axis is vertical and whose semivertical 
angle is a. If IT be tluj weight and \ the nuxhilus of ehisticify of the 
string, prove that it will be in equilibrium when in the form of acircl** 



8, Two equal uniform rods A Ft and AC^ caeh of length 2?*, arc 
freely jointed at A and rest on a siiKx>th vertical ciifle of radius a. 
Shew, by the Priuciidc of Virtual Work, that, if 2$ be Uio angle 
between them, then 

6siu® ^=rtcos^. 

9. Bolve Ex. 13, page 278, by tho application of the Principle 
uf Virtual Work. 
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EASY MISCELLANEOUS EXAMPLES. 

1. Find the resultant of two forces, equal to the weights of 13 
and 14 lbs. respectively, acting at an obtuse angle wlioso sine is 

2. Resolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 60°. 

3. ABGT) is a square; forces of 1 lb. wt., 6 lbs. wt. and 9 lbs. wt. 
act in the directions Ali^ AC\ and Al> respectively; find the magni- 
tude of their resultant correct to two places of decimals. 

A The resultant of two forces, acting at an angle of 120°, is 
perpendicular to the smaller coiJiiXJiient. The greater component is 
equfU to 100 lbs. weight; lind the other component and the resultant. 

5. If K and F be the middle points of the diagonals A 0 and BD 
of the quadrilateral A 7167), and if FF be bisected in fr , i)rovo that the 
four forces rein'esented in magnitude and direction by RO’, CO, 
and DO, will be in equilibrium, 

6. A stiff pole 12 feet long sticks horizon tally out from a vertical 
wall, it would break if a weight of 28 lbs. were hung at the end. 
How far out along the polo may a boy who weighs 8 stone venture 
with safety? 

7. A rod weighing 4 ounces and of length one yard is pkw5od on a 
table so that ouc-third of its length projects over the edge. I’ind the 
greatest weight which can be attached by a string to the end of the 
rod without causing it to topple over. 

8. A uniform beam, of weight 30 lbs., rests with its lower end on 
the ground, the upper end being athiched to a weight by means of a 
horizontal string passing over a small pulley. If the beam be 
inclined at 60° to the vertical, prove tliat the pressure on tho lower 
end Is nearly 40 lbs. wt., and that the weight attached to the string is 
nearly 26 lbs. wt. 

9. Find the centre of parallel forces which are equal xospectively 
to 1, 2, 3, 4, 5, and 6 lbs. weight, the points of application of the 
forces being at distances 1, 2, 3, 4, 5, and 6 inches respectively 
measured from a given point A along a given line AB, 

.10- The angle D of a triangle ABC is a right angle, AB being 
8 h^hes and BC 11 inches in length; at .4, R, and C are placed 
particles whose weights are 4, 5, and 6 respectively; find the distance 
of their centre of gravity from A, 



MISCELLANEOUS EXAMPLES 


319 


11. On the side of an equilateral triangle and on the side 
remote from C is described a rectangle whose height is one half of 
AB ; prove that tlie centre of gravity of the whole figure thus formed 
is the middle point of AB, 

12. From a regular hexagon one of the equilateral triangles with 
its vortex at the centre, and a side for baseys cut away. Find the 
centre of gravity of the remainder. 

13. L pile of six pennies rests on a horizontal tabic, and each 
peuny projects the same distanoe beyond the ono below it. Find the* 
greatest possible horizontal distance between the centres of the highest 
and lowest pennies. 

14. The pressure on the fulcrum when two weights ore suspended 
in equilibriiiin at the end of a straight lever, 12 inches long, is 20 lbs. 
wt. and tliG ratio of the distances of the fulcrum from the ends is 

3 : 2. Find the weights. 

15. A straight lever of length 5 feet and weight 10 lbs. has its 
fulcrum at one end and weights of 3 and 6 lbs. are fastened to it at 
distances of 1 foot and 3 feet from the fulcrum ; it is kept horizontal 
by a force at its other end; find the iiressure on the fulcrum. 

10. Find the relation between the effort P and the weight 1^ in a 
system of 5 movable pulleys in which eimh pulley hangs by a separate 
string, the weight of each pulley being P. 

17. In tho system of 5 weightless pulleys in which each string is 
attached to a weightless bar from which the weights hang,* if the 
strings be successively one inch apart, find to what point of the bar the 
weight must bo uthiched, so that the bar may be always horizontal. 

18. A body, of mass 5 lbs., rests on ft, smootli piano which is 
inclined at 30^' to the liorizon and is acted on by a force equal to the 
weight of 2 lbs. acting parallel to the plane and upwards, and by a 
force equal to P lbs. weight acting at an angle of 30"^ to the plane. 
Find the value of P if tho body ho in equilibrium. 

19. If one scale of an ac/curato balance bo remo' A and no mass 
be placed in the other scale, prove that the inclination of tho beam to 

the horizon is tan“^ where 2a is the length of the beam, h 

11 k + Sh 

and k arc respectively the distances of the point of suspension from 
the beam and the centre of gravity of the balance, <ind S and TF',are 
respective! V* the weight of the scale^pan and the remainder of Hie 
balanoe. 

20. If the distance of the centre of gravity of the beam of a 
common steelyard from its fulcrum ho 2 inches, the movable weight 

4 ozs., and the weight of the beam 2 lbs., find the distance of the aero 
of graduations from the centre of gravity. Also, if tho distance 
between the fulcrum and the end at which the scale-pan is attach^ 
be 4 inches, find thd^distance between successive graduations. 
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21. If the circumference of a screw be 20 inches and the distance 
between successive threads *75 inch, find its mechanical advantage. 

22. The height of a rough plane is to its base as 3 to 4 and it is 

found that a body is just supported on it by a horizontal force equal 
to half the weight of th|> body ; find the coefficient of friction between 
the body and the plane. ^ 

23. A ladder, 30 fe<it long, rests with one end against a smooth 
vertical wall and with the other on the ground, which is rough, the 
coefficient of friction being i ; find how high a man whose weight is 
4 times that of the ladder can ascend before it begins to slip, the foot 
of the ladder being 6 1‘cct from the wall. 

24. A cylindrical shaft lias to be sunk to a dejith of 100 fathoms 
through clialk whose density is 2*3 times that of water; the diameter 
of the shaft being 10 feet, what must be the h.p. of the engine that 
can lift out the material in 12 working days of B hours each? 


^HAltDER MISCELLANEOUS EXAMPLES. 

1, If 0 be the centre of the circle circumscribing the triangle 

ABCt and if forces act along OA^ OU^ and OG resiiectivdy jiropor- 
tional 'to CA , and Ali^ shew that their resultant passes through 

the centre of the inscribed circi 

2, Three forces act along the sides of a triangle ABCy taken 
in order, and their resultant passes through the orthocentre and 
the centre of gravity of the triangle; shew that the forces are in 
the ratio of 

sin 2A si a (li - C ) : sin 2Ji sin (C - .4 ) : sin 2C sin (A - li). 

Shew also that their resultant acts along the line joining the centres 
of the inscribed and circumscribing circles, if the forces be in the 
ratio 

cosJ3-cos<7 : cosC-cosvf : oos.d-co8-^. 

rj aifc Three forces PA, PB, and PC, diverge f^om the point P and 
others AQ, BQ, and CQ converge to a ^int Q.^' Show that 
the^ resultant of the six is represented in magnitude and direction 
by dPQ and that it passes through the centre of gravity of' the 
triangle ABC, 

4. P is the orthocentre, and O the circumcentre of a triangle 
ABC; shew ^at the three forces AT, BT, and CT have os vosoltaat 
'l^e force represented by twice OT, 
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5. Find the centre of gravity of three particlee placed at the 
centres of the escribed circles of a trininglo, if they be inversely 
proportional to the radii of these circles. 

6. ABCD is a rectangle; find a point P in AD such that, when 
the triangle PDC is taken away, the remaining trapezoid ABCP 
may, when suspended from%P, hang with ^ts sides AP and BG 
horizontal. 

7. A triangular lamina ABC, obtiiBC-angled at C\ stands with 
the side AC in contact with a table. Shew that the least weight, 
which suspended from B will overturn the triangle, is 

^ -4- 'lb- - r** 

where ir is the weight of the triangle. 

Interpret the above if c- > a- + 3b^‘. 

8. A pack of cards is laid on a table, and each card projects 
in the direction of the length of the pack beyond the one below it; 
If each project as far as possible, shew that the distances between 
the exiremites of successive cards will fonn a harmoniail pro- 
gression. 

9. If (lAj hBf cC ... represent n forces, whose points of appli- 
cation are a, ft, c ... and whoso extremities are d, 71 , C\ ..., shew that 
their resultant is given in magnitude and direction by n.gGy where 
g is the centre of inertia of n equal particles tf, ft, c, and G the 
centre of inertia of n equal particles d, P, .... 

What follows if g coincide with G? 

10. From a body, of weight ir, a portion, of weight tr, is cut 

out and moved through a distance j*; shew that the line jnini'ig the 
two positions of the centre of gravity of the whole body it* parallel to 
the line joining the two positions of the centre of gniv:\y of the part 
moved. * 


11. Two uniform rods, AB and AC, of the same material are 
rigidly connected at A, the angle BAG being 60"^, and the length 
of AB being double that of ylC. If G be the centre of inertia of 

rods, shew tSat BG=AC and, if the system bo suspended 

freely from the end B of tlie rod AB, shew tliat the action at A 
consists of a vertical force equal to one-third of the weight, 7K, of 
the system, and a couple whose moment is 
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12. If the hinges of a gate be 4 feet apart and the gate be 10 feet 
wide and weigh 600 lbs., shew that, on the assumption that all the 
weight is borne by the lower hinge, the stress on the upper hinge 
must be 625 lbs. wt. 

13. A step-ladder in the form of the letter A, with each of its legs 
inclined at an angle a^o the vortical, is placed on a horizontal floor, 
and is held up by a cord connecting tiie middle points of its legs, 
there being no friction anywhere; shew that, when a weight W is 

placed on one of the stops at a height from the floor equal to ^ of the 
height of the hulder, the increase in the tension of the cord is - irtana. 


14. A cylinder, of radius r, whose axis is fixed horizonttUly, 
touches a vertical wall along a generating line. A flat l>eam of uni- 
fonn material, of length 2Z and weight 11^ r<\st» with its extremities 
in contact with the wall and the cjliiidcr, making an angle of 45° 

I /5 — 1 

with the vertical. Shew that, in the absence of friction, — = , 

that the pressure on the wall is and that the reaction of the 
cylinder is 


15, A uniform rod, of length 32fi, rests partly within and partly 
without a smooth cylindrical cup of rsdius a. Shew tliat in the 
position of equilibrium the rod makes an angle of 60° with the 
horizbn, and prove also that the cylinder will topple over unless its 
weight be at least six tim- s ti.nt of the rod. 

16, A tipping basin, whvwo interior surface is spherical, is free 
to turn round an axis at a distance c Inflow tho centre of the sphere 
and at a distance a above tho centre of giuvity of tho basin, and a 
hea^y ball is laid at the bottom of tho basin; shew that it will tip 

over if the weight of tho ball exceed tho fraction * of the weight of 

the basin. 


. IT. A thin heinisphorical shell, closed by a plane base, is filled 
with water and, when suspended from a point on the rim of tho base, 
it hangs with the base inclined at an angle a to tho vertical. Shew* 
that the ratio of the weight of the water to that of the shell ia 
ta^ a ^ • g ~~ tan a. ^ 

18, A hollow cylinder, composed of thin metal open at both 
ends, of radius a, is placed on a smooth horizontal plane. Inside it 
are placed two smooth spheres, of radius r, one above the other, 2r 
being >a and <2a. If l^be the weight of the cylinder and W the 
weight of one of the spheres, shew that the cylinder will judt stand 
upright, without tumbling over, if 

r,a=2H"'(a-r). 
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19. An isosceles triangular lamina, with its plane vertical, rests, 

verteic downwards, between two smooth pegs in the same horizontal 
line; shew that there will be equilibrium if the base make an angle 
sin''^ (cos^ a) with the vortical, 2a being the vertical angle of the 
lamina and the length of the base being three times the distance 
between the pegs. ^ 

20. A prism, whose crosi^ section is an equilateral trianglo, rests 
with two ^ges horizontal on smooth planes inclined at angles a 
and to the horizon. If ^ be the^ angle that the plane through these 
edges makes with the vertical, shew that 

2y/‘6 sin a sin f sin (a f 

UllfTl & #*% I — J-- - _ ■ -ir ^ 

,1^/3 Sin 

21. A thin board in the form of an equilateral triangle, of weight 
1 lb., has one-quarter of its base resting on the end of a horizontal 
table, and is kept from falling over by a string attiu'hed to its vertex 
and to a ixiint on the table in the same vertical plane as the triangle. 
If the length of the string be double the heiglit of the vortex of the 
triangle above the base, hnd its tension. 

22. A solid cone, of height h and semi-vertical angle a, is placed 
with its base against a smooth vertical wall and is siipjioited by a 
string attached to its vertex and to a point in tlic wall ; shew that 

the greatest possible length of the string is 7 / Vl f -V- tan- a. 

• 

23. ^he altitude of a cone is 7 » and the radius of its base is r ; a 
string is fastened to the vertex and to a point on the circumference 
of the circular base, and is then put over a smooth peg ; shew th\t, if 
the cooe rest with its axis horizontol, the leAgth of the string must 
be 

24. Three equal smooth spheres on a smooth horizontal plane 
are in contact with one another, and are kept together by iiu rndlcss 
string in the plane of their centres, just iitting them : if a fourth 
equal sphere be placed on them, shew that the tcnsiuii of the s^ing 
is to the weight of either sphere as 1 : 3.^6. 

25. A smooth rod, of length 2ri, has one end resting on a plane 
of inclination a to the horizon, and is supported by a horizontal rail 
which is parallel to f jie plane and at a distance c from it. Shew 
that the moli’liation d of the rod to the inclined plane is given by 
the equation c sin a =a sin^ $ oos {0 - a). 

26. A square board is hung fiat against a wall, by means of a 
string fq^Btened to the two extremities of the upper edge and hong 
round a perfectly smooth rail ; when the length of tlie string is less 
than the diagonal of the board, shew that there are three positions of 
equilibrium. 


21—2 
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27. ^ hemispherical bowl, of radius r, rests on a smooth hori- 
zont^ table and partly inside it rests a rod, of length 22 and of 
weight equal to that of tho bowl. Shew that the position of equili- 
brium is given by the equation 

2 sin (a -H/3) =r sin a= - 2r cos (a+ 2j8), 
where a is the inclinatton of the base pf the hemisphere to tho hori- 
zon, and 2^ is the angle subtended at iho centre by the part of tho 
rod within the bowl. 


28. A unifonn rod, of weight TT, is suspended horizontally from 
two nails in a wall by means of two vertical strings, each of length 2, 
attached to its ends. A smooth weightless wedge, of vertical angle 

W 

30®, is pressed down^with a vertical force between the wall and 

tho rod, without touching the strings, its lower edge being kept hori- 
zontal and one face touching the wall. Find the distance thrc'ugh 
which the rod is thrust from the wfill. 


29. Ail is a smooth plane inclined at an angle a to the horizon, 
and at A, the lower end, is a hinge about which there works, without 
friction, a heavy uniform smooth plank A (7, of length 2a. Between 
the plane and the plank is placed a smooth cylinder, of radius r, 
which is prevented from sliding down the plane by the pressure of 
the plank from above. If W be the weight of the plank, IF' that of 
the cylinder, and B the angle between the plane ana tho plank, shew 
that 


JF'r 

Wa 


-cos (a-f 0) 


1 - cos 6 
sin a 


30. Two equal circular discs — of radius r — with smooth edges, 
are placed on tbiir Hat sides in the comer between two smooth 
vertical planes inclined at an angle 2a, and touch each other in tho 
line bisecting the angle; prove that the radius of the least disc that 
can be pressed between Itiem, without causing them to aepiirate, is 
r (seca-1). 

31. A rectangular frame AliCD consists of four freely jointed 

bars, of negligible weight, tho bar AD being fixed in a vertical posi- 
tion. A weight is placed on tho upper horizontal bar AB at a given 
point P and the frame is kept in a rectangular shape by a string AC, 
Find the tension of the string, and shew that it is unaltered if this 
wei^t be placed on the lower bar CD vertically under its former 
position. “ f 

32. A unifonn rod MN has its ends in two fixed straight rough 
grooves OA and OB, in the same vertical plane, which make angles a 
and p with the horizon ; shew that, when the end M is on the point 
of slipping in the direction AO, the tangent of the angle of inclina* 

tion of MN to the horwon is g « is the 

angle of friotion. 
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33. A rod, resting on a rough inclined plane, vrhoso inclination a . 
to the horizon is greater than the angle o£ friction X, is free to turn 
about one of its ends, which is attached to the plane; shew that, 
for equilibrium, the greatest possible inclination of the rod to the 
line of greatest slope is sin^^ (tanXoota). 

34. Two equal uniform 'rods, of length 2a, are jointed at one 
extremity by a hinge, and rest symmetrically upon a rough fixed 
sphere of nulius c. Find the limiting position of equilibrium, and 
shew that, if the coefficient of friction be c 4 -a, the limiting inclination 
of each rod to the Tertical is 

% 

35. A uniform straight ro<l, of length 2c, is placed in a horizontal 
position as high as possible within a hollow rough si)here, of radius 
a. Bhew that the line joining the middle point of the rod to the 

fid 

centre of the sphere makes with the vertical an angle tan~^ • 


36. A rough rod is fixed in a horizontal position, and a rod, 

having one end freely jointed to a fixed point, is in equilibrium 
resting on the fixed rod; if the perpciudicular from the fixed point 
upor the fixed ro<l be of length h and be inclined to the liorizon at an 
angle a, shew that tlic portion of the fixed rod upon any point of which 
the movable rod may rest is of length . 

2fxh cos a 

fj sin-a — jJT cos’*a * 

0 

where /a is the coefficient of friction. 

37. A glass rod is balanced, partly in and partly out of a c^liii* 
diictvl tumbler, with the lower end resting itgainst the vertical side 
of the tumbler. If a and jS be the greatest and least .mgles which 
the rod can make with the vertical, shew that the angle of friction is 

Atan-> . 

^ sin* a cos a + siii* p cos ^ 

38. A rdCl rests partly withhi and partly without a box in the 
shape of a rectangular mrallelopiped, and presses with one end 
against the rough vertioaf side of the ]^x, and rests in contact with 
the opposite smooth edge. The weight of the box being four times 
that of the rod, shew that if the rod be about to slip and the box 
be about to tumble at the some instant, the angle that the rod makes 

with the vertical is iX + icos“^(J cosX), where X is the angle of 
friction. 
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39. A uniform heavy rod lies on a rough horizontal table and U 
pulled perpendicularly to its length by a string attached to any point. 
About what point will it commence to turn? 

Shew also that the ratio of the forces, required to move the rod, 
when applied at the centre and through the end of the rod perpen- 
dicular to the rod, is^^/^2-|-l ; 1. ^ 

40. equal heavy particles are attached to a light rod at 
equal distances c, and two strings are attached to it at equal distances 
a from the middle point; the rod is then placed on a rough hori- 
zontal table, and the strings are pulled in directions perpendicular 
to the rod and making the same angle $ with the vertic^ on op^site 
sides of the rod. Find the least tensions that will turn the and 

shew that, if the coefiicient of friction be - , the tension will be least 

c 

when 0 is 45°. 


41. Two equal similar bodies, A and each of weight W, are 
connected by a light string and rest on a rough horizontal plane, 
the coefficient of friction being fi. A force P, which is less than 
2/xWf is applied at A in the direction BA, and its direction is 
gradually turned through an angle 0 in the horizontal plane. Shew 
that, if P be greater than then both the weights will slip 


when cos 0 


P_ 


but, if P be less than ^f2ixW and be greater than 


uW 

fiW, then A alone will slip whejn sin . 


42. A uniform rough beam AB lies horizontally upon two others 
at poiuts A and C ; shew that the least horizontal force applied at B 
in a direction perpendicular to BA, which is able to move the beam, 

is the lesser of the two forces i/iJF and » where AB is 2a, 

AC IB h, W is the weight of the beam, and fi the coefficient of friction. 


43. A uniform rough beam A B, of length 2a, is placed horizontally 
on two equal and equally rough balls, the distance between whose centres 
is h, touching them in C and I> ; shew that, if 5 be not greater than 
4a 

, a position of the beam con be found in whhsh a forre P exerted at 


B TOipendicular to the beam will cause it to be on the point of motion 
bow at 0 and D at the same time. 


44. A uniform heavy beam is placed, in a horizontal position* 
between two unequally rough fixed planes, inclined to the horizon 
at given angles, in a vertical plane perpendicular to the planes. Find 
the condition ttueit it may rest there. 
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45. A. uniform rod is in limiting equilibrium, ono end resting 
on a rough horizontal xdanc and the other on an equally rough jdane 
inclined at an angle a to the horizon. If \ be the angle of friction, 
and the rod be in a vertical plane, shew that the inclination, 
of the rod to the horizon is given by 

^ ^ ^ sin(a-2\) % 

tand=*— . — ' — r. 

2 BiiiXsm (a-X) 

Find also the normal reactions of the planes. 


46. If a pair of compasses rest across a smooth horizontal 
cylinder of radius o, shew tliat the frictional couple at the joint 
to prevent the legs of the compasses from slipping must bo 

jr (<• cot a cosec a - sin a), 

where ir is the weight of each leg, 2a the angle between the legs, and 
a the distance of the centre oi gi'avity of a leg from the joint. 


47. The handles of a drawer are equidistant from the sides of 
the drawer and arc distant c from each other ; shew that it will be 
impossible to pull the drawer out by pulling one handle, unless the 
length of the dntwer from ba4*k to front exceed fic. 


48. If one cord of a sash-window break, find tbo least eo^irient 
of friction l^etwoen the sash and the window-frame in order that the 
other weight may still supfairl the window. 


49. A circular hoop, of radius one foot, bangs on a horizontal 
bar and a man hangs by one hand from the hooi). If the coeflicient 
of friction between the hoop and the bar bo find the shortest 

possible distance from the man’s hand to the bar, the weight of 
tho hoop being neglected. 


50. A square, of side 2u, is i>laced with its plane vertical between 
two smooth pegs, which are in the same honzontal line and at a 
distance c ; show that it will be in equilibrium when the inclination 

1 tjfi ~ 

of one of its edges t^ tho horizon is either 45® or J sin“^ — . 

51. Three equal circular discs, A, il, and C, are placed in contact 
with each other upon a smooth horizontal plane, and, in addition, 
B and C are in contact with a rough vertical wall. If the coefTicient 
of friction between the circumferences of the discs and also between 
the discs and wall bo 2 > .^3, shew that no motion will ensue when A 
is pushed perpendicularly towards the wall with any force P. 
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52. If the centre of gravity of a wheel and axle be at a distanoo 
a from the axis, shew that the wheel can rest with the plane through 
the axis and the centre of gravity inclined at an angle less than $ 


to the vertical, where Eind=- sin^, h being the radius of the axle, 


and 0 the angle of frictjon. 

t 


53. A particle, of weight rests on a rough inclined plane, of 
weight whose base rests on a rougli table, the cocfricients of friction 
being the same. If a gradually increasing force be applied to the 
particle w along the surface of tlie inclined plane, find whether it will 
move up the plane before the plane slides on the table, the angle of 
inclination of the plane being a. 


54. A rough cylinder, of weight W\ lies with its axis horizontal 
upon a plane, whose inclination to the horizontal is a, whilst a man, 
of weight W (with his body vertical), stands upon the cylinder and 
keeps it at rest. If his feet be at A and a vertical section of the 
cylinder through A touch the plane at 7?, shew that the angle, 0^ sub- 
tended by AB at the centre of the section, the friction being suflicient 
to prevent any sliding, is given by the equation 

W sin {0 + a) = {W+ W') sin a. 


55. Two rough uniform spheres, of equal radii but unequal 
weights Wi and IFj, rest in a spherical bowl, the lino joining their 
centres being horizontal a ad subtending an angle 2a at the centre of 
the bowl; shew that the coe^ieient of friction between them is not 

less than tan (46“ - ?) . 

56. Two rigid weightless rods are firmly jointed, so as be at 
right angles, a weight being fixed at their junction, and ore placed 
over two rough pegs in the same horizontal plane, whose coefficients 
of friction are fi and ijf, Shew that they can be turned either way 

from their symmetrical position through an angle ^tan-^^i— , 

without slipping. 


57. A sphere, of weight TT, is placed on a «'ough xfi^ne, inclined 
to the horizon at an angle a, which is less than the angle of friction; 

shew that a weight W — — — , fastened to the sphere at the 
cos a - sin a ^ 

upper end of the diameter which is parallel to the plane, will just 
prevent the sphere from rolling down the plane. 

What will be the effoot of slightly decreasing or slightly increasing 
this weic^t? 
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58. equal uniform rods are joined rigidly together at one 
extremity of each to form a V, with the angle at the vertex 2a, and 
are placed astride a rough vertical circle of such a radius that the 
centre of ^avity of the V is in the circumference of the circle, the 
angle of friction being 6. Shew that, if the V be just on the point of 
motion when the line joining its vertex with^the centre of the circle 
is horizontal, then sin e in a. 

If the rods be connected by a hinge and not rigidly oonneoted, 
and the free ends f)c joined by a string, shew that the joining string* 
will not meet the circle if sin a bo < J ; if this condition be satisfied, 
show that if the V is just on the point of slipping when the line 
joining its vertex to the centre is horizontal, the tension of the string 
\y . 

will be — + cosec a, where W is the weight of either rod. 

59. A vertical rectangular beam, of weight ir, is constrained by 
guides to move only in its own direction, the lower end resting on a 
smooth floor. If a smooth inclined plane of given slope be pushed 
under it by a horizontal force acting at the back of the inclined 
plane, find the force required. 

If there be friction between the floor and the inclined plane, but 
nowhere else, what must be the least value of ja so that the incliaed 
plane may remain, when left in a given position under the beam, 
without being forced out? 

60. A circular disc, of weight W and radius a, is suspended 
horizontally by three equal vertical strings, of length 6, attached 
symmetrically to its perimeter. Shew th^t the magnitude of the 
horizontal couple required to keep it twisted through an angle $ is 


ff Wr ■ ■ T • 

61. Two small rings, each of weight TK, slide one upon each of 
two rods in a vertical plane, each inclined at an angle a to the 
vertical; the rings are connected by a flne elastic string of natural 
length and whose modulus of elasticity is X; the coefficient of 
friction for each rod and ring is tan 0 ; shew that^ if the string be 
horizontal, each rinj; will rest at any point of a segment of the rod 
whose length is 

TFX“^ a coseo a {cot (a - /3) - cot (a + )9) } . 

82. A wedge, with angle 60®, is placed upon a smooth table, and 
a weight of 20 lbs. on the slant face is supported by a striug Mng on 
that face which, after passing through a smooth ring at we tra, 
supports ai-weight W hanging vertioajly; fiind the ma^^tude of Ir. 
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Find also the horizontal foroe necessary to keep the wedge at rest 

(1) when the ring is not attached to the wedge, 

(2) when it is so attached. 

Solve the same question supposing the slant face of the wedge to 


be rough, the coefficienif of friction being and the 20 lb. weight i 

isjo 

the point of moving down. 


63. Shew that the power necessary to move a cylinder, of radius 
r and weight W, up a smooth plane inclined at an angle a to the 
horizon by means of a crowbar of length I inclined at an angle p to 
the horizon is 

TFV sin a _ 

I 1 + cos (a + /3) 


64. A letter-weigher consists of a unifoim pinto in the form of a 
right-angled isosceles triangle ADC^ of moss 3 ozs., which is suspended 
bv its right angle C from a fiised point to which a plumb-line is 
also attached. The letters are suspended from the angle A, and their 
weight read off by observing where the plumb-line intersects a scale 
engraved along AB^ the divisions of which are marked 1 oz., 2 oz., 
3 oz., etc. Shew that the distances from A of the divisions of the 
scale form a harmonic progression. 


65j A ladder, of length I feet and weight l^lbs., and uniform in 
every respect throughout, ^ i msed by two men A and Ji from a hori- 
zontal to a vertical position. A stands at one end and /?, getting 
underneath the ladder, walks from the otlier end towards A holding 
successive points of the ladder above his head, at the height of d feet 
from the ground, the force he exerts being vertical. Find the force 
exerted by B when thus supporting a point n feet from d, and shew 
that the work done by him in passing from the to the (n foot 
. Wld 
^ 2n(n- l)' 

When most A press his feet downwards against bis end of the 
ladder? 


66. Prove that an ordinary drawer cannot be pushed in by a 
foroe applied to one handle until it has been pushed in a distance 
a . fi by forces applied in some other manner, w^re a is the distance 
between the handles and fi is the coefficient of friction. 

67. Three equal uniform rods, each of woioht W, have their ends 
hing^ together so that they form an equilateral triangle ; the triangle 
rests in a horizontal position with each rod in contact with a 
smooth cone of semivertical angle a whose asis is vertical; prove 

tiiat the aetion at each hinge Is 
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68. A reel, consitjtinp; of a spindle of radius c with two circular 
ends of radius a, is placed on a rough inclined plane and has a thread 
wound on it which unwinds when the reel rolls downwards. If /t be 
the coefficient of friction and a be the inclination of the plane to the 
horizontal, shew that the reel can be drawn up the plane by means 

of the thread if /i be not lei3 than — — ® \ 

a - c 003 a 

69. Vrove the following geometrical construction for the centre 
of gravity of any unifonn plane quadrilateral AliCD ; find the centres 
of gravity, X and 2^, of the triangles AUD^ CBD ; let meet BD in 
V ; then the requir^ centre of gravity is a point G on Xl', such that 
YG = XU. 


70. There is a small int(*rval between the bottom of a door and 
the lli3or, and a wedge of no appreciable weight has been thrust into 
tJiis inU'rval, the coefficient of friction between its base and the floor 
being known. If tho angle of the wedge be smaller than a certain 
amount, shew that no force can open the door, the slant edge of the 
wedge being sup^io^^d smooth. 

71. On tho top of a fixed rough cylinder, of radius r, rests a thin 

unifonn plank, and a inaii stands on the plank just above the point 
0 ^ contact. Shew that lie can walk slowly a distance (m + 1) re along 
tlie plank without its slipping off the cylinder, if tho weight of the 
plank is 7i times that of tho man and e is the angle of friction between 
the plnnk and the cylinder. * 

72. A hoop stands in a vertical plane on a rough incline which 
tho plane of the hoop cuts in a line of greatest slope. It is kept in 
equilibrium by a string fastened to a point in the circumference, 
wound round it, and fastened to a peg in the incline further up and 
in tho same plane. If X is the angle of friction, 0 the angle the hoop 
subtends at tbo peg, and a that of tho incline, shew that tuere is 

limiting equilibrium when d=a-fcos-^ 

happen if d has a greater value ? 

73. Shew that tho least force wffiich applied to the surface of a 

hea^ uniform sphere will just maintain it in equilibrium against a 
rough vertical wsdl is ^ 

• JFSoae or ?rtane[tan€- ^/tan*e^l] 

according as €<or>coB“i^^^^-i , where JF is the weight and c the 
angle of friction. 

74. A uniform rod, of weight 7F, can turn freely about a hinm at 
one end, and rests with the other against a rough vertical wall making 
an angle a with tl^ wall. Shew that this end may rest anywhere on 
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an arc of a circle of angle 2 tan''^ [p, tan a], and that in either of the 

extreme positions the pressure on the wall is ^ir[cot“tt+/i®] "" where 
/i is the coefficient of friction. 

75. U the greatest possible cube be cut out of a solid hemisphere 
of uniform density, prove that the remainder can rest with its curved 
surface on a perfectly rough inclined plane with its base inclined to 
the horizon at an angle 

where a is the slope of the inclined plane. 

76. A cylindrical cork, of length Z and radius r, is slowly ex- 
tract^ from tiie neck of a bottle. If the normal pressure per unit of 
area between the bottle and the unextnu^ted part of the cork at any 
instant be constant and equal to P, shew that the work done in 
extracting it is vftrl^P, where p is the coefficient of friction. 



ANSWEES TO THE EXAMPLES. 


I. (Pages 15, 16.) 

1. (i) 25; (ii) 3^3; (iii) 13; (iv) ^61; (v) 60“ ; 
(vi) 15 or V505; (vii) 3. 

2. 20 lbs. wt. ; 4 lbs. wt. 

3. ^J'2 lbs. wt. in a direction south-west. 

4. 205 lbs. wt. 

5. P lbs. wt. at right angles to the first component. 

6. 2 lbs. wt. 7. 20 lbs. wt. 8. 17 lbs. <wt. 


9. 

11 . 

12 . 

13. 

forces. 


60“. 10. 3 lbs. wt. ; 1 lb. wt. 

- 151“ 3'. 

_,/ lA'+JP 


(i) 120“ ; (ii) cos”’ ^ 


In the direction of the resultant of *he two given 


14. (i) 23-8; (ii) 6-64; (iii) C8“ 12'; (iv) 2-56. 


^ n. (Pages 19, 20.) . 

1. 5^3 and 5 lbs. wt. 2. (i) ^^^2 ; (ii) ||P. 

3. 60 lbs. wt. 

4. Each is ^ 100^3, t.e. 67‘7 35, lbs. wt. 

5. 36'603 and 44‘83 lbs. wt. nearly. 
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8. i“(V3 - 1) and ^ (^6- J2), i.a P x -732 and 
Px-6176. 

8. FJi and 2P. 

9. F,J2 at 135* with the other *tX>niponent. 

10. 10^5 at an angle tan"' ^ (i.e. 22-36 at 26* 34') with 
the verticaL . 

11. 33-62 lbs. wt. ; 51-8 lbs. wb. 

III. (Pages 25, 26.) 

1. 1 ; 1 : 2. ^3 : 1 : 2. 3. 120*. 

4 90*, 112* 37' ( = 180“ - cos"' ^*3), and 157* 23'. 

9. P,=34-4 llw. wt., It, 6-5 ll.s. wt, o..= 169“. 

10. 101 -J-*; 57*. 11. .52; 9.5*. 

12. 67-2*; 101. 13. 46; 138*. 

14. 29-6; 14*. 15. 2-66 cwts. . 

IV. (Pages 26—28.) 

1. 40. 2. cas-»^-l^, t.«. 104*29'. 

3. 2^3 and lbs, wt. 

: 4. 15^3 and 15 lbs. wt. 5. 5 ; 4:, 

6. 5 and 13. 9. 12 lbs. wt. 

16. The straight line passes through C and the middle 
point of AB, 

19a The required point bisects the line joining the 
middle points of the diagonals. 

20. Through B draw BL^ parallel to ACy to meet CD 
in L ; bisect 1)L in X \ the resultant is a force through Xy 
parallel to ADy and equal to twice AD^ 
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Vd 33““35»^ 

1. 4 lbs. wt. in the direction AQ. 

2. ^50 + 32^^2 at an angle taii"^J , i.e. 9*76 

lbs. wt. at 36® 40', with the first force. 

3. 2P in the direction of the middle force. 

4. IP dX COS"* i.e, 38“ 13', with the third force. 

6. JZP at 30“ with the third force. 

6. 12*31 making an angle tan”^ 5, Le, 78" 41', with AB, 

7. 14*24 lbs.- wt. 

8. ft lbs. wt. opposite the second force. 

9. (^5 + 1) VlO H 'IJb bisecting the angle between 
Q and R. 

10. 10 lbs. wt. towanls the opposite angular point. 

11. \/l25 -f 68,^3 lbs. wt. at an angle tan~’— , 

I.C. 15*68 lbs. wt. at 76“ 39', with the firet force. 

13. P X 5 027 towards the opposite angular point of the 
octagon. 

14. 17*79 lbs. wt. at 66“ 29' with the fixed line. 

15. 9*40 lbs, wt, at 39“ 45' with the fixed line. 

16. 39*50 lbs. wt. at 111“ 46' with the fixed line. 

17. 42*5 kilog. wt. at 30“ wdth OA. 

VI. (Pages 38—41.) 

f(>/6-V2); Try3-1). 

2. 2^and 3^ lbs. wt. 3. 126 and 32 lbs. wt. 

4. 56 and 42 lbs. wt. 5. 48 and 36 lbs. wt 

6. 4, 8, and 12 lbs, wt 7. IT. 

8. 120 lbs. wt 

9. The inclined portions of the string make 60“ with 
the vertipql wd the thrust is IT^S, 
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10.' 7*23 lbs. wt 11. Tho weights are equal. 

12. 1*34 inches. 13. 2^ and 9'^ lbs. wt. 

14. 14 lbs. wt. 15. 6 ft. 5 ins. ; 2 ft. 4 ins. 

16. They are each equal to the weight of the body. 

18. 2/’cos wliere a is the angle at the bit between 
the two portions of the rein. 

20. ^see^. 22. IFj WJ‘2. 

vn. (Pages 45, 46.) 

1. 42*9 lbs. wt . ; 19*91 lbs. wt. 

2. IJ and 1§ tons wt. 

3. 37*8 and 85*1 lbs. wt. 4. 15*2 lbs. 

5. 3*4, 6*6, 3*67, 7*55 and 5 cwt. respectively. 

6. 160 lbs. and 120 lbs. wt. ; 128 and 72 lbs. wt. 

7. 20 cwts, and 6 cwts. 

8. 244*84 and 561*34 lbs. wt. 

9. 2*73 and *93 tons 'vt, 

10. (1) 3, 1 J and 1 ton wt. ; (2) 2, J and 1 ton wt. 

11. A thrust of 5*01 tons wt. in AG, and a pull of 1*79 
tons wt. in CD. 


VIII. (Pages 65—57.) 

1. (i) ie = ll, A(7=-7 ins.; (ii) 7^ .30, AG-^1 ft. 
7 ins.; (iii) 7? =10, AG I ft. 6 ins. 

2. (i) JR = 8, AC = 26 ins. ; (ii) - - 8, AG-- — 76 ins. ; 
(hi) 7^=17, AC = -l9j\ ins. 

3. (i) (2 - 9, 8J ins. ; (ii) 7"= 2 Ji - 13| ; 

(iii)(> = 6J,7i:=12|. 

4. (i) Q = 26, AB = 6^^ ins. ; (ii) 24^, Ii ^ 132- ; 
(m)^ = 2|,7?=3f 
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5. 15 and 5 lbs. wt. 6. 43^ and 13^- lbs. wt. 

8. 98 and 70 Ihs. wt. 

9. Tho block must bo 2 ft. from tho stronger man, 

10. 4 ft. 3 ins. 11. 1 lb. wt. 12. 1 foot. 

13. 20 lbs, ; 4 ins. ; dins. 14. 'l4| ins. ; 10 1 ins. 

16. 40 and 35 lbs. wt. 17. JTT. 

18. The force varies inversely as tlie distiince between 
his hand and his shoulder. 

19. (i) 100 and 150 lbs. wt. ; (ii) 50 and 100 lbs. wt. ; 

(iii) 25 and 75 lbs. wt. * 

20. 1 lb. wt. at 5 ft. from the first. 

21. 77*55 and 34*45 lbs. wt. api^rox. 

IX. (Pages 71—74.) 

1. 10‘1. 2. 5^/3 ft.-lbs. 

3. 7573 =--129*9 lbs. wt. 

4. 3 ft. 8 ins. from the 6 lb. wt. 

5. At a point distant 6*6 feet from th(3 20 lbs. ^ 

6. 2^ ft, from the end. 7. 2| lbs. 

8. 2-J lbs. 

9. (1) 4 tons wt. each j (2) 4J ton^ wt., 3^ tons wt. 

10. 5 is 3 inches from the peg. 11. f cwt. 

12. One-quarter of the lengtii of tho Ixiam. 

13. 55 lbs. wt. 

14. The weight is 3i lbs, and tho point is 8J- ins. from 
the 6 lb. wt. 

15. 3 ozs. 16. 85^ , 85i, and 29 lbs. wt. 

17. 96, 96 and 46 lbs. wt. 

18. 1 Ilyins, from the iixla 

19. 2^2 lbs. wt., parallel to CA, and cutting AI? a.b 
where AP equals f J A 

20. 2P acting along i>(7. 

21. Tlie resultant is parallel to AC and cuts JJ) at P, 
where AP is | ft 


L. a 


22 
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22. 20^5 lbs. wt. cutting AB and AD in points distant 
from A 8 ft. and 16 ft. respectively. 

23. ^^^3 perpendicular to BC and cutting it at Q where 
BQ is ^BC. 

29. The required height is ^lJ2y where I is the length 
of the rope. 

31. A straight line dividing the exterior angle between 
the two forces into two angles the inverse ratio of whose 
sines is equal to the ratio of the forces. 

33. 225 lbs. wt. 

X. (Page 79.) 

2. 9 ft. -lbs. 3. G. 

4. A force equal, parallel, and opposite, to the force at 
Cy and acting at a point C' in AOy such that CC' is ^ AB 

XI. (Pages 92—96.) 

2. 45“. 3. 10^2 and 10 lbs. wt. 

4, The length of the spring is -4(7. 

5. |irV3; 

8. 7 must be <*1 and > J. 

I 

12. ^^5 and lbs. wi. 

14. W cosec a and W cot a. 15. 

16. 30“: |irV3; 17. J7:2J3. 

18. wt. 

21, hJi^T sin'^ a/(/i + a cos a), where 2a is the height 
of the picture. 


22. 

The reactions are 







r 

W. 



a + b _ ah 

a + 

b __ 



25. 

3-16 ft.; 133 and 118- 

8 lbs. wt 



26. 

15-5 lbs. wt. 

27. 

6*75 and 

lC-6 

lbs. wt. 

28. 

2-83 and .3*61 cwts. 

29. 

26*8 and 

32-1 

lbs. wt. 
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XII. (Pages 107—111.) 

1. 2. 

4. ^W cot a ; ^ IF" cot a. ^ 

W sin yS _ TV* sin a 4 _1 yS — cot a'\ 

sin(a + /?)^ V " 2' 

8. lb. wt. 11. AC~a; the tension - 2 IF^S. 

14. Tlio reactions at the edge and the base are 
respectively 3 ’24 and 4*8 ozs. Avt. nefirly. 

15. W.r/2>jR‘~r\ 18. 23. | MV6. 

24. 133J and 1G6| lbs. wt. 

26. 17-J^ and §g lbs. wt. 27. 20 lbs. wt. 

Xm. (Page 113.) 

1. The force is 4 ^^2 lbs. wt. inclined at 45* to the 

third force, and the moment of the couple is 10a, where 
a is the side of the square. • 

2. The force is 5P ^2, parallel to and the moment 
of the couple is 3/^a, where a is the side of the square. 

3. The force is 6 lbs. wt., parallel to CB, and the 

moment of the couple is where a is the side of 

the hexagon. 

XIV. (Pages 117, 118.) 

1. The side makes an angle taii~' 2 with the horizon. 

2. 15a. ^ 3. (n + 2)\/6'^ + cS 

4. A weight equal to the weight of the table. 

6. 10 lbs. 

7. On the line joining the centre to the leg which is 
.opposite the missing leg, and. at a distance from the centre 

equal to one-third of the diagonal of the square. 


22—0 



viii 


STATICS 


8 . 1 20 lbs. 9. sin“^ ■ . 

P + W7 

11 , The pressure on A is W 

^ ^ 2sinj5sinC7 

XV. (Pages 128, 129.) 

1 . IJ, Ig, and 1 | feet. 2 . 2 , 2 |, and 1 | feet. 

3. 2^5, 3, and 3 inches. 

6 . The pressure at the point A of tlio triangle is 
3 c sin B * 

where a is the perpendicular distance of the weight \V from 
the side BG. 

10. 60^ 12. cos-1 73** 44'. 


XVI, (Pages 131, 132.) 

1. 4| inches from the end. 

2. 15 inches from the end. 

3. 25- feet. 4. inch from the middle. 

5. 7 J inch from \he first particle. 

6 . It divides the distance between the two extreme 
weights in the ratio of 7 : 2 . 

7. 5:1. 8 . 1 -ass... feet. 9. y inches. 

10 . 12 lbs. ; the middle point of the rod. 

XVII. (Pages 137, 138.) 

• • 

1 . One-fifth of the side of the square. 

2. ^ from AB •y 7 from AD. 

4 4 

3. At a point whose distances from AB and AD are 
16 and 15 inches respectively. 
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4. 7 J and 8^ inches. 5. 

7. At the centre of gravity of the lamina. 

8. 8 and 11^ inches. iq. 2:1:1. 

12. At a point wh&e distances from BC and CA are 
respectively and y^jjths of the distances of A and B 

from the same two lines. 

14. It divides tlie line joining the centre to the fifth 
weight in the ratio of 5 : 9. 

18. One- quarter of the side of the square. 

20. 4^- inches from A, 

21. It passes through tlio centre of the circle inscribed 
in the triangle. 

XVIII. (Pages 141—143.) 

1- 2^ inches from the joint. 

2. 5§- inches from the lower end of the figure. 

3. It divides the beam in the ratio of 5 : 11. 

4. At the centre of the Imse of the triangle. 

5. 7 ^ inches. > 

7. One inch from the centre of the larger sphere. 

8. Its distance from the centre of the parallelogram is 
one>ninth of a side. 

9. The distance from the centre is one-Welftli of the 
diagonal. 

10. The distance from the centre is th of the diagonal 
of the square. 

11. lUdivideifthe line joining the middle points of the 
opposite parallel sides in the ratio of 5 : 7. 

5a 

12. inches from 0, 14. yg* 

15. A* bisects ADy where D is the middle point of BC. 

10. It divides GA in the ratio »Jm — 1 : — 3 + 1 . 
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3-/3 

17. The height of the triangle is ■ ^ - j i-e, *634, of the 

J 

side of the square. 

18. inches from tlio centre. 

19. The centre of the hole niuAi he 16 inches from the 
centre of the disc. 

20. It is at a distance i - from the centre of the 

+ ah + Ir 

larger sphere. 

21. where h is the height of the cone. 

22. 13*532 inches. 

23. The height, a?, of tiie part scooped out is one- third 
of the height of the cone. 

24. 3080 miles nearly. 


XIX. (Pages 145-~-148.) 

1. By 7, 8, and 9 lbs. wt. respectively. 

2. - 1/^ inch. " 6. 5:4. 

10. At the centra of gravity of the triangle. 

14. 2sin-^J. . 15. V6:l. 

16. The height of the cone must be to the height of the 
cylinder as 2-^2 ; 1, ie. as *5858 : 1. 

19. It divides the axis of the original cone in the ratio 
3:6. 


XX, (Pages 159—162.) 


1. 6| inches. 

7, 120; -{^{fth. 


2. jTT inches. ^ 
V’T • 


4. 


w 

6 * 


8. 18 if they overlap in the direction of their lengths, 

and 8 if in the direction of their breadths. 

11. ./3 times the radius of the hemisphere. 

12. 1 : s/2. 14. 4n 
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18- The string makes an angle cos”^ 

the plane where a is its inclination to the horizon; the 
equilibrium is stable. 

19- The line from thc^fixcd point to Tilie centre is inclined 

n w — w 7*"i 

at an angle sin”^ to the vertical : the equi- 

V.P ^-W ^tOGj " ^ 


librium is stable. 


XXI. (Pages 168—170.) 

1. (1) 168 J ft. -tons; 117?^ ft.-tons. 2. 1000 feet. 

3. 6 X 10^ ft.-lbs. 4. 21120. 5. 9^1 hours. 

6 . 8-1^. 7 . 9 - 4*1352. 

10. 660,000 ft. -lbs. ; 30 ii.p. 

11 . Ill tons wt. 13. 176 ft.-lbs. ; ‘213 n.p. 

14 . 24*2... ft. -lbs. ; -i- 1) ft.-lbs. 

16 . 3 ft.-lb.s. ' ** 18. 166 ft.-lbs. 


XXII. (Pages 178—180.) 


1. 5 feet. 

2. 4 feet from the first weiglit; towaixl the first 
weight. 

3. 11:9. 4. 2 lbs. 6. 4 lbs. 

7. 9| lbs. 

8. 6 ins. from the 27 ounces ; 1 f- inch. 

9. 1 foot. 10. 360 stone wt. 11. Jl lbs. wt. 

12. 15 lbs. wt. 13. 2^2 at 45® to tlie lever. 

14. 50 lbs. wt. 


15. Thfe long arm makes an angle tan“‘ with the 


horizon. 

16. 8|- lbs. wt. 19. 20 lbs. 

20. The weight of 2J cwt. 21. ^ (^3 — 1) a. 
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xxni, (Pages 186, 187.) 

1. (i) 320 ; (ii) 7 ; (iii) 3. 

2. (i)7; (ii)45i; (iii)7; (iv)6. 

3. 290 lbs. 4. lOflbsJ 5. 5 lbs, 

7. 5 lbs. 9. 49 lbs. ; 1 lb. each. 

10. AiVy 21?/;. 12. 9|f lbs. wt. 13. 18 lbs. wt. 

XXIV. (Pages 189, 190.) 

1. 6 lbs. 2. 4 strings ; 2 lbs. 

3- 47 lbs. ; G pulleys. 4. 7 strings; 14 lbs. 

TT . .TP 

5. r , 'where n is the number of strings : r . 

n 4- 1 ’ ^ " w - 1 

6. 9 stone wt. 

7. The cable would support 2\ tons. 8. n. 

9. 75 lbs. ; 166-1 lbs. 10. 1/^ cwt. 

. XXV. (Pages 195, 196.) 

1. (i) 30 lbs. ; (ii) 4 lbs. ; (iii) 4. 

2. (i) 161 lbs. wjb. ; (ii) 16 lbs. wt. ; (iii) J lb. ; (iv) 5. 

3. 10 lbs. wt. ; the point required divides the distance 
between the first two strings in the ratio of 23 : 5. 

4. ^ inch from the end. 5. 18/^. 

6. j inch from the end. 

8. W— 7P+ irv ; 8 ozs, ; 1 lb. wt. 

9. 4; 1050 lbs. 10. 4. 

12. W=P(2^-l)+W (2«“i - 1). 

XXVI. (Pages 201—203.) * 

1. 12 lbs. wt ; 20 lbs. wt 2. 30* j If . 

8. 103-92 lbs. wt 6. 3:4;2P. 

0. ^3 ; 1. • 7. cos-’j-J ; sm~'J to the plane. 
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8. 

^Ibs. wt.; 

7 

lbs. wt. 0. 6 lbs. wt. 

11. 

16|. lbs. 

sin a . 

12. ;r- : — tons. 

sinjS — fiina 

14. 

The point divides the string in the ratio 1 : sin cu 

16. 

17*374 lijs. wt. ; 46*884 lbs. wt 

17. 

10*318 lbs. wt. ; 12*208 lbs. wt. 

18. 

16*12 lbs. wt. 

; 34*056 lbs. wt. 


XXVII. (Pages 208, 209.) 

1. 

7 lbs. wt. 



120 lbs. wt. ; 

70 lbs. wt. on each ; HO-J^ lbs. wt. 

3. 

20 inches. 

4. 7 feet. 5. 3^ tons. 

6. 

3 lbs. wt. 

7. 55 lbs. 8. 23 lbs. wt. 

9. 

2J- Iba wt. 

10. 360 lbs. 11. 120 lbs. 

12. 

1500 ft..lbs. 


13. 

47040 ft.-lbs. 

; 2 cwt. ; 210 feet. 

14. 

26 ^ 2R 


c-a^ R-r' 



1 . 

4. 

7. 

0 . 

10 , 

12 . 

13. 

14. 

15. 


XXVin. (Pages 216, 217.) 

11 lbs. 2. 2&l lbs. 3. 

2 : 3 ; 6 lbs. 5. 24-494 11>s. 6. 

10 inches j ^llOlljs. 

2s. Stl . ; Is. 9^(1^. 

He will lose one shilling. 

10 : ^101 ; VlOl : 10- 

Q jP + Q 


_ „ , Wffl' — 

w-F:P-u/-, 

^-~F:rQ' 


2 ozs. 
5 : 


16. 16 lbs. 
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XXIX. (Pages 222—224). 


1. 34^ inches from the fulcrum. 

2. 2 inches f ron^ ^ inch. 

3. 32 inches from the fulcrum.^ 

4. I inch ; 4^ lbs. 5. 4 inches. 

6. 16 lbs. ; 8 inches beyond the point of attachment of 
the weight. 

7. lb. ; lb. 

8. 26 lbs. ; 15 lbs. ; 10 inches from the fulcrum, 

9. 3 lbs. 10. 15|^ lbs. ; lbs. ; 4 inches * 

11. It is 10 inches from the point at which the weight 
is attached. 


12. 3 ozs. 13. 30 inches. 

15. The machine being graduated to sliew lbs. the 
weights indicated must each be increased by ^th of a lb. 

16. « The numbers marked on the machine must each be 
oc 

Olid y are respectively the 

distances of the cenfi-e of gravity of the machine and its 
end from the fulcrum, and W is the weight of the machine. 

17. He cheats his customers, or himself, according as ho 
decreases, or increases, the movable weight. 


increased ^7 ~ Jq> where x 


XXX. (Pages 230, 231.) 

(In the /oUotuing examples ir is taken to be 
1. 4400 lbs. 2. 5^ inches. €. lbs. wt. 
4. It^b* lbs, wt. 5. 4-yy lbs, wt, 

6. 13Jg tons wt. 7. 6|- tons wt. 

8. 505^ lbs. wt. 9. 

10. 4525|. 11. 5430^. 12. 4Jft.lbs. 
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XXXX. (Pages 244—246.) 


1. 10 lbs. wt. ; 12^ lbs. wt.; 10^17 and lbs. 

wt. respectively, inclined at an angle tan~* 4 with the 
horizontcd. t 


2 Z-V2_.47i4 

^ W~ 3 

3. 10,yi0 lbs, wt. at an angle taii“* 3 with the 

horizon. 


6. 7. |V31l>s.wt. 9. 

10. sin p = sin a + /i, cos a. 

• / Jir ^ If' A 

11. tan”* f/A pp-**- where and are tlie two 


weights. 

14. a X *134. 

15. At an angle equal to the angle of friction. 

le. 2*19 cwts. 17. 79*7 lbs. wt. ; *32. 


XXXII. (Pages 257—259.) 

1. 3808 ft.-lbs. 2. 7,392,000jft.-lbs. ; 7 / 5 ^ h.p. 

3. 23,040,000 ft. -lbs. ; 5^®^ h.p. 

4. 7766. 6. -446. 

7. *11, *34, and *47 nearly, 

8. «= 4*125; 5 = *01125. 


(The answers to the following four questions 
will be only approximations.) 

9. a =.5*3; 2^- 097. 

10. 7*3 + *236 IT; 

W . .r ^ 

36-6 + 1-18 r" 7-3 + -236F* 

11. P= 4-3 + 4-7 Wi -8 and 88. 

12. P = 18-6 + 6-5 IT; -69 and >79. 
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XXXIII. (Pages 262, 263.) 


11 1 lbs. wt. 


2 . 45 \ 


S. It can ]ye ascended as far as the centre. 

. 8. 50 feet ; one-quarter of the weight of the ladder. 

^ 2u — tana . i . . 

9. w i if tan a > 2/i, the weight is negative, 

i.e. the ladder would have to be held up in order that there 
should be equilibnum ; if tsma^p, the weight is again 
negative, and we should then only get limiting equilibrium 
if the ladder were held up, and in this case the feet would 
be on the point of moving towards one another. 


XXXIV. (Pages 264, 265.) 

s 

1. tan”' height = twice diameter, 4. 45“. 

6. 2 tan-* 4? = 2 tan-* (-1443) = 10* 26'. 

Unity. 

XXXTK. (Pages 269—273.) 

11. 15. + 

18. i. 

20. The required force is f IF at an angle cos'"* with 
the line of greatest slope. 

5 /3 

21. In a direction making an angle <50s”' — (^= 15® 48') 
with the line of greatest slope. 

24. If ft cot a bo greater than unity, there is no limiting 
position of equilibrium, the particle will rest in any 
position. 

28 . 60 ®. 
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XXXVI. (Pages 277, 278.) 


1 . 

5. 


Afc P, where PP equals ^BC ; 

TT, ACB 
-T tan— 


7. 


8 . 


Sir w ,, 

-5 VlOattan 

IK 3W JZW 

2’^ 2 ^ 4 • 


^ to the horizontal. 


10. Half the weight of the middle rod. 

12. One-eighth of the total weight of the rods, acting 
in a horizontal direction. 


XXXVn. (Page 285.) 

6, |ft.-lb. 7. |.ft..lh. 

XXXVIII. (Pages 293—296.) 

1. 39 lbs. wt. ; 25 '8 lbs. wt. at 1’ 40' to the horizon. 

2. 152-3 and 267-96 lbs. wt. . 3. -41. 

4. 124°, 103°, 133°. 5. 26-9 lbs. wt 

6. 74 lbs. wt. ; 12-7 lbs. wt. 

7. A force 2*6 lbs. along a line wliich cuts BG and AC 
produced in points K and L such that CK = 19-25 ins. and 
CL =17-6 ins. 

8. (1) IJ ft; (2) 7^ ft in the direction opposite 
to AB. 

9. 3*9 ft. fro.ip the end. 

10. 7*15 lbs. wt. and 6-85 lbs. wt. 

11. 150, 158-115, and 50 lbs. wt 

13. Each equals the wt. of 10 cwt. 

14. -46; 91-2 and 67-2 lbs. wt 

15. 68-1, 65-8, 37-4, 33-2, and 29 lbs, wt respectively. 
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20. T^ = 1305; - 9*79 ; ^3 = 3-26; 7'4 = 8-39; 

7^0 = 5 cwts. T^ and T^ are ties ; the others are struts. 

21. 7\ = 8*39; 7’a= 11-98; 73 = 9*62. T^ is a strut; 
2\ and T^ are ties. 

?2. 37*2, 47-5 and 431 cwts. • 

23. 6 tons and 2 tons; 5*77, M55, M55 and 3-464; 
of these last four the first, third and fourth are struts and 
the second is a tie. 

24- The tensions of AB, \BC, CD, DA are 32-4, 36*4, 
16*8 and 25-5 lbs. wt. ; the thrust of BD is 36*7 lbs. wt. 


EASY MISCELLANEOUS EXAMPLES. 
(Pages 318—320.) 

1. 15 lbs. wt. at an angle tan“* with the second 
force. 

2. Each component is 57*735... lbs. wt, 

3. 14*24 lbs. wt. 4, 50 and 86*6025... lbs. wt. 

6. 3 feet. 7. 2 ozs. 9. 4i inches from A. 

K 

10. 7^ inches. 

12. It divides the line joining the centre to the middle 
point of the opposite side in the ratio 2:13. 

13. I^ths of the diameter of a penny. 

14. 8 and 12 lbs. wt 15. 9J- lbs. wt 

16. Tr=jP. 

17. The required point divides the distance between the 
two extreme strings in the ratio 13 : 49. 

18. ^^3 lbs. wt. 20. 18 inches; 4 inches. 

21. 26|. 22. 

23. He can ascend the whole length. 

24. lO^m. 
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HARDER MISCELLANEOUS EXAMPLES. 
(Pages 320 — 332.) 

I * 

5. Tlie centre of the inscribed circle. 

6. P divides AD in the ratio 1 : ^3. 

9. The forces are in equilibrium. 

21. I lb. wt. 28. 

»B "f" 

31. W — , where a and h are the lengths of the 

sides of the frame and AP is x. 

39. At a point distant \lc^-¥a^-a from the centre of 
the rod, where 2c is the length of the rod, and a is the 
distance from the centre of the given point. 

40. where W is the weight of each 

a sm 0 + fic cos 0 ° 

particle. 

44. The difference between the angles of inclination of 
the planes to the horizon must be not greater than the sum 
of the angles of friction. 

46. W cos A. sin (a - A) cosec a, and W cos A. sin X coseo et, 

where W is the weight of the rod. 

48. The ratio of the depth to the width of the sasli. 

49. ^3 feet. 

53- parti-ile will move first, if fiW >^{1 +fi^) to cos a 

sin a, where a is the inclination of the face of the plane. 

57. Tlie equilibrium will be broken. 

W 

59. W tan i ; tan % where W' is the weight of 

the inclined plane. 
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62. ir=10jy3; the force is (i) 6^3 lbs. weighty and 

(ii) zero, 

W = ; the force is (i) lbs. wt., and (ii) zero, 

o ,Jo 


65. He must press downwards 'when B has raised more 
than half the ladder. 
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t^REFACE? 


T he present book forms Part II. of The Elements 
of Statics and Dynamics^ of which Part I. (Statics) 
has already been published. 

It aims at being useful for Schools and the less 
advanced students of Colleges; the examples are, in 
conseipience, large in number, and generally of a 
numerical and easy character. Except in two articles 
and a few examples at the end of the Chapter on 
Projectiles, it is only presumed that the student has 
a knowledge of Elementary Geometry and Algebra, and 
of the Elements of Trigonometry. 

It is suggested that, on a first reading gf the 
subjects, all articles marked with an asterisk should 
be omitted. 

Part I. and Part IL are, as far as is possible, 
independent of one another; hence, any teacher, who 
wishes his pupils to commence with Dynamics, may 
take Part II. before Part I., by omitting an ocoiisional 
article which refers to Statics, 

Any corrections of mistakes, or hints for improve- 
ment, will be gratefully received. 

• ’ S. L LONEY. 

Bahnes, S.W. 

March^ 1891. 



PREFACE TO THE TENTH EDITION. 


I T having become desirable to re-set the type for a 
new Edition, I have taken the opportunity of 
thoroughly overhauling the whole book. Its general 
scope is unaltered, but I have introduced more graphical 
and experimental work ; I have, however, confined 
myself to experiments that can be arranged by a 
teacher with the simplest of apparatus in an ordinary 
class-room. 

For two new figures on Pages 137 and 175 I am 
indebted to the kindness of Dr 11. T. Glazebrook, who 
allowed me to make use of bk'cks jjropared for his 
Mechanics, 

I hope that the additions that have been made will 
add to the usefulness of the book. 

S. L. LONRY. 


IloYAL Holloway College, 

Englefield Green, Surrey. 
May \hth, 11 ) 06 . 
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DYNAMICS. 


CHAPTER I. 

VELOCITy. 

1 . Jp at any instant the position of a moving point 
be and at any subsequent instant it be Q, then PQ is 
the change in its position in the intervening time. 

A point is said to bo in motion when it changes its 
position. The path of a moving point is the curve drawn 
through all the successive positions of the point, 

2. Speed. Def. The siieed of a moving point is 
the rale at which it describes its path, 

A point is said to be moving with ^uniform speed when 
it moves through equal lengths of its path in equal times, 
however small these times may be. 

Suppose a train describes 30 miles in each of several conser\stivo 
hours. We are not justified in saying that its speed is unifunu unless 
we know that it describes half a mile in each minute, ^ \ feet in each 
second, one-millionth of 30 miles in each one-millionth of an hour, 
and so on. 

When uniform, the speed of a point is measured by the 
distance passed ov<Sr by it in a unit of time; when variable, 
by the distance which would be passed over by the point in 
a unit of time, if it continued to move during that unit of 
time with the speed which it has at the instant under 
consideration. 


L. D. 


1 
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By saying that a train is moving with a speed of 40 miles an hour, 
we do not mean that it has gone 40 miles in the last hour, or that it 
will go 40 miles in the next hour, but that, if its speed remained 
constant for ono hour, then it would describe 40 miles in that hour. 

When the speed of a point is not uniforni, it may be 

measured at any instant as follows; take the distance 8 

that it describes in the next tenth of a second; then the 

8 . space described . .... 

quantity — , . 7--, , is an approximation to 

Q- vllllG Lclktill 

the speed required. For a nearer approximation, let 81 be 
the distance described by it in the one-liundredth of a 

second which follows the moment considered ; then 

lOo 

. space described . ... * . - n 

^,e, — — , IS a nearer approximation. A still 

time taken 


nearer approximation is • ^ , wluuo is the distance 

1000 

described in the one -t.hou sand th of a second which follows 
the inoment under consideration ; and so on, the time being 
taken smaller and smaller. By this means wo obtain a 
definite notion of tlie varying velocity at any instant, 

Tn mathematical language this conception amounts to 
the following ; Lei s he the len<jth of the jxyi'tion of the path 
described by a 'unoving point in the small lime t following the 


instant urtder consideration ; then the ultimate value of as 

t 


the time t is taken smaller and smaller^ is the measure of the 
speed of the moving point at the instant under conaideraition, 

* o 

In a similar way the rate of change of any quantity 
(he it money, population of a country, or speixl or anything 
else whose change can be measured) is the ratio of the 
change in that quantity to the small time in wliich the 
change occui's. 
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3 


3 . The units of length and time usually employed in 
England are a foot and a second. 

A foot is the third part of a yard. A yard is defined 
to be the distance between the centit^s of two small gold 
plugs inserted in a solid brass bar which is kept at West- 
minster. 

A djiy, tlie time taken by the Earth to rotate once 
on its axis, is divided into 24 hours, each hour into 60 
minutes and each minute into GO seconds. Hence the 
definition of a second. 

In scientific measurements the unit of length generally 
used is the centiinotrc, wliich is the one hundredth part of 
a metre. A metre was meant to be defined as one ten- 
millionth part of a quadrant of the Earth’s surface, i.e. of the 
distance from the North Pole to the Equator. In practice 
it is the length of a certain platinum bar kept in Paris. 

Olio metro = 39*37 inches approximately, and therefore 
a foot 30*48 centimetres nearly. 

A decimetre is lyth, and a millimetre ^ metre. 

•• 

4. The unit of sptH'd is the speed of a point which 
moves uniformly over a unit of length in a unit of time. 
Hence the unit of speed depends on these two units, and if 
either, or both of them, be altered, the unit of spet?d will 
also, in general, be altered. 

5. If a point lie moving with speed u, then in each 
unit of time the point moves over u units of Jength. 

Hence *iii t units of time the point passes over u . t 
units of length. 

Hence the distance s passed over by a point which moves 
with speed u for time t is given by « = w . 

It is easy to change a velocity expressed in one set o£ 

1— Q 
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units to other units. For instance a velocity of 60 miles 


per hour is equivalent to 



1 mile per minute, 

or 

mile per sei^ond, 

or 

feet per second. 

i.e. 

88 feet per second. 


Sx. 1. Shew that the speed of the centre of the earth is about 
18'5 miles per second, assuming that it describes a circle of radius 
93000000 miles in 365 days. 

XSx. 2. Shew that the speed of light is about 194000 miles per 
second assuming that it takes 8 minutes to describe the distance from 
the sun to the earth. 

6. Displacement. The displacement of a moving 
point is its change of position. To know the displacement 
of a moving point, wo must know both the length and the 
direction of the line joining the two positions of the moving 
point. Hence the displacement of a point involves both 
magnitude and direction. 

Ex. 1. A man walks 3 mile^ due east and then 4 miles due 
north ; shew that his displacement is 5 miles at an angle ta«n~^ ^ 
north of east. 

Ex. 2. A ship sails 1 mile due south and then miles south- 
west; shew that its displacement is ,^5 miles in a direction tan ^ 
west of south. 

Ex. a. A vessel proceeded os follows, all the angles being 
reckoned from the north towards the east; 5 miles at 225^^, 6 north, 
2 at 90°, 3 at 135°, 4 at 300°. The time t^en was 2 hours, and the 
tide was flowing from east to west at the rate of 3 miles per hour. 
Shew graphically that the true distance between the initial and final 
positions of the vessel is about 9*18 miles and that it had moved 
towards the wekt a distance of 8*88 miles appioximately. 

7* Velocity. Def. The velocity of a inovi/ng foi/nit 
is the rate of its displacement 

A velocity therefore possesses both magnitude and 
direction. 
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A point is said to be moving with uniform velocity, 
when it is moving in a constant direction, and passes over 
equal lengths in equal times, however small these times 
may be. 

When uniform, the velocity of a moving point is 
measured by its displacement per unit of time ; when vari- 
able, it is measured, at any instant, by the displacement 
that the moving point would have in a unit of time, if it 
moved during that unit of time with the velocity which it 
has at the instant under consideration. 

As in Art. 2, the velocity of a moving point, when not 
uniform, may be obtained by finding its displacements in 
the next of a second after the moment 

considered, and we thus obtain approximations gradually 
getting nearer and nearer to the measure required. 

IMathematically, if d he the displace nietd of the point in 
the small time t following the vnstant under considerctliou^ 

then the ulivtmie value of as t is taken smaller and 
smaller^ is the velocity at the instant*\b'iuier consideration. 

8 . It will bo noted that when tlie moving point is 
moving in a straight line, the velocity is the same as the 
speed. 

If the motion be not in a straight line the velocity is 
not the same as the speed. For exfimple, suppose a point 
to he describing circle uniformly, so that it passes over 
equal leng^s of the arc in equal times however small ; then 
its direction of motion (viz. the tangent to the circle) is 
different at different points of the circumference; hence 
in this case the velocity of the point (strictly so called) 
is variable, whilst its speed is c>onstant. 
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9 . Tho magnitude of the unit of velocity is the velocity 
of a point which undergoes a displacement equal to a unit 
of length in a unit of time. 

When we say th,at a moving point has velocity v, we 
mean that it possesses v units of velocity, t.c., that it would 
undergo a displacement, equal to v units of length, in the 
unit of time. 

If the velocity of a moving point in one direction l)e 
denoted by v, an equal velocity in an opposite direction is 
necessarily denoted by — v. 

The expression ft./sec. is by some writers used to denote 
a velocity of one foot p^ir second. Thus “a velocity of 
3 ft. /sec.” means “a velocity of 3 feet per second.” So “a 
velocity of lOcm./sec.” mesins “a velocity of 10 centimetres 
per second.” 

10 . Since the velocity of a point is known when its 
direction and magnitude are Iwth known, we can con- 
veniently represent the vekwity of a moving point by a 
straight line AB ; thus, when we say that the velocities of 
two moving points' arc represented in magnitude and 
direction by the straight lines AB and (72>, we mean tliat 
they move in directions piirallel to the lines drawn from 
A io B^ and C to D respectively, and with velocities which 
are proportional to the lengths AB and CD. 

11 . A body may have simultaneously velocities in 
two, or more, different directions. One of the simplest 
examples of this is when a person walks on the deck of a 
moving ship from one point of the deck to another. He 
has one motion with the ship, and another along the deck of 
the ship, and his motion in space is clearly different from 
what it would have been had either the ship remained at 
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rest, or liad the man stayed at his original position on the 
deck. 

Again, consider the case of a ship steaming with its bow 
pointing in a constant direction, say«due north, whilst a 
current carries it in a different direction, say south-east, 
and suppose a sailor is climbing a vertical mast of the 
ship. The actual change of position and the velocity of 
the sailor clearly depend on three quantities, viz., the rate 
and direction of the ship’s sailing, the rate and direction of 
the current, and the rate at which ho climbs the mast. 
His actual velocity is said to be “ comy>ounded ” of these 
three velocities. 

In the following article wo shew how to find the 
velocity which is ecpiivalent to, or compounded of, two 
velocities given in magnitude and direction. 

12. Theorem. Parallelogram of Velocities. 

f/ a moving point possess simulianeonslg velocities which 
are represented in magnitude and direction hy the tv:o sides 
of a parallelograifn drawn from a ])oint, they are eqni 
valent to a velocity ivhich is represented in magnitude and 
direction hy the diagonal of th^ parallelogram passing 
through the 2>oint 

Let the two simultaneous velocities 'be represent ed by 
the lines A B and AC\ and let their magnitud...3 be u and v, 

Oomplcto tlie parallelogram BACD. 

Then we may imagine the motion of the point to be 
along the*line Afl with the velocity w, whilst the line AB 
moves parallel to the foot of the page so that its end A 
describes the line AC with velocity v. In the unit of time 
the moving point will have moved through a distance AB 
along the line AB^ and the line will have in the same 
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time moved into the position (7Z), so that at the end of the 

unit of time the moving point will be at D. 

Now, since the two coexistent velocities are constant 
in magnitude and direction, the^ 
velocity of the point from A to D 
must also be constant in magni- 
tude and direction; hence AD is 
the path described by the moving 
point in the unit of tima 

Hence AD represents in magnitude and direction the 
velocity which is equivalent to the velocities represented 
by AD and AC. 



To facilitate his understanding of the previous article the student 
may look on AC aa the direction of motion of a steamer, whilst is 
a chalked line, drawn along the deck of the ship, along which a man 
is walking at a uniform rate. 


13, Def. TAe velocity which is equivalent to two or 
morejoelocitles is called their resultant, and these velocities 
are called the components of this resultant. 

The resultant of two velocities v, and v in directions 
which are inclined tid one another at a given angle a may 
be easily obtained. 

In the figure of Art. 12, let AB and AO represent 
the velocities u and Vy so that the angle BAC is a. 

Then we have, by Trigonometry, 

AU^^Aff + BD^^ 2AB . BD cos ABD. 

Hence, if we represent the resultant velocity AD hy w^ 
we have 

iv* = u^ + ^’k-2uvcoBay since lABD-v^o, 

Also, if we denote the angle BAD by 0, we have 
AB _ sin- ADB _ sin DAC 
BD ^ sin BAD " ^nBAJy 
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. u _ sin (g-tf ) _sm acosg -cosasin(? 

V sin 6 sin 0 

= sin a cot 0 — cos a. 

V sin o 


so that 


tan 0 = 


vain o 
u + V cos a * 


ITence tlie resvltant 


of two velocities u and v inclined to 


one another at an an^le a, is a velocity sj + v^ + cos a 

inclined at an angle iq direction of the 

u + v cos a 


velocity u. 


The direction of the resultant velocity may also he 
obtained as follows; draw DE perpendicular to AB to 
meet it, produced if necessary, in E\ we then have 


tan DAB = 


ED BD sin EED 
AE ■ AB + BD cm EBD 


17 sin a 
u-¥v cos a ’ 


14 :. A velocity can be resolved into two component 
velocities in an infinite number of ways. For an infinite 
number of parallelograms can be described having a given 
line as diagonal ; and, if ABDC be any one of these, 
the velocity AD is equivalent to the two component veloci- 
ties AB and AC. 

The most important case is when a velocity is to be 
i^esolvcd into two velocities in two directions at right angles, 
one of these directions being giveiL When we speak of 
the component of a velocity in a given direction it is under- 
stood that the other direction in which the given velocity 
is to be resolved is peipendicular to this given direction. 
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Thus, suppose we wish to resolve a velocity u, repre- 
sented by A />, into two components 
at right angles to one another, one 
of these components^ Ixung along a 
line AB making an angle 6 witiJi 
AD, 

Draw DB perpendicular to AB^ 
and complete the rectangle ABDC, 

Then the velocity AD is equivalent to the two com- 
ponent velocities AB and AC, 

Also AB — AD cos B — 'il cos 
and AC — BD AD sin 6 -u sin 0. 

We thus have the following important 

Theorem. A velocity v. is equivalent io a velocity 
u cos 0 along a line making an angle 6 with its own direction 
together tmth a velocity u sin 6 perpendicular to the direction 
of the first component. 

The case in which the angle 0 is greater than a i*ight 
angle may be considered as hi Statics, Art. 30. 

Bx. 1 . A man is walking in a north-easterly direction with a 
velocity of 4 miles per hour; find the components of his velocity iji 
directions due north and due east respectively. 

Am, Each is 2^2 miles per hour. 

Bx. 2. A point is moving in a straight line with a velocity of 
10 feet per second ; find the com^nent of its velocity in a direction 
inclined at an angle of 80° to its direction of motion. 

Am, feet per second. 

Bx. 8. A body is sliding down an inclined plane whose inclina- 
tion to the horivsontal is 60° ; find the components of its velocity in 
the horizontal and vertical directions. * 

Am, g and u ^ , where u is the velocity of the body. 

16. Components of a velocity in two given directions. 

If we wish to And the components of a velocity u in two given 
directions making angles a and ft with it, we proceed os follows. 


0 \ 
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Let Aiy represent u in magnitude and direction. Draw AB and 
AG making angles a and p with it, and through D draw parallels to 
complete the parallelogram A BDC as in Art. 12. Since the sides of a 
triangle are proportional to the sines of the opposite angles, we have 

AB _ BT) _ jjp 
sin A f)B f sin BAB^ sin ABB ’ 


t.^., 


AB _BB _ AB 
sin p~' sin a~~ sin (a + p) * 

sin/5 1 73 r. sin a 

AB=AB -.—. , and BB=AB . , - , 

sin (a -I- /5)* sin(a + /3) 

Hence the component velocitic.s in these two directions are 

sin a 


sin p , 

I and u 

sin (a + p) 


sin (a 4- /a) ' 


16 . Triangle of Velocities. 1/ a ramdntj jyoint 
possess simultaneoxLsh/ velocities represented hij the two sides 
All and BG of a triangle taken in order ^ they are efiuivalent 
to a velocity represented hy AG, 

For, completing the p»arallelograna ABCD^ the lilies AB 
and BG rejiresent the same velocities as AB and A JO and 
hence liavti as their resultant the velocity represented by AC. 

Cor..l. If there ho sirnaltaneou.sly in^iresse^i on a point three 
veloidties represented by the sides of a triangle taken in order, the 
point will be at rest. 

Cor. a. If a moving point possess velocities represented by X . 0 *1 
and ^L , OB, they are equivalent to a velocity (\4-m) . OG, where G is a 
point on AB such that • 

\.AG=fi,GB. 

For, by the triangle of velocities, the velocity X . OA is equivalent 
to velocities X . OG and X . GA ; also the velocity . OB is equivalent 
to fi . OG and fi.GB] but the velocities X . GA and /a . GB destroy one 
another; hence the resultant velocity is + OG.^ 

• 

17. Parallelepiped of Veloeltlee. By a proof similar to that 
for the parallelogram of velocities, it may be shewn that the resultant 
of three velocities represented by the three edges of a parallelepiped 
meeting in a point, is a velocity represented by the diagonal of the 
parallelopiped passing through that angular point. Conversely, a 
velocity may be resolved into three others. 
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18< Polygon of VolooitioSi I£ a moving point 
possess simultaneously velocities represented by the sides 
ADj DG^ CDyflvlt of a 
polygon (whether the^ sides 
of the polygon are, or are 
not, in one plane), the 
resultant velocity is repre- 
sented by AL, 

For, by Art. 16, the 
velocities AB and liC are 
equivalent- to that repre- 
sented by AG \ and again the velocities AG and CD to AD^ 
and so on; so that the final velocity is represented by AL, 
Cor. If the point L coincide with A (so that the 
polygon is a closed figure) the resultant velocity vanishes, 
and the point is at rest. 

19. When a point possesses simultaneously velocities 
in several different directions in the same plane, their re- 
sultant may be found by resol'dng the velocities along two 
fixed directions at right angles, and then compounding the 
resultant velocities in these directions. 




Suppose a point possesses velocities u, v, i/;,... in direc- 
tions inclined at angles a, yS, y,... to a fixed lino OX^ and 
let 0 F be perpendicular to OX. The components of u along 
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OX ftnd OY »ro respectively cos a and u sin a j tlie com- 
ponents of V are v cos ^ and v sin ^ ; and so for the others. 

Hence the velocities are equivalent to 

u cos a-hvcos^-^w cos y parallel to OX, 

and u sin a + v sin /3 + w sin y parallel to OY. 

If their resultant be a velocity V at an angle 0 to OX, 
wo must have 

V cos 0 cos a + V cos ^ + w cos y + , 

and V sin 0 = u sin a + v sin + w sin y + 

Hence, by squaring and adding, 

V'^ — {u cos a+v cOvS /? + . . .)* + (a sin a + v sin j3 + 

j . T . . X a + «; sin 5 + ... 

and, by division, tan a = . 

tc cos a + v cos Jj + ... 

These two equations give, V and 0. 


EXAMPLES. I. 

1, A vessel steams, with its Inno pointed due north with a velocity 
of 15 miles an hour^ and is carried by a current which jloivs in a soitt.u 
easterly directum at the rate of 3 ,J2 miles hour. At the end of an 
hour find its distance and bearing from the point from which it 
started. 

The ship has two velocities, one being 15 miles per hour north- 
wards, and the other 3 y/2 miles per hour south-east. 

Now the latter velocity is equivalent to * 

3iJ2 cos 45^^, that is, 3 miles x>er hour east^^u.rd, 
and 3 fJ2 sin 45°, that is, 3 miles per hour southward. 

Hence the total velocity of the ship is 12 miles per hour northwards 
and 3 miles per hour eastward. _ 

Hence i48 resultafit velocity is Vl2® + 3®, i.e. Vl53 miles per hour 
in a direction inclined at an angle tan"^ ^ to the north, i.e., 12*37 
miles per hour^at 14° 2^ east of north. 

2. A point possesses simultaneously velocities whose measures are 
4, 3, 2 and 1 ; the angle between the first and second is 30°, between 
the second and third 90°, and between the third and fourth 120° ; find 
their resultant. 
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Take OK along the direction of the first velocity and 01" perpen- 
dicular to it. 

The angles which the velocities make with OX are respectively 
0^, 30°, 120°, and 240°. 

Hence, if V be the refiultant velocity inclined at an angle B to OX, 
we have 

V cos ^ = 4 + 3 cos 30° + 2 cos 120° + 1 . cos 240° ; 
and V sin 0= 3 sin 30° + 2 sin 120° + 1 . sin 240°. 

We therefore have 


and 




1 

2 ’ 


Fsm^=3. 


1 

2 


+ 


*2 2 


S + sJ3 
"2 ' 


Hence, by squaring and adding, 

r-=16 + 9^3 = 31*5885, so that F^5-62, 
and, by division, 

tan « = / =2Ji-3~ -4641 = tan 24° 54'. 

5+3^3 ^ 

Hence the resultant is a vehxsity equal to f5*62 inclined at an angle 
24° 54' to the direction of the first velocity. 

Orapblcally; This result may also be obtained by drawing; mark 
off OA on OX equal to 4 inches and draw ABf making AJi equal to 
3 inches and XAB equal to 30°* 



Draw BO perpendicular to A B and equal to 2 inches, and then 
CD at an angle of 120® with BC produced and equal to 1 inch. 
Join OD, 

On measurement, OD=5-62 inches, and the z AOD^25° nearly. 

3. The velocity of a ship is miles per hour, and a ball is 
bowled across the ship perpendicular to the direction of the ship 
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Tvith a velocity of 3 yards per second ; describe the path of the ball 
in space and shew that it passes over 45 feet in 3 seconds. 

4. A boat is rowed with a velocity of 6 miles per hour straight 
across a river which flows at the rate of 2 miles per hour. If its 
breadth be 300 feet, find how^far down the rivbr the boat will reach the 
opposite bank below the point at which it was originally directed. 

5. A man wishes to cross a river to an exactly opposite jwint on 
the other bank ; if ho can pull his boat with twice the velocity of the 
current, And at what inclination to the current he must keep the 
boat pointed. 

6. A boat is rowed on a river so that its speed in still water 
would be 6 miles per hour. If the river flow at the rate of 4 miles 
per hour, draw a figure to shew the direction in which the head of the 
bout must point so that the motion of the boat may be at right 
angles to the current. 

7. A stream runs with ii velocity of li miles per hour; find in 
what direction a swimmer, whose velocity is 2^ miles per hour, should 
start in order to cross the stream perpendicularly. 

What direction should be taken in order to cross in the shortest 
tim4i } 

8. A ship is steaming in a direction due n(>rth across a current 
miming duo west. At tlie end of one hour it is found that the ship 
liiis made 8.^/3 mil(3S in a direction 30^^ west of north. Find the 
velocity of the current, and the rate at which the ship is steaming 

9. Tw'o steamers X and Y arc respcctivdly at tw’O ix>ints A and B, 
which are 5 miles apart. .Y steams away with a uniform velocity 
of 10 miles per hour in a direction making an angle of 60" with AB. 
Find in what direction Y must start at the same moment, if it steam 
with a uniform velocity of 10 <^^'3 miles per hour, in oivlcr that it riuiy 
just come into collision with Y; find also nt what angle it will 
sti'iko Y and the time that elapses before they meet. 

10. A tmm-car is moving along a rood at the rate of 8 miles per 

hour; in what direction must a body be projected from it with a 
velocity of 10 feet per second, so that its resultant motion may be at 
right angles Jbo the tn^m ciu’? • 

11. A ship is sailing north at the rate of 4 feet per second ; the 
current is taking it east at the rate of 3 feet per second, and a sailor 
is climbing a vertical pole at the rate of 2 feet per second ; find the 
velocity and direction of the sailor in space. 

12. Find the components of a velocity u resolved along two lines 
incline at angles of 30" and 45" respectively to its direction. 
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13. A point which assesses Telocitles represented by T, 8, and 18 
is at rest ; find the an^e between the directions ot the two smaller 
velocities. 

14. A point possesses velooitles represented by 8, 19, and 9 

inclined at angles of 120° to one another; find by drawing and by 
calculation their resultant. ' 

15. A point possesses simultaneously velocities represented by w, 
2u, 3j^8u, and 4a ; the angles between the first and second, the second 
and third, and the third and fourth, are respectively 60°, 90°, and 150° ; 
shew, by drawing and by calculation, that the resultant is ain a direction 
inclined at an angle of 120° to that of the first velocity. 

16. A point has equal velocities in two given directions ; if one 
of these velocities be halved, the angle which the resultant makes 
with the other is halved also. Show that the angle between the 
velocities is 120°. 

17. A point possesses velocities represented in magnitude and 
direction by the lines joining any point on a circle to the ends of a 
diameter; shew that their resultant is represented by the diameter 
through the point. 

18. A point possesses simultaneously four velocities ; the first is 
24 ft. per sec.; the second is 86 ft. per see. at 40° to the first; the 
third is 45 ft. x>er sec. at 50° to the BccoTid ; and the fourth is 60 ft. 
per sec. at 35° with the third ; shew, by a drawing, that the resultant 
velocity is about 118-5 ft. per sec. at about 82° with the direction of 
the first component velocity. 

20. Average iSpeed and Velocity. The average 
speed of a point in a given period of time is the same as 
the speed of a moving point which moves with uniform 
speed, and deseril^s the same path as the given point in 
the given time. Thus the average speed of a moving point 
in a given period of time is the whole distance described 
by the point in the given time divided by the whole time. 
The average speed of an athlete who runs 100 yards in 
10|. seconds is 100 -t- 10|^ or yards per second. 

Again suppose a train describes one mile in the first 
5 minutes after leaving a station, then runs 15 mins, at 
the rate of 20 miles per hour, and finally takes 6 mins, 
over the last mile before coming to rest. 
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The total space described — 1 + 4 1 - 7 miles. 

The time taken = 5tl5t0^20 minutes. 

Its average speed miles per minute =- x GO miles 
per hour 16*15 miles pA* hour nearly. 

The average velocity of a given point in any direction 
(strictly so called) is the whole displacement in the given 
direction in the given time divided by the given time. 

21. Relative Motion. Rest and motion are rela- 
tive terms; we do not know what absolute motion is; all 
motion that wo become acquainted with is relative. 

For example, when we say that a train is travelling 
northward at the rate of 40 miles an hour, we mean that 
that is its velocity relative to the ea\rth, it is the velocity 
that a person standing at rest on the ejirth would observe 
in the train. Reside this motion along the surface it 
partakes with the rest of the earth in the diurnal motion 
about the axis of the earth; it also moves with the eft,rth 
round the sun ; and in addition has, in common with the 
whole solar system, any velocity that that system may have, 

22. Consider the case of two trains moving on parallel 
rails in the same direction with equal velocities and let 
A and B be two points, one on each traii^; a person .-it. one 
of them, A say, would, if he kept his attt'iiti' n fixed on B 
xind if he were unconscious of his own motion, consider B to 


be at rest. The line AB would remain constant in magni- 
tude and direction, and the velocity of B relative to A 
would be zero. 
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Next, let the first train be moving at the rate of 20 
miles per hour, and let the second train B be moving in the 
same direction at the rate of 25 miles per hour. In this 


t 



^case the line joining A to B would (if we neglect the 
distance between the rails) be increasing at the rate of 
6 miles per hour, and this would be the velocity of B 
relative to A. 

Thirdly, let the second train be moving with a velocity 
of 25 miles per hour in the opposite direction to that of the 
first ] the line joining A to B would now be increasing at the 



rate of 45 miles peK-bour in a direction opposite to that of 
A^a motion, and the relative velocity of B with respect to A 
would be — 45 miles per hour. 

In each of these cases it will be noticed that the 
relative velocity of the second train with respect to the 



O 


u 


0 
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first is obtained by compounding with its own velocity a 
velocity equal and opp()site to that of the first. 

Lastly, let the first train be moviqg along the line OC 
with velocity whilst •the second train is moving with 
velocity v along a line O^D inclined at an angle B to 00, 

Resolve the velocity v into two components, v cos $ 
parallel to OC and v sin 0 in the perpendicular direction. 

As before, the velocity of R relative to A, parallel to 
OCt is vco^$ — u- also, since the i)oint A has no velocity 
perpendicular to 00, the velocity of B relative to A in that 
direction is v sin 6. 

Hence the velocity of Ji relative to A consists of two 
components, viz., v cos parallel to OC, and v sin 0 

perpendicular to OC, These two components are equivalent 
to the original velocity v of the train B combined with a 
velocity equal and opposite to that of A. , 

Hence wo have the following important result ; 

Relative Velocity. When the* distance between two 
points is altering, either in direction or in magnitude or m 
both, then either point is said to have a velocity relative to the 
other ; also the relative velocity of one poin\ B wilh respect to 
a second point A is obtained by aympounding v'ii*\ the velocity 
of B a velocity which is equal and opposite to that of A. 

23. may bg advisable for the student to consider 
relative motion in a slightly different n\anner. Suppose 
the velocities of the tWo points A and to be represented 
by the lines AP and BQ, so that in one second the positions 
of the points change from A and B to P and Q, Complete 
the parallelogram APRS and join RQ, 


2—3 
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By Art. 16 the velocity BQ is equivalent to two 
velocities represented by BR and RQ\ also BR is equal 
and parallel to AP, 

Hence the velocity of B is equivalent to two velocities, 
one, BRj equal and parallel to that of and the ot/lier by RQ, 
The velocity of B relative to -.1 is therefore represented 

by RQ. 



But RQ is the resultant of velocities RB and BQ^ i,e» of 
the velocity of B and a velocity equal and opposite to that 
of A. Hence the relative velocitji of B with respect to A is 
obtained by compounding with the actual velocity of B a 
velocity equal and opposite to that of A, 

m 

24 . From the previous article it follows tliat, if two 
points A and B be moving in the same direction with 
velocities u and v respectively, the relative velocity of B 
with respect to J in that direction is v — u, and that of A 
with respect to B is w — v. 

If they bo moving in different directions the relative 
velocity is found by compounding velocities by means of 
the parallelogram of velocities, ‘ t 

Sx. A train U travelling along a horizontal rail at the rate 
of 30 miles per hour^ and rain is driven by the wind^ which is in the 
same direction as the motion of the train^ so tJuit it falls 7cith a 
velocity of 22 feet per second and at an angle of 80 ” with the vertical. 
Find the apparent directimi of the rain to a person travelling with the 
train. 
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The velocity of the train is 44 feet per second. 

Let AB represent the actual velocity of the rain so that, if Ali bo 
a vertical line, the angle EAB is 30*^. 

Draw AC horizontal and opposite to tlie direction of the train and 
let it represent in rnagnitudi^ the velocity, 4f feet per second, of the 
train. 





Complete the parallelogratu ABI>C. 

Join AJ)f and let the angle JCAT> be 
yiT) is the apparent direction of Iho rain. 
From the triangle BAP, we have 


BI) _ sin Ds4 B sin (0 ^ 30 ) 
AB ' s'm B DA ~ coaO 


• 22 ' ■ 


•sin 0 e<is 30'^ -f- cos 0 sin 30'^ 
cos tf 


St.- tan 0 cos 30'“’ I- sin 30'’, 


2 -s tan ^ • 


. . tan ^=j»y3 = tan 60'^. 

Ilcnce 0 is 60'\ It follows, since BAD is a right angle, that the 
apparent direction of the rain is at right angles to its real direction. 


EXAMPLES. 11. 

1. A railway train, moving at the rate of 30 niilys per hour, is 
struck by a Rt»ne, movftig horizontally and at right angles to the train 
with a velocity of 33 feet per second. Find the magnitude and 
direction of the velocity with which the stone appears to meet the 
train. 

2. One ship is sailing due east at the rate of 12 miles per hour, 
and another ship is sailing due north at the rate of IG miles per hour ; 
find the relative velocity of the second ship with respect to the first. 
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3. One ship is sailing Boath with a velocity of miles per 
hour, and another south-east at the rate of 15 miles per hour. Find 
the apparent velocity and direction of motion of the second vessel to 
an observer on the first vessel. 

4. A ship is sailing north-east with a velocity of 10 miles per 
hour, and to a passenger on board the wind appears to blow from the 
north with a velocity of 10x^2 miles per hour. Find the true velocity 
and direction of the wind. 

5. A ship steams due west at the rate of 15 miles per hour 
relative to the current which is flowing at the rate of 6 miles per hour 
due south. What is the velocity relative to the ship of a train going 
due north at the rate of 30 miles j)er hour ? 

6. In a tunnel, drops of water which are falliiig from the roof 
are noticed to pass the carriage window of a train in a direction 
making an angle tan“i ^ with the horizon, and they are known tQ 
have a velocity of 24 feet per second. Neglecting the resistance of 
the air, find the velocity of the train. 

7. To a man walking at the rate of 2 miles an hour the rain 
appears to fall vertically ; when be increases his speed to 4 miles per 
hour it appears to meet him at an angle of 45^ ; find the real direction 
and speed of the rain. 

8. A steamer is going due west at 14 miles per hour, and the 
wind appears from the drift of the clouds to bo blowing at 7 miles 
per hour from the north-west. Find its actual velocity and make a 
geometrical construction for its direction. 

9. A railway train is moving at the rate of 28 miles per hour, 
when a pistol shot strikes it in a direction making an angle sin*"^^ 
with the train. The shot enters one compartment at the corner 
furthest from the engine and passes out at the diagonally opposite 
corner ; the compariment being 8 feet long and 6 feet wide, shew that 
the shot is moving at the rate of 80 miles per hour, and traverses the 
carriage in ^ths of ,a second. 

10. Two trains, each 200 feet long, aro moving towards each 
other on parallel lines with velocities of 20 and 30 miles per hour 
respectively. Find the time that elapses from the instant when they 
first meet until they have cleared each other. 

1.1- The vjind blowing exactly along a line^of railway, two trains, 
moving with the same speed in opposite directions, hdve the steam 
track of the one double that of the other ; shew that the speed of each 
train is three times that of the wind. 

12. One tthipf sailing ea^fp with a speed of 15 miles per hotiT, passes 
a certain point at noon; and a second ship, sailing north at the 
same speed, passes the sarme point at 1.30 p.m, ; at what time are 
they closest together, and what is the distance thent 
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Let 0 be the fixed point, A the position of the second ship at 12.0 
noon, so that Od =22^ miles. 



The relative velocity of the first' ship with respect to the second is 
obtained by compounding with its velocity of 15 a velocity equal and 
opposite to that of the second ship, i.e. a velocity of 15 southwards. 
Hence this relative velocity is 15^2 in the direction OK", i.e. south- 
east. 


Draw AL perpendicular to OK. Then AL is clearly the shortest 
distance required. It 

1 1 4.5 

= OA sin A OL = 22-1 x = 15*9 miles nearly. 

Also the time after 12.0 noon ' 


=tho time in which OL is described with the relative velocity J5 ^^2 


_OL 

'15^2' 


1 


15^2 


? hour. 


Otberwlse thus; Let P and Q be the actual positions of the ships 
at the end of time £, and let PQ=x. 


Then 


and 


Hence 


OZ^= Od -15f = 15 
OQ = 15«. 

a^=18«[(| - t)«+t»J=15Sx 2[t=- ?M- jjj 
=2xl5*x[(t-J)»+/,]. 

Now a square can never be negative, so that its least value is zero. 
Hence the least v|lue of x is when and then, 
x^^J2 X 16 X nearly. 


13 . A ship steaming north at the rate of 12 miles per hour 
observes a ship, duo east of itself and distant 10 miles, which is 
steaming due west at the rate of 16 miles per hour ; after what time 
are they at the least distance from one another and what is this least 
distance? 
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14. Two points are started simultaneously from points A and B 
which arc 5 feet apart, one from A towards i? with a velocity which 
would cause it to reach 1? in 3 seconds, and the other at right angles 
^to the direction of the former with of its velocity. Find their 
relative velocity in magnitude and direction, the shortest distance 
between them, and the*time when the^ are nearest. 

15. A ship is sailing due east, and it is known that the wind is 
blowing from the north-west, and the apparent direction of the wind 
(as shewn by a vane on the mast of the ship) is from N.N.E. ; shew 
that the speed of the ship is equal to that of the wind. 

16. A person travelling eastward at the rate of 4 miles per hour, 
finds that the wind seems to blow directly from the north ; on doubling 
his speed it appears to come from the north-east ; find the direction 
of the wind and its velocity. 

17. A person travelling toward the north-east, finds that the wind 
appears to blow from the north, but when he doubles his speed it 
seems to come from a direction inclined at an angle cot-i2 on the 
east of north. Find the true direction of the wind. 

18. Two points move with velocities v and 2v respectively in 
opposite directions in the circumference of a circle. In what i)OKitions 
is their relative velocity greatest and- least and what values has it 
then? 

c 

25. Angular Velocity. Def. If a point P he in 
motion in a plane^ and if 0 he a fixed point in the plane and 
OA a fixed straight line drawn through 0, then the rate at 
which the angle AOP increases is called the angular velocity 
of the moving point P about O, 

When uniform; the angular velocity is measured by tlio 
number of radians in the angle which is turned through by 
OP in a unit of time. 

When variable, it is measured at any instant by what 
would be the angle turned through by’the lin4 OP in a 
unit of time, if during that unit it continued to turn at the 
same rate as at the instant under consideration. 

Bza. If the line OP turn through 4 right angles (i.e. 2ir radians) 
in one second, the angular velocity is 2ir. 
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If it turn through three-quarters of a right angle in one second, 
the angular velocity ^ ^ • 

If OP make 7 revolutions in one seconc^ the angular velocity is 
7 X ‘2ir or 14ir. t 

26 . The angular velocity can always be expressed in 
terms of the linear velocity when the path is known. 

The only case that we shall consider is when the 
angular velocity is uniform, and the moving point P is 
describing a circle about the fixed point 0 as centre. 



If a mommj point desci'ibe a cir^e^ its anyidar velocity 
about tJie centre of tJie circle is equal to its speed divided by 
the radius of the circle. 

Let P be the position of the moving 'point any time, 
and in the unit of time let the point describe the arc PQ. 
In this time the line OP turns through the angle POQ. 
Hence the angular velocity is e<[ual to the number of 
radians ir# the aifgle POQ. * 

arc PO 

But the number of radians in POQ = — * 

Also, since the arc PQ is described in one second, it is 
equal to the speed v. 
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Hence, if co bo the angular velocity and r the radius of 
the circle, wo have 


V 



i.e. V = rco.* 

Sxfl. (1) If the moving point describe a circle of 3 feet radius with 
unit angular velocity, the speed is given by i> = 3 . 1 = 3 feet per second. 

(2) If the moving point describe a circle of 5 feet radius with speed 
8 feet per second, its angular velocity cj is given by radian per 
second. 

(3) The earth makes a complete revolution about its own axis in 
24 hours. The ongular velocity of any point on its surface therefore 

Since the earth’s radius is 4000 miles, the velocity of any point on the 
equator 

2 ^ 

X 4000 miles per second 

24 X 60 X 60 

= 1047 miles per hour approximately. 


EXAMPLES. HI. 

1. A wheel turns about its centre, making 200 revolutions per 
minute ; what is the an^olar velocity of any point on the wheel about 
the centre ? 

2. A wheel turns about its centre, making 4 revolution.^ per 
second ; what is the angular velocity of any point on the wheel about 
the centre and what is its linear velocity, if the radius of the wheel 
be 2 feet ? 

3. If the minute hand of a clock be 6 feet long, find the velocity 
of the end in feet per second. 

What is its angular velocity? 

4 . Gomparei’the velocities of the extremities^of the hear, minute, 
and second hands of a watch, their lengths being *48, *8, and *24 
inches respectively. 

5. A treadmill, with axis horizontal and of diameter 40 feet, 
makes one revolution in 40 seconds. At what rate per hour does a 
man upon it waJk over its surface, supposing he always keeps at the 
same height above the ground ? 



ANGULAR VELOCITY 


27 


6, From a Ifiiin moving with velocity V a carriage on a road 
parallel to the line, at a distance d from it, is observed to move so as 
to appear always in a line with a more distant fixed object whose 
least distance from the railway is 2). Find the velocity of thh 
carriage. 

7, A point moves in a» circle with uni/orm speed ; shew that its 
angular velocity about any point on the circumference of the circle is 
constant. 

S. A string has one end attached to the comer of a square 
board, fixed on a smooth horizontal table, and is wound round the* 
square carrying a particle at its other end; the particle is projected 
with velocity u at right angles to the side of the square whose side 
is a ; if the length of the string be 4a, find the time that the string 
takes to unwraj} itself from the square, assuming that the speed of the 
particle remains the same throughout the motion. 

** 9. ■'1 v'hvel rolls vnifonuly on the ground^ without slidingf its 
centre describing a straight line; to find the velocities of different 
points of its rim» 

liCt O bo the centre and r the raxlius of the wheel, and let v be the 
velocity with which the centre advances. Let A be the point of the 
wheel in contact with the ground at any instant. 

Now the wheel turns uniformly round its centre whilst the centre 
moves forward in a straight line ; also, since each point of the wheel 
in succession touches the ground, it follows that any point of the 
wheel describes the perimeter of the wheel relative to the |!cntre, 
whilst the centre moves through a distance equal to the perimeter; 
hence the velocity of any ix)int of the wheel rclntivo to the centre is 
equal in magnitude to the velocity v of the centre. 


B 



Hence any point P of the wheel possesses two velocities each 
equal to v, one along the tangent, PP, at P to the circle, and the * 
other in the direction, PM, in which the centre O id moving. 
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Hence the velocity of i4=?)-.tJr=0. anrl so ^ is at rest for the 
insknL 


So the velocity ot li=zv + v=2v. 

Consider the motion of any other point P. It has two velocities, 
each equal to v, along Pil^and PT respectively. 

Now, since PM and PT are respectively perpendicular to OB and 
OP, the LMPT=^LPOB = e (say). 


The resultant of these two velocities v is a velocity 2v cos along 

2 


PL, where lT.PT=\ lMPT=^ = lOPA. 

a 


Hence L APL= i OPT^Ui right angle. 

Hence the direction of motion of the point P is perpendicular to 
APf and its angular velocity about A 


2ucos 2ycos - 
2 *2 


AP 


2r cos 


2 


V 

r 


= the angular velocity of the wheel about O. 

Hence each point of the wheel is turnmg about the point of con- 
tact of the wheel with the ground, with a constant angular velocity 
whose measure is the velocity of the centre of the wheel divided by 
the radius of the wheel. 


10. An engine is travelling at the rate of 60 miles per hour and its 
wheel is 4 feet in diameter; find the velocity and direction of motion 
of each of the two points /)f the wheel which are at a height of 3 feet 
above the ground. 


11, If a railway carriage be moving at the rate of 30 miles per 
hour and the diameter of its wheel be 3 feet, what is the angular 
velocity of the wheel when there is no sliding? Find also the relati.o. 
velocity of the highest point of the wheel with respect to the centre. 

12, If a railway carriage be moving at the rate of 30 miles per 
hour and the radius of the wheel be 2 feet, what is the angular velocity 
of the wheel when there is no sliding? Also what is the relative 
velocity of the highest point of the wheel with respect to the centre ? 

13, The wheel of a carrii^e is of radius 2 f%et and the carriage 
is moving at the rate of 10 miles per hour ; if there be no slipping, 
find the velocity of the highest point, and also the velocities of points 
which are at heights of 1 and 3 feet respectively above the ground. 
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27. Change of Velocity. Suppose a point at any 
instant to he moving with a 
velocity represented by OA, ( 
and that at some 'subsequent 
time its velocity is represented / 
by OM. 

Join A/^f and complete the / 
parallelogram OA BG* O A 

Then tlie velocities repre- • 

sentod by OA find OG are equivalent to tlio velocity OB. 
Hence the velocity OG is the velocity which must bo com- 
pounded with OA to produce the velocity OB. The velocity 
OG is therefore tlie change of velocity in the given time. 

Thus the cliango of velocity is not, in general, the 
diflferenco in magnitude between the •magnitudes of the 
two velocities, but is that velocity which cciupounded with 
the original velocity gives the final velocity. 

The change of velocity is not constant unless the change 
is constant both jn magnitude and direction* 


EXAMPLES. IV. 

1. A point is moving with a velocity of 10 feet per second, and 
at a subsequent instant it is moving at the same rate in a direction 
inclined at 30° to the former direction-; fiiul the change of velocity. 
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On drawing the figure, as in the last article, we have OA = OB= 10, 
and the angle ilOB=30°. 

Since 0^1 = 05, we have z and therefore ZjfOC= 105°. 

Also AB=20A Bin 15^=20 5 {V6-^/2)=6•17G. 

Hence the change in the velocity, t.^., 06\ is 5*176 feet per second 
in a direction inclined at 105° to the original direction of motion. 

2. A ship is observed to be moving eastward with a velocity of 
3 miles per hour, and at a subsequent instant it is found to be moving 
northward at the rate of 4 miles per hour; find the change of 
velocity. 

3. A point is moving with a velocity of 5 feet per second, and at 
a subsequent instant it is moving at the same rate in a direction 
inclined at 60° to its former direction ; find the change of velocity. 

4. A x>oint is moving eastward with a velocity of 20 feet x>4dr 
second, and one hour afterwards it is moving north-east with the same 
speed ; find the change of velocity. 

5. A point is describing with uniform speed a circle, of radius 
7 yards, in 11 seconds, starting from the end of a fixed diameter; find 
the change in its velocity after it has described one-sixth of the cir- 
cumference. 

28. Acceleration. Def. The accehration of a 
moving •point is the rate of change of its velocity. 

Note that the acceleration of a moving point has both 
magnitude and direction. 

The acceleration is uniform when equal changes of 
velocity take place in equal intervals of time, however 
small these intervals may be. 

When uniform,*’ the acceleration is measured by the 
change in the velocity in a unit of time; when variable, 
it is measured at any instant by what would be the change 
of the velocity in a unit of time, if during that time the 
acceleration continued the same as at the instafiat under 
consideration. 

29. The magnitude of the unit of acceleration is the 
acceleration of a point which moves so that its velocity is 
changed by the unit of velocity in eacli unit of time. 
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Hence a point is moving with n units of acceleration 
when its velocity is changed by n units of velocity in each ' 
unit of time. 

Thus a point is moving with 10 centimetrl-seoond units of accelera- 
tion when its change of velocity is 10 cms. per second in each second. 
This acceleration is sometimes called an acceleration of 10 cms./sec^. 

30 . Theorem. Parallelogram of Accelera- . 
tiohS. If a momng point have uimuUa'neously two accelera- 
tions represented in magnitude and direction hy two sides of 
a parallelogram drawn from a pointy they are equivalent to 
an acceleration represented hy the diagonal of the parallelo- 
gram passhig through that angular point. 

Let the acceleral»oii.s ho represented by the sides AB and 
AC oi the parallelogram ABDCy i.e. let AB and AC repre- 
sent tho velocities added to tho velocity of the point in a 
unit of time. On the same scale let EF represent the 
velocity which tho particle has at any instant. 



Draw the parallelogram EKFL having its sides parallel 
to AB an^ AG ; produce EK to My and ELAtO Ny so that 
KM and ZiV'are equal to AB and AC respectively. 

Complete the parallelograms as in the al)Ove figure. 

Then the velocity EF is equivalent to velocities EK and 
EL. But in the unit of time the velocities AW’ and AATare 
the changes of velocity, 
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Therefore at the end of a unit of time the component 
velocities are equivalent to EM and EN^ whicli are equi- 
valent to EO, and this latter velocity is equivalent to velo- 
cities EE EG, fArt Ifi.) 

Hence in the unit of time FO is the change of velocity 
of the moving point, i.e. FO is the resultant acceleration of 
the point. 

But EG is equal and parallel to AD, 

Hence AD represents the acceleration which is equi- 
valent to the accelerations AB and d(7, i.e, AD is the 
resultant of the accelerations AB and AG, 

31 . It follows from the preceding article that accelera- 
tions arc resolved and compounded in the same way as 
velocities, and propositions similar to those of Arts. 13 — 19 
will be true when wo substitute “acceleration for “velocity.'^ 

Velocities and accelerations, and also forces (Art. 72) 
are examples of an important class of physical quantities 
which are called Yectoi quantities. The characteristic of 
a Vector quantity is that it has direction as well as magni- 
tude, and is thus fitly leprescnted by a straight line ; in all 
cases vector quantities are compounded by the parallelo- 
grainmic law. 

In the languji|.ge (if Vectors Arts. d2 and 30 are 
examples of the Addition of Vectors, and it would be said 
that the addition of the vectors AB and JW (or AC) gives 
the vector AD. 

In contradistinction to Vectors, quantities w^iich only 
possess magnitude, and not direction, are called Scalars. 
Kinetic Energy, which will be defined later on, is an 
example of a physical quantity which is a Scalar; other 
examples are a ton of coal, a sum of money, etc. Scalar 
quantities are compounded by Simple Addition. 
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32. Theorem. A •point moves in a st/raighJt line^ 
stcurting with velocity u, and moving with constant accelera- 
tion f in its direction of motion ; if v he its velocity cU the 
end of time and s he ^s distance at Hfuit instant from its 
starting pointy then 

( 1 ) v^u+ft, 

(2) 8=^ut + \ft\ 

(3) V® — + y^s, 

(1) Since f denotes the acceleration, i.e., the change in 
the velocity per unit of time, ft denotes the change in the 
velocity in t units of time. 

But, since the particle possessed n units of velocity 
initially, at the end of time t it must possess ft units 
of velocity, ie. 

v — u-{- ft. 

(2) Let V be the velocity at the middlo of the interval 
so that, by (1), T- ^ . 

Now the velocity changes uniformly throughout the 
interval t Hence the velocity at any instant, preceding 
the middle of the interval by any time is as much less 
than F, as the velocity at the sam^ time JT after the middle 
of the interval is greater than F. 

Hence, since the time t could be divided into pairs of 
such equal moments, the space described is the same as if 
the point yioved fgr time t with velocity F. / 

8=V .t^(u t ut + \ft^. 

(3) The third relation can be easily deduced from the 
first two by eliminating t between them. 


li. D. 


3 
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For, from (1 ), - {u 

= 1^2 + 2 uft + 

\f^). 

Hence, by (2),^ -y- = w® + %fs, 

aa. Alternative proof of equation (2). 

Let the time t bo divided into n equal intervals, each equal to r, 
so that t^nr. 

The velocities of the point at the beginnings of these successive 
intervals are 

w, w+/r, m + 2/t, ^^+(n-l)/T. 

Hence the space ■whicli would he moved through by the point, if it 
moved during each of these intervals r with the velocity which it has 
at the heginnimj of each, is 

«^ = . T + [?i +/r] . r + + [?/ 'I-/ (7i 1) t] . T 

~fi . ut + ff^ m {1 + 2 + 3...... 4' (>i "-1)1^ 

. « M (n - 1) . 

= M.«r+/r^. ~ — - , on summing the a.p., 

'.=:wt4 ^1 * ♦ since 

Also the velocities at the ends of these successive intervals are 

^ u 4 /t, u + 2/t, w + nfr. 

Hence the space Sg 'wlvrh would he moved through by the point, if 
it moved during each of these mtervals t with the velocity which it 
has at the end of each, is 

«j,= (tt+/r).T + (w+2/T).T+ i{u + nfT),T 

- nuT +/r2 (14-2 + 3 + n) 

=zut-\-\ft^ ^1 + , as before. 

Now the true spad^.e 9 is intermediate betweca rfhd *2 5 8*180 the 
larger wo make n and therefore the smaller the intervals r become, 
the more nearly do the two hypotheses approach to coincidence. 

If we make n infinitely large the values of Si and both become 
ut+ Ift®. 

Hence 8z=ut + ^ft'^, 

34. When the moving point starts from rest we have 
u ~ 0, and the formulae of Art. 32 take the simpler forms 

v=/t, 

and 1 ^^ 2 /a. 
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35. Graphic Method. Velocity-Time Curve. 

To detenyiine^ by rneans of a yraph^ the distance described 
in a given time when tibe velocity of the moving point is 
varying. ^ • 

Take two straight lines OX and OY at right angles, 
and let times be represented by lengths drawn along OX, 
so that a unit o£ length in this direction represents a unit 
of time. 



At each {xunt M erect a perpendicfiiTar MP to represent 
tho velocity of the moving point at the time represented 
by OM. Tho tops of all these ordinates will be found to 
lie on a lino such»as JiPQCy which is curved or straight. 

We shall shew that the distance described in time OA 
by the moving point is represented by the area bounded 
by OBy OA, AC and the curved line PC. 

Take an ordinate NQ close to MP. Thep during the 
time MN ^e point moves with a velocity which is greater 
than MP and less than NQ, Hence, since tho distance 
described with constant velocity = velocity x time, the 
distance described by it in time MN is > MP . MN and is 
< NQ , MN, i.e. the number of units of spice described 

3—2 
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in time MN is intermediate between the number of units 
of area in the rectangles PN and QM, Similarly, if we 
divide OA into any number of equal small parts and erect 
parallelograms on eahh. , 

Hence the number of unit^ in the distance described in 
time OA is intermediate between the space represented by 
the sum of the inner rectangles and the sum of the outer 
rectangles. 

Now let the number of portions of time into which the 
time OA is divided be made indefinitely large ; then these 
two series of rectangles get nearer and nearer to one 
another and to the area of the curve. Hence the number 
of units of space descril^ed in time OA is ultimately equal 
to the number of units of area in the area OACB, 

36 . Case of uniform acceleration. Let u be 

the initial velocity and f the constant acceleration. 

On OY mark off OB to represent the velocity u at time 
0. ’Since the velocity at any time = w + fi\ 
the ordinate MB at M -- OB OM, (1). 



Draw liTU parallel to OX to meet MP in T and AG 
in U. 
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Then TP=MP- OB =/. OM, by (1), 

TP TP 

so that /= ^ = ^,= tan PBT. 

’ Hence TBP is a constant angle, and therefore P lies 
on a straight line passing through B, 

In this case, therefore, the velocity-time curve is the 
straight line BG^ and UC ~ BU , tan CBU =/ > t. 

Hence the number of units of space described in time t 
-- the number of units of area in OACB 
= area OBUA + area BUG 
^OA.OB + \Bir . UG 
= OA [OB 4 - ^UG] - ^ [w + ^/t] 

= ut + \f^- 

37 . In the figure of Art. 35 since RQ is the increase 
of velocity in time AfN the acceleration of the moving 
point at this instant = the value, when AIN is made inde- 
finitely small, of • * [Art. 28] 

— the value of tan QPR, 

But when MN is made indefii^itely small the point Q 
moves up to P, PQ becomes the tangent at P, and tan QPR 
becomes the tangent of the angle that the tangent at P 
makes with OX, 

Hence in the Velocity-Time graph the numerical value 
of the acceferation^s the slope of the curve to the Time-Line. 

38 . Spcbce described in any pa/rticular second, 

[The student will notice carefully that the formula (2) of Art. 82 
gives, not the space traversed in the second, but that traversed in 
t seconds.] 
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The space described in the second 
= space described in t seconds — space described in {t — 1) 
seconds 


= [ut + iyi''] -[u(t-l),+ i/(t - 1)»] 


.2<-l 

9 — - 


Hence the spaces described in the first, second, third, 
...Tith seconds of the motion are 

« + !/.« + / 


These distances form an arithmetical progression whose 
common difierence is /. 

Hence, if a body move witli a uniform acceleration, the 
distances described in successive seconds form an arith- 
metical progression, whose common difference is equal to 
thejuuraber of units in the acceleration. 


The space described hi iu\y particular second may be other- 
wise found as follows. As in Ai-t. 32, the space described in the 
second is the same as* tliat which would be described if the point 
moved during that second with the velocity which it has at the 
middle of that second. 

Now the velocity at the middle of the second 
=velocity at the end of time {t - 
=»+/(*- ^). 

Hence the space described in the second 


80. Bz. 1. A train, which is irwving at \he rate oj 60 miles per 
hour, is brought to rest in 3 minutes with a uniform retardation; find 
this retardation, and also the distance that the train travels before 
coming to rest, 

iSA -1 u 60x1760x3 j 

60 muea per hour= — 60x^60 second. 

Let / be the acceleration with which the train moves. 
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Since in 180 Beconds a velocity of 88 feet per second is destroyed, 
wo have (by formula (1), Art. 32) • 

0 = 88+/(180). 

/= - 1 ft. -see. units. 

[N.B. / has a negative ^lue because it & a retardation.] 

Let X be the distance described. By formula (3), we have 
0=882+2(-||).a:. 
a = 88* X 11:= 7920 feet. 

Bx. S. A point is movintf with uniforju acceleration; in the 
eleventh and fifteenth seconds from the commencement it moves through 
720 and 960 cms. respectively; find its initial velocity^ and the 
acceleration with which it moves. 

Let u be the initial velocity, and/ the acceleration. 

Then 720 — distance described in the eleventh second 


= [K . 11 + J /. 11*] - [« . 10+ 10*]. 

720-U+-V-/ (1). 

Bo 960.=[«.1.7 i.|/.1.5*]-[n.ll-i J/.H*J. 

.-. 960 = tt+-“5V (3). 

Solving (1) and (2), we have m= 90, and/=60. 


Hence the point started with a velocity of 90 cnis. per second, and 
moved with an acceleration of 60 cm. -sec. units. • 


EXAMPLES. V. 

1. The quantities n, /, r, «, and t having the meanings assigned 
to them in Art. 32, 

(1) Given 2, /= 3, t= find v and a; 

(2) Given n— 7, /=-!, 7, finJ. rands; 

(3) Given M= 8, v= 3, s= 9, find/and t; 

(4) Given v= -6, -9, /= - ** *• 

The units of length and time are a foot and a second. 

• • • 

2. A body, starting from rest, moves with on acceleration equal 
to 2 ft. -see. units; find the velocity at the end of 20 seconds, and the 
distance described in that time. 

3. In what time would a body acquire a velocity of 30 miles per 
hour, if it started with a velocity of 4 feet per second and moved with i 
the ft. -sec. unit of acceleration 7 
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4. With vrhat uniform acoeleration does a body, starting from 
rsst, describe 1000 feet in 10 seconds? 

5. A body, starting from rest, moves with an acceleration of 8 
centimetre-second units; in what time will it acquire a velocity of 
30 centimetres per second, and what distance does it traverse in that 
time? 

6. A point starts with a velocity of 100 cms. per second and 
moves with -2 centimetre-second units of acceleration. When will 
its velocity be zero, and how far will it have gone? 

7. A body, starting from rest and moving with uniform occelerar 
tion, describes 171 feet in the tenth second; find its acceleration. 

8. A particle is moving with uniform acceleration ; in the eighth 
and thirteenth second after starting it moves through 8|- and 7^ feet 
respectively; find its initial velocity and its acceleration. 

9. In two successive seconds a particle moves through 20^ and 
23 2 feet respectively; assuming that it was moving with uniform 
acceleration, find its velocity at the commencement of the first of 
these two seconds and its acceleration. Fuid also how far it had 
moved from rest before the commencement of the first second. 

10. A point, moving with uniform acoeleration, describes in the 
last second of its motion ^^ths of the whole distance. If it started 
from rest, how long was it in motion and through what distance ^d 
it move, if it described 6 inches in the first second? 

11. A point, moving with uniform acceleration, describes 25 feet 
in the half second which elap&cs after tlie first second of its motion, 
and 198 feet in the eleventh second of its motion ; find the acceleration 
of the point and its initial velocity. 

12. A body moves for 3 seconds with a constant acceleration 
during which time it describes 81 feet; the acceleration then ceases 
and during the next 3 seconds it describes 72 feet; find its mitial 
velocity and its acceleration. " 

13. The speed of a train is reduced from 40 miles an hour to 10 
miles per hour whilst it travels a distance of 150 yards; if the re- 
tardation be uniform, find how much further it will travel before 
coming to rest. 

14. A point ,sts>rts from rest and moves with a uniforjn accelera- 
tion of 18 ft.-scc. units; find the time taken by it to traverse the first, 
second, and third feet respectively. 

15. A particle starts from a point 0 with a uniform velocity of 
4 feet per second, and after 2 seconds another particle leaves O in the 
same direotioi\ with a velocity of 5 feet fer second and with an 

' acceleration equal to 8 ft.-8eo. units. Find when and where it w^U 
overtake the first particle 
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16. A point moves over 7 feet in the first second during which it 
is observed, and over 11 and 17 feet in the third and sixth seconds* 
respectively; is this consistent with the supposition that it is subject 
to a uniform acceleration? 

17. A point is moving ig a north-east direction with a velocity 6, 
and has accelerations 8 towards the north and 6 towards the east. 
Find its position after the lapse of one second. [The units are a foot 
and second.] 

18. A particle starts with a velocity of 200 cms. per second and 
moves in a straight line with a retardation of lOcnis. per sec. per sec. ; 
find bow long elapses before it has described 1500 cins. and explain 
the double answer. 

19. Two points move in the same straight lino starting at the 
same inomenV.from the same point in it; the first moves with constant 
velocity u and the second with constant acceleration / ; during the 
time that elapses before the second catches the first shew that the 

greatest distance between the particles is 

the start. 

20j In a run of 12 minutes from rest to rest a train has the 
following speeds, in miles per hour, at the end of each minute; 
25, 40, 60, 50, 45, 40, 40, 45, 45, 35, 20, 0. Draw a curve repre- 
senting the relation between the speed at any instant and the^time 
from the start, and estimate the average velocity during the run. 

21. A point starts from rest, and its velocities at the end of eaoii 
second up to the seventh are as follows; 5,^18, 38, 62, 78, 81 and 83 
feet per second. Sketch the velocity curve on a time base, and esti- 
mate the distance through which the point moves in the seven seconds. 
Estunate also the instant at which the acceleration is greatest and the 
value of the acceleration at that instant. 

22. The velocities of a body ore found to be 4, 3*8. 19, 22, 16*7, 
and 10 feet per second at intervals of 6 seconds from *est. Plot the 
curve of velocities to a time base, and estimate the distance passed 
over in the 80 seconds. Find also the acceleration at 16 seconds from 
the start. 


at the end of time ^ from 
4/ / 



CHAPTER III. 


MOTION UNDER GRAVITY. 

40. Acceleration of fklling bodies. When a 
heavy body of any kind falls toward the 
earth, it is a matter of everyday experience 
that it goes quicker and quicker as it falls, 
or, in other words, that it moves with an 
acceleration. That it moves with a con^ 
slant acceleration may be roughly shewn by 
the .following experiment tirst performed by 
Morin. 

A circular cylinder covered witli paper is 
connected with clock-work and made to rotate 
about its axis which is vertical. In front of 
the cylinder is an iron weight, carrying a 
pencil P, which is,, compelled by guides to fall 
in a vertical line and is so arranged that the 
tip of the pencil just touches the paper on the 
surface of the cylinder. 

When thp cylinder is revolving uniformly, tlie weight 
is allowed to drop and the pencil traces out a curve on 
the paper. When the weight has reached the ground the 
paper is unwrapped and stretched out on a flat surface. 
The curve ^marked out by the pencil is found to be such 
that the vertical distances described by the pencil from the 
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beginning of the motion are alway-a proportional to the 
squares of the horizontal distances 
described by it, so that, if Q, be ^ 
any two points on the cjjirve, then • 

AN 

Now since the cylinder revolved 
uniformly, these horizontal distances 
ai‘e proportional to times that have 
elapsed from the commencement of the motion. Henco 
the verticiil distance described is proportional to the square 
of the time from the commencement of tfie motion. 

But, from Art. 34, we know that, if a point move from 
rest with a constant acceleration, the space described is 
proportional to the square of tlio time. 

Hence we infer that a falling body moves with a con- 
stcfciit acceleratioiL 



41. Galileo’s Experiment. That the accelef^tion 
of a falling body is constant was first shewn by Galilei > 
by some experijnents conducted at Pisa about the year 
1590. To avoid the difficulty of measuring the velocity 
of a freely falling body, which soon becomes very large, he 
considered the motion down an inclined plane instead, and 
assumed that the law of motion for admail sphere rolling 
down a groove in an inclined plane would be similar to 
that of a freely falling body. 



Commencing from the top of his groove, 'he measured 
off distances down it proportional to 1, 4, 9, 16, i.e. pro- 
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Pprtional to P, 2®, 3*, 4®,.... He then let his small sphere 
start from the top, and verified that the times of its 
describing these distances were proportional to 1, 2, 3, 4,.... 
Hence the distances described fronj rest were proportional 
to the squares of the times. But, as in Art. 34, the 
distances ai'e proportional to the squares of the times 
when the acceleration f is constant. 

Hence it follows that the acceleration down the inclined 
plane is constant, and from that Galileo assumed that the 
acceleration of a freely falling body is constant also. 

The great difficulty Galileo had was in measuring time 
accurately, as the clocks of his time were very inaccurate. 
He used a vessel of water of large transverse section which 
had in its bottom a small hole which he could close with 
his finger. When the ball started he removed his finger, 
and the water ran out into a vessel placed to receive it. 
When the Iwill had reached one of his marks he closed the 
hole; the water that had meantime run out was then 
weighed, and formed a fairly accurate measure of the 
time that had elapsed; 

42 . From the results of the foregoing, and other more 
accurate, experiments wq, learn that, if a body be let fall 
towards the earth in vacuo^ it will move with an acceleration 
wliich is always the same at the same place on the earth, 
but which varies slightly for different places. 

The value of this acceleration, which is called the 
“acceleration due to gravity,” is always denoted by the 
letter 

When foot-second units are used, the value of g varies 
. from about 32*091 at the equator to about 32*252 at the 
poles. In the latitude of London its value is about 32*19. 
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Wlien centimetre-second units are used, the extreme 
limits are about 978 and 983 respectively, and in the' 
latitude of London the valuo is about 981*17. 

The best method of ^determining tTie value of ” is by 
means of pendulum experiments ; we shall return to the 
subject again in Chapter XI. 

\In all numerical examples^ unless it is otherwise stated^ 
the motion may he supposed to he in vacuo, and the value 
of g taken to he 32 when fooUsecond units^ and 981 when 
centimetre-second units^ are used,^ 

43. Vertical motion under gravity. Suppose a 
body is projected vertically from a point on the earth^s sur- 
face so that it starts with velocity u. The acceleration of 
the body is opposite to the initial direction of motion, and is 
therefore denoted by -g. Hence the velocity of the body 
continually gets less and less until it vanishes ; the body is 
then for an instant at rest, but immediately begins to acquire 
a velocity in a downward direction, and retraces its steps. 

Time to a gimn height. The height h at which a body 
has arrived in time t is given by substituting —g for f in 
equation (2) of Art. 32, and is therefore given by 

h = ut — 

This is a quadratic equation with both roots ; ositive ; the 
lessor root gives the time *at which the body is at the given 
height on the way up, and the greater the time at which it 

is at the same height on the way down. 

• # 

Thus the time that elapses before a body, which starts with a 
velocity of 64 feet per second, is at a height of 28 feet is given by 

203= 64t - 16t*, whence t= J or -j. 

Hence the particle is at the given height in half a second from the 
oommencement'of its motion, and again in 3 seconds afterwards. 
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44 . Velocity at a given height. 

The velocity v at a given lieight h i«, by equation (3) of 
Art. 32, given by 

Hence the velocity at a given height is independent ai the 
time from the start, and is therefore the same at the same 
point whether the body l>e going upwjirds or downwards. 


45 . Greatest height attained. 

At the highest point the velocity is just zero ; hence, if 
X be the greatest height attained, we have 
0 = - ^Igx, 

Hence the greatest height attained 




Also the time T to the greatest height is given by 
0 " w - gT. 



46 . Velocity due to a given vertical Jail from rest. 

If a body bo dropped from rest, its velocity after falling 
through a height h is obtained by substituting 0, and h for 
Uyf and s in equation (3) of Art. 32 ; 

. ,\v-tj^gh. 


EXAMPLES. VI. 

1, A body \r, projected from the earth vertically with (j. velocity of 
40 feet per second ; find (11 how high it will go before coming to rest, 
(2) what times will elapse oefore it is at a height of 9 feet. 

2. A particle is projected vertically upwards with a velocity of 
40 feet per second. Find (il when its velocity will be 25 feet per 
second, and (li) when it will be 25 feet above the point of pro- 
jection. 
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3. A stone is thrown vertically upwards with a velocity of 60 feet 
per second. After what times will its velocity be 20 feet per secondf 
and at what height will it then be? 

4. Find (1) the distance fallen from rest by a body in 10 seconds, 
(2) the time of falling 10 feet.. (B) tlie initial Vertical velocity when the 
b(My describes 1000 feet downwards in 10 seconds. 

5. A stone is thrown vertically into a mine-shaft with a velocity 
of 96 feet per second, and readies the bottom in 3 seconds ; find the . 
depth of the shaft. 

6. A body is projected from the bottom of a mine, whose depth 
is 88// feet, with a velocity of 24// feet per second; find the time in 
which the body, after rising to its greatest height, will return to the 
surface of the earth again. 

7. The greatest height attained by a particle projected vertically 
upwards is 225 feet; find how sixm after projection the particle will 
be at a height of 176 feet. 

8. A body moving in a vertical direction passes a point at a 
height of 64*5 centimetres with a velocity of 436 centimetres per 
second ; with what initial velocity was it thrown up, and for how 
much longer will it rise? 

9. A particle passes a given point moving downwards v^th a 
velocity of lif ty metres per second ; how long before this was it moving 
upwards at the same rate ? 

10. A body is* projected vci-tically u^»vards witli a velocity of 
6540 centimetres per second ; how high does it rise, and for how long 
is it moving upwards ? 

11 . Given that a body falling freely^Jiisses through 176-99 feet in 

the sixth second, find the value of //. ^ 

12. A falling particle in the last second of its fall passes through 
224 feet. Find the height from which it fell, and the time of its 
falling. 


13, A. Ikxly fall# freely from the top of a tower,* and during the 

last sexjond of its flight falls of the whole distance. Find the 

height of the tower. 

14, A body falls freely from the top of a tower, and during the 
last second it falls ths of the whole distance. Find tlift height of the 
tower. 
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15. A stone A is thrown npwilrds with a Teloqity of 

06 feet per second ; find bow high it rise. After 4 Seconds from 

tho projection of another stone B is lot fall from the same point. 
Shew that A will overtake B after 4 seconds more. 

16. A body is projected upwards with a certain velocity, and it is 
found that when in its ascent it is 960 ^eet from the ground it takea 
4 seconds to return to the same point again ; find tlie velocity of pro- 
jection and the whole height ascended. 

17. A body projected vertically downwards descrilied 720 feet in 
t seconds, and 2240 feet in 2t seconds ; find t, and the velocity of pro- 
jection. 


18. A stone is dropped into a well, and the sound of the splash is 
heard in 7 iV seconds ; if tho velocity of sound be 1120 feet per second, 
find the depth of tho well. 

19. A stone is dropped into a well and rc.xchi'S thS bottom with a 
velocity of 96 feet per second, and the sound of the splash on the water 
reaches tho top of tho well in 3 7^^ seconds from the time the stone 
sta«rts ; find the velocity of sound. 

20. Assuming the acceleration of a falling body at the surface of 
the moon to be one-sixili of its value on the earth’s suifacp, find the 
height to which a particle will rise if it be projected vertically upwa^ 
from the surface of the moon with a velocity of 40 feet per second. 

47. Motion down a smooth inclined plane. 

Let AB he the* y,ertical section of a. smooth inclined 


A 



plane inclined at a given angle a to the horizon, and let P 
a body on the plane. 
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If there i were no. plahe^ .to stop its motion, the body 
would fall vertically with an acceleration g. 

Now, by the parallelogram of accelerations, a vertical 
acceleration g is equivajfsnt to * 

(1) an acceleration g cos a perpendicular to the plane 
in the direction Pity 

and (2) an acceleration g sin a dov^n the plane. 

The plane prevents any motion perpendicular to itself. 

Hence the body moves down the plane with an accelera- 
tion g sin a, and the investigation of its motion is similar 
to that of a freely falling body, except that instead of g we 
have to substitute g sin a. 

It follows at onco that the velocity acquired in sliding 
from rest down a length I of the plane 

■-=\l2g sin o, A ^ A sin a == . d (7, 

and is therefore the same as that acquired by a particle in 
falling freely through a vertical height equal to that of the 
plane. In other words the velocity acquired is independent 
of the inclinatioif of the plane and 'depends only on the 
vertical height through which the particle has fallen. 

48 . If the body be projected wp the plane with initial 
velocity w, an investigation similar to that of Ai-ts. 43 — 45 
will give the motion. The greatest distance attained, 

' 

measured up the plane, is t;-— . : the time taken in tra- 

^ ^ ’ 2ysma' 

" u 

versing this distance is — . — , and so on. 

g sin a 


L. i>. 


4 
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- EXAMPLES VIl. 

1. A body is projected with a velocity of 80 feet i)er second up a 
smooth inclined plane, whose inclination is 80*^; find the distance 
described, and the tim^that elapses, before it comes to rest. 

2. A heavy particle slides from rest down a smooth inclined 
plane which is 15 feet long and 12 feet high. What is ite velocity 
when it reaches the ground, and how long does it take? 

3. A particle sliding down a smooth plane, 16 feet long, acquires 
a velocity of 16^2 feet per second; find the inclination of the plane. 

4. What is the ratio of the height to the length of a smooth 
inclined plane, so that a body may be four times as long in sliding 
down the plane as in falling freely down the height of the xdanc start- 
ing from rest? 

5. A particle is projected (1) upwards, (2) downwards, on a plane 
which is inclined to the horizon at an angle sin-^^; if the Initial 
velocity he 16 feet per second in each case, find the distances described 
and the velocities acquired in 4 seconds. 

6. A particle slides without friction down an inclined plane, and 
in the 5th second after starting passes over a distance of 2207*25 centi- 
metres ; find the inclination of the plane to the horizon. 

7. AB is a vertical diameter of a circle, whose plane is vertical, 
and PQ a diameter inclined at an angle 0 to A B. Find so that the 
time of sliding down PQ may be twice that of sliding down AB. 

49. Theorem.* time that a body takes to slide 
dovm any smooth cho^d of a vertifial circh, which is drawn 
from the highest point of the circle, is constant. 

Let AB he a, diameter of a vertical circle, of which A is 
•the highest point and 4 C any chord. 

heiLDAB — O} put AD = x and = so that 
x = a cos 0. 

As in the last article, the acceleration down AD ia 
g cos 6. Let T be the time from A to D. Then AD is 
the distaned described in time T by '.i particle starting 
from rest and moving with acceleration g cos B. 

x = \g coaB .T\ 
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Thi,s result is independent of By and is the same as thq 
time of falling vertically through the distance AB, 



Hence the time of falling down all chords of this circle 
beginning at A is the same. 

The same theorem will bo found to bo true for all chords 
of the same circle ending in the lowest point. 

50. Lines of quickest descent. The line* of 

quickest descent from a given point to a curve in the same 
vertical plane is the straight line dowq vdiich a body would 
slide from the given point to the given curve in the shortest 
tirne. 

It is not, in general, the saine^ line as the geometri- 
cally shortest line that can be drawn frorft the ^ ’.ven point 
to the curve. For example, the straight line down which 
the time from a given point to a given plane is least, is not 
the perpendicular from the given point upon the given plane, 
except in th^ case vtfiere the given plane is horifiontal. 

51. Theorem. The chord of quickest descent from a 
given point P to a curve in the same vertical plane is PQy 
tohere Q is a point on the curve such that a circle^ having P 
at its highest pointy touches the curve ai Q. 


4—2 
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For lei a circle be drawn, having it» liighesift point at 
1\ to touch the given curve externally in Q, Take any 



other point Qi on the curve, and let PQ^ ineeb the cirdo 
again in R, 

..Then, since PQ^ is > PR^ 

the time down PQ^ is > time down PR. 

But time down PR - time down PQ (Art. 49), 

so that thh time down PQx is ^ time down PQ^ 
and is any point on the given curve. 

Hence the time down PQ is less than that down any 
other straight line from P to the given curve. 

Similarly it may be shewn that, if we want the t'hord 
of quickest descent from a given curve to a given point 7^, 
we must describe a circle having the given point P as its 
lowest point to touch the curve in then QP is the 
required straight line. '* 

Bx. 1. To find the straight line of quickest descent from a given 
point P to a given straight line which is in the same vertical plane as P. 

Let BC be the given straight line. Then we have to describe a 
circle having its highest point at P to touch the given straight line. 
Draw PB horizontal to meet BC in B, From BC cut off a portion 
PQ equal to BP. Then PQ is the required chord; for it is clear 
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that a circle can be drawn to touch BP and BQ at P and Q re- 
spectively. * 


B P 



Bx. 2. To find the line of quivleat dncent from a given point to a 
given circle in the name vcriical plane. 

Join P to the lowest point B of tlic given circle to meet the circle 
again in Q. Then PQ is tlie required lino. For join 0, the centre of 
the circle, to Q and produce to meet the vertical line through P in C. 
Tlio L QPC~- L OBQf since OB and CP'iiro parallel, , 

= I Z CQP. 

ITenco a cii’cle whose centre is P, and radius CP, will have its higlu.iij 

point at P and will touch tl^ given circle at Q. 

• • • 



If P, be within the given circle, join P to the highest point and 
produce to meet the circumference in Q ; then PQ will be the required 
Lino. 
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59. Bz. 1. A cage in a mine-shaft descends with 2 ft, -sec. units of 
'acceleration. After it has been in motion for 10 seconds a particle is 
dropped on it from the top of the shaft. What time elapses before the 
particle hits the cage f 

Let T be the time that elapses aftf^r the second particle starts. 
The distance it has fallen through is therefore ^gT^, ^he cage has 
been in motion for {T+ 10) seconds, and therefbre the distance it has 
fallen through is 

i.2(T+10)®or(r+10)®. 

Hence we have (T+lQy=^gT^=zl6T^. 

r+io=4r. 

T= 3^ seconds. 

Bz. 2. A stone is thrown vertically with the velocity which would 
just carry it to a height of 100 feet. Two seconds later another stojie is 
projected vertically from the same place with the same velocity ; when 
and where will they meet t 

Let u be the initial velocity of projection. Biiico the greatest 
height is 100 feet, we have 

0=u2-2</.100. 

w=V%ri 00 =: 80 . 

Let T be the time after the first stone starts before the two stones 
meet. 

Then the distance traversed by the first stone in time Tr= distance 
traversed by the second stone in time (T-2). 

8 or-jifliZ’'= 80 (r- 2 )-^j(r- 2 )“ 

= 807'- 160 - (T» - 4'r + 4). 

160=|i/(4r-4) = 16(47'-4). 

/. T =3^- seconds. 

Also the height at whiclisthey mcet=807'- 

=280- 196 = 84 feet. 

The first stone will be coining down and the second stone going 
upwards. 


* EXAMPLES. Vm.« 

1, From a balloon, ascending with a velocity of .32 ft. per second, 
a stone is let fall and reaches the ground in 17 seconds ; how high 
was the balloon when the stone was dropped? 

2. If a body be let fall from a height of 64 feet at tlie same 
instant that another is sent vertically from the foot of the height 
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with a velocity of 64 feet per second, what time elapses before they 
meet ? •• 

If the first body starts 1 sec. later than the other, what time will 
elapse ? 

3. A tower is 288 feet lygh ; one body hs dropped from the top of 
the tower and at the same instant another is projected vertically 
upwards from the bottom, and they meet half-way up ; find the initial 
velocity of the projected body and its velocity when it meets the 
descending body. 

4, A body is dropped from the top of a given tower, and at the 
same instant a body is projected from the foot of the tower, in the 
same vertical line, with a velocity which would be just sufiicient 
to take it to the same height as the tower; find where they will 
meet. 

6, A particle is dropped from a height //, and after falling frds 
of that distance passes a particle which was projected upwards at the 
instant when the first was dropped. Find to what height the latter 
will attain, 

6. A body begins to slide down a smooth inclined plane from rest 
at the top, and at the same instant another body is projected upwards 
from the foot of the plane with such a Velocity that they meet half- 
way up the plane ; find the velocity of projection and determine the 
velocity of each when they meet. 

7. A body is projected upwards with velocity w, and t seconds 
afterwards another body is similarly projected with the same velocity ; 
find when and where tliey wjII meet. 

8. A balloon ascends ^ith a uniform acceleration of 4 ft. -sec. 
units ; at the end of half a minute a body is rdTcased from it ; find the 
time that elapses before the body reaches the ground. 

9. After a ball has been falling under gravity for 5 seconds it 

passes through a pane of glass and loses half its velocity; if it now 
reach the ground in 1 second, find the height of the glass above the 
ground. • 

10. The space described by a falling body in the last second of 
its motion is to that described in the last second but one as 3:2; find 
tlie height from which the body was dropped, and the velocity with 
which it strikes the ground. 

11. A piano is ollength 288 feet and of height 64^cct ; shew how 
to divide it into three parts so that a particle at the top of the piano 
may describe the portions in equal times, and find these times. 

12. Shew that the time that a particle takes to slide down a 
chord of a vertical circle, starting from one end of a horizontal 
diameter, varies as the square root of the tangent of th6 inclination of 
the chord to the vertical. 
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13. A number of smooth rods meet m a point A and rings placed 
on them slide down the rods, starting simultaneously from A. Bbew 

that after a time t the rings are all on a sphere of radius ^ . 


14. A number of b&lics slide fronv rest down smooth inclined 
planes which all commence at the same point and terminate on the 
same horizontal plane; shew that the velocities acquired are the 
same. 


15. Two heavy bodies descend the height and length respectively 
of a smooth inclined plane ; shew that the times vary as the spaces 
described and that the velocities acquired are equal. 

16. A heavy particle slides down a smooth inclined plane of given 
height; shew that the time of descent varies as the secant of the 
inclination of the plane to the vertical. 

17. A body slides down smooth chords of a vertical circle ending 
in its lowest point; shew that the velocity on reaching the lowest 
point varies as the length of the chord. 

18. If two circles touch each other at their highest or lowest 
points, and a straight line be drawn through the point to meet both 
circles, shew that the time of sliding from rest down the portion of this 
line intercepted between the two circles is constant, 

19. A plane, of heigl'it h and inclination a to the horizon, ha&a 

smooth groove cut in it incliiu;d at an angle p to the line of greatest 
slope ; find the time that a particle would ^take to describe the groove, 
starting from rest at thb' top. * 


20. If length s be divided into n equal parts at the end of each 

f 

of which the acceleration of a moving point is increased by"- . find 

n 

the velocity of a partrcle after describing the distance 8 if it started 
from rest with acceleration /. 

21. A particle starts from rest with acceleration / ; at the end of time 
t it becomes 2/; it becomes 3/ at end of time 2^, and so on. Find the 
velocity at the end of time lit, and shew that the distance described is 

• n(n+l ) (2n+l) , ,, ' 

f O / • ^ • 


22. A body starts from rest and moves with uniform acceleration ; 
shew that the distance described in the ( 74 ^+n-f l)th second is equal to 
the distance described in the first n seconds together with the distance 
described in the first (n+1) seconds. 
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23. It particle oconpiea n eecondii less and acquires a velocity 
of m feet per second more at one place that at another in fallit^ 

Til 

through the same distance, shew that — equals the geometrical mean 

71 

between the numerical values of gravity ai the two places. 

24. A train goes from rest at one station to rest at another, 
one mile off, being uniformly accelerated for the first frds of the 
journey and uniformly retarded for the remainder, and takes 3 minutes 
to describe ilie whole distance. Find the acceleration, the retardation, 
and the maximum velocity. 

25. An engine-driver suddenly puts on his brake and shuts off 
steam when he is running at full speed ; in the first second afterwards 
the train travels 87 feet, and in the next 8o feet. Find the original 
speed of the train, the time that elapstis before it conies to rest, and 
the distance it will travel in this interval, assuming tlie bmke to cause 
a constant retardation. Find also the time the train will take, if it 
be 96 yards long, to pass a s^iGctator standing at a point 484 yards 
ahead of the train at the instant when the brake was applied. 

26. A railway-train goes from one station to another moving 
during the^rst part of tlie journey with uniform acceleration /; when 
steam is shut off and the brakes are applied, it moves with uniform 
retardation If a be the distance between the stations, shew that 
the time the train takes is 



27. During the first (jpaitcr of the journey from a station A to 
a station 7J the velocity of a train is uni fondly accelerated, and during 
the last quarter it is uniformly retarded, and the middle half of tjie 
journey is performed at a uniform speed. Shew that the average speed 
of the train is |rds of the full speed. 

28. A lift ascending from a pit 600 feet deep rises rh^.Ing the first 
part of its ascent with uniform a<!ceIcrntion. On ncmiing the top the 
upward force is cut off, and the impetus of the lift is just sufficient to 
carry it to the top. If the whole process occupies 30 secs., find the 
acceleration during the first paiii of the ascent, and the maximum 
velocity attained. 

29. A frain stafts from rest and reaches its greatest speed of 

50 miles per hour in 5 minutes. This speed is maintained till it is 
half a mile from the next stopping place. Find the values of the 
acceleration and retardation in foot-second units, and the whole time 
taken for the journey if it bo 100 mhes. Draw also the velocity-time 
curve for the whole journey. • 



CHAPTETl IV. 

THE LAWS OP MOTION. 

53 . In the present chapter we propose to consider the 
production of motion, and it will ho necessary to commence 
with a few elementary definitions. 

Matter is ** that which can ho perooived hy the senses ” 
or “ that which can ho acted upon hy, or can exert, force.*’ 
No definition can however be given that would convey 
an ielea of what iiiattc3r is to anyone who did not already 
possess that idea. It, like time and space, is a primary 
conception. r , • , 

, A Particle is a portion of matter which is infinitely 
small in all its dimensions, or, at any rate, so small that 
for the purpose of our investigations the distances between 
the different portions of it tnay be neglected. Sometimes 
l)odies of a finite size can be treated as particles, as in the 
case of a cricket ball thrown into the air, or of a stone 
falling to the ground. Again in considering the motion of 
the Earth rohnd the Sun, the Earth itself may ‘be treated 
as a particle. * 

A Body is a portion of matter which is bounded by 
surfaces, and which is limited in every direction, so that it 
consists of a very large number of material particles 
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The Mass of a body is the quantity of matter in the 
body. 

Force is that which changes, or tends to change, the 
state of rest or uniform motion of a* body. 

These definitions may appear to the student to be vague, 
but we may illustrate their meaning somewhat as follows. 

If we have a small portion of any substance, say iron, 
resting on a smooth table, we may by a push be able to 
move it fairly, easily ; if we take a larger quantity of the ' 
same iron, the same effort on our part will be able to move 
it less easily. Again, if we take two portions of platinum 
and wood of exactly the same size and shape, the effect 
produced on these two substances hy equal efforts on our 
part will bo quite different. Once more, if we have a 
croquet-ball and a cannon-ball, both of the siiine size, 
lying at rest on the ground, and we kick each of them 
with the same force, the effect on the first is greater than 
that on the second. So also wo can distinguish between 
a cask full of water, and an empty one of the same si'r 
by watching the effept of equal kicks applied to them. 

Thus common experience shews us that the same effort 
applied to different bodies, under seemingly the same 
conditions, does not always produce the same result This 
is because the of the bodies arejdiffex'en^* 

54 . If to the -same ina.ss we apply two forces in 
succession, and they generate the same velocity in the 
same time, the forces are said to be equal. 

If th% saine*force bo applied to two diferent fbosses, 
and if it produce in them the same velocity in the same 
time, the masses are said to be equal. 

The student will notice that we liere asswne that it is^ 
possible to create forces of equal intensity on different 
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occasions, e.g, we assume that the force necessary to keep a 
spiral spring stretched through the same distance is tlie 
same when other conditions are unaltered. 

Hence by applying the same for^ce in succession wo can 
obtain a number of masses each equal to a standard unit of 
mass. The foregoing would be a theoretical method of 
defining equal masses, applicable under all conditions. In 
practice, we shall find that equal masses have equal weights, 
so that the process of weighing is the simplest practical 
method of comparing masses. 

56 . The British unit of mass is called the Imperial 
Pound, and consists of a lump of platinum deposited at 
Westminster, of which there arc in addition several 
accurate copies kept in other places of safety. 

The French, or scientific, unit of mass is called a gramme, and is 
the one-thousandth part of a certain quantity of i)Iatinum kept in 
Paris. The gramme was meant to be defined as the mass of a cubic 
centimetre of pure water at a temperature of 4° C. 

It Va a much smaller unit than a Pound. 

One Gramme - about 15*432 grains. 

One Pound = about 453*6^ grammes. 

The system of units* m which a centimetre, gramme, and second, 
are respectively the units of length, msiss, and time, is generally called 
the c.a.s. system of units. 

66. Density. The,,density of a unifonn body is tho 
mass of a unit voliime of the body ; so that, if m bo the 
mass of volume F of a body whose density is p, then 

Vp. 

67 . The yreight of a body is the (orce w^th which 
the earth attracts the body. 

It can be sbe^ that every particle of matter in nature attracts 
every other particle with a force, which varies directly as the product 
of the mosses of the quantities, and inversely as the square of the 
« distance betweeh them; hence it can be deduced that a sphere attracts 
a particle on, or outside, its surface with a force which varies inversely 
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as tho square of the distance of the particle from the centre of the 
sphere. Tlie earth is not accurately a sphere, and therefore points on 
its surface are not equidistant from the centre ; hence the attraction 
of tho earth for a given mass is not quite the same at all points of its 
surface, and therefore the weight of a giv^n mass is slightly different 
at dlifereiit points of tho earth. 

58. The Momentum of a body is proportional to 
the product of the mass and the velocity of the body. 

If we take as the unit of momentum the momentum of 
a unit mass moving with unit velocity, then the momentum 
of a })ody is where r/i is tlie mass and v the velocity of 
the body. The direction of tho inoinentum is the same as 
tliat of the velocity. 

Thus tho momentum of «a body of 100 grammes moving with 
velocity ‘275 cnis. jjer is 27500 centimetre-gramme-second units 
of momentum. 

59. We can now enuinu‘ate what are commonly called 
Newton's Laws of Motion. ‘‘The first two were discovered 
by Galileo (about the year 1590) and the tlnrd in some of 
its many forms was known to Hooke, Huyghens, Wallis, 
Wren and others bciore the publication of the PrincipiaT 
They were put into ftjfinal shape by Newton in his PrlnG%i}ia 
published in tlie year 1686. 

1'hoy are ; 

laUW I, Emry body continues in its slate of r*'6t, or of 
uniform motion in a straiyht line^ except in far as it he 
compelled by external impressed force to cJuinye that state, 

Law 11. The rate of change of uwmentiim is propor- 
tional to the impressed force, and takes place in the direction 
of the straight in which the force acts, • 

Law 111. To every action there is an equM and 
opposite reaction. 

No strictly formal proof, experimental « or otherwise^ 
can be given of these three laws. On them however is 
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based the whole system of Dynamics, and on Dynamics 
tlie whole theory of Astronomy. Now the results obtained, 
and the predictions made, from the theory of Astronomy 
agree so well with the ^iactual observed facts of Astronomy 
that it is inconceivable that the original laws on which the 
subject is based should be erroneous. For example, the 
Nautical Almanac is published four years beforehand ; the 
motions of the Moon and the Planets are therein predicted, 
and the time and place of Eclipses of the Sun and Moon 
foretold; and the predictions in it are always correct. 
Hence the real reason for our belief in the truth of the 
above three laws of motion is that the conclusions drawn 
from them agree with our experience. 

60. Law 1. We never see this law actually ex- 
emplified on the Earth because it is practically irnpossiblo 
ever to get rid of all forces during the motion of the body. 
Tt may be seen approximately in operation in the case of 
a piece of dry, hard ice projected along the surface of dry, 
well swept ice. The onl^ forces acting on the fragment of 
ice, in the direction bf its motion, are the friction between 
the two portions of ice and the resistance of the air. The 
smoother the surface of the ice the further the small 
portion will go, and the less the resistance of the air the 
further it will go. The above law asserts that if the ice 
were perfectly smooth and if there were no resistance of 
the air and no other forces acting on the body, then it 
would go on for ever in a straight line with uniform 
velocity. 

The law states a principle sometimes called the Prin- 
ciple of Inertia j viz . — that a body has no hinate ten- 
dency to change its state of rest or of uniform motion in 
a straight line. A lump of iron resting on tl^p ground 
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does not move by itself, nor unless it is acted upon by 
a force external to itself. •* 

Tf a portion of metal attached to a piece of string be 
swung round on a smooth horizonte.1 table, then, if the 
string break, the metal, having no longer any force acting 
on it, proceeds to move in a straight line, viz, the tangent 
to the circle at the point at which its circular motion' 
ceased. 

If a man step out of a rapidl}'' nioving train he is 
generally thrown to the ground ; his feet on touching the 
ground are brought to rest; but, as no force acts on the 
upper part of his body, it continues its motion as before, 
and the man falls to the ground. 

If a man be riding on a hcirso which is galloping at a 
fairly rapid pace and the horse suddenly stops, the rider is 
in danger of being thrown over the liorse^s head. 

If a man be seated upon tlic back seat of a dog-cart^ 
and the latter suddenly start, the man is very likely to be 
left Ixjhind. 

• • . • 

61 . Law II. From this law we derive our method of 
measuring force. 

Let m be the mass of a bodj^ and f the acceleiation 
produced in it by the action of a fofee w^ose measure 
is 1\ 

Then, by the second law of motion, 

P oc rate of change of momentum, 
oc. rate of change of wy, 
oc* m X rate of change of v (if m is unaltered), 

X m ,f. 

i'* — X . m/J wliere X is some constsdit,. 
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Now lot tho unit of force be so chosen thfit it may 
produce in unit mass the unit of acceleration. 

Hence, when m = \ and y*= 1, we have P= 1, 
and therefore X = 1. 

The unit of force being thus chosen, we have 

Therefore, when proj>er units are choj^on, tho measure 
of the force is equal to the measure of the rate of cliange 
of the momentum. 


62 . From the preceding article it follows that the 
magnitude of the unit of force used in Dynamics depends 
on the units of mass, and acceleration, that we use. The 
unit of acceleration, again, depends, by Arts. 9 and 29, on 
the units of lengtlx and time. Hence the unit of force 
depends on our units of mass, length, and time. When 
these latter units are given tho unit of force is a deter- 
minate quantity. 

When a pound, a foot, and a second are respectively the 
units of mass, length, and time, the corresponding unit of 
force is called a Fdundal. 


Hence the equation P = mf is a true relation^ 
m being the number of pounds in the body^ P the 
number of poundalsln the force acting on it, and 
f the number of units of acceleration produced in 
the mass m by the action of the force P on it. 

This relation is sometimes expressed in the form 


- , Moving Force 

Acceleration = r . 

Mass moved 


N.B. All through this book the unit of force 'used will 
be a poundal, unless it is otherwise stated. Thus, when we 
say that the* tension of a string is Ty we mean T poundals. 
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63 . When a gramme, a centimetre, and a second are respectiyelj 
the units of mass, length, and time, the corresponding unit of force is 
Ciillcd a D3me. [This name is derived from the Greek word divFa/uf/ 
pronounced Dunamis, which means Force.] 

Hence when the equation P=r?«/ is use<? in this system the force 
must be expressed in dynes, tne mass in grammes, and the acceleration 
in ccntimctre-second units* 

■ir 

64. ConnecUon between the unit offeree and • 
the weight of^the unit of mass. As explained in 
Art. 42, we know that, when a Ixnly drops freely in vacuo 
it moves with an, acceleration wdiich we denote by 
also the force which causes this acceleration is that which 
we call its weight. 

Now the unit of force acting on the unit of mass pro- 
duces in it the unit of acceleration. 

Therefore g units of force acting on the unit of mass 
produce in it g units of acceleration (by the second law). 

But the weight of the unit of mass is that which pro- 
duces in it g units of acceleration. * 

Hence the weight of the unit of mass = g units of force. 

B 6 . Jfoot-Pov^drS09ond System of waits. In this system 
g is equal to 32 ’2 approximately. 

Therefore the weight of one x>ound is eqiuil to g units of 
force, i.e. to g poundjils, wheie <7 - approximately. 

1 . 

Hence a poundal is approximately equal to times 

tlie weight of a pound, i.e, to the weight of about half an 
ounce. ^ ^ 

Since ; 7 *haa diAerent values at different points of the 
earth’s surface, and since a poundal is a foqrce which is the 
same everywhere, it follows th^t the weight of a pound 
is not constaxit^ but has different values at dif- 
ferent points of the earth. 


L. D. 


6 
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66 . Centimetre-Gramme- Second System of units. In this system 
if is equal to 981 approximately. 

Therefore the weight of one gramme is equal to y units of force, 

i.e. to g , dynes, where 

n = 98l approximately. 

Hence a dyne is equal to the weight of about of a gramme. 

The dyne is a much smaller unit than a poundal. 'I’ho approxi- 
mate relation between them may bo easily found as follows ; 


One Poundal 
One Dyne 


— - wt. of a ixmnd 

a 

9^i *** 

981 ^ one pound _ 981 


- uo-o X 453*6 (by Art. 65). 

32*‘2 one gramme d*2‘2 ' ^ ' 

Hence One Poundal = about 13800 dynes. 


EXAMPLES. IX. 

1, A mass of 20 pounds is acted on by a constani force which in 
5 seconds produces a velocity of 15 feet p^'r second. Find the force y if 
the mass was initially at rest. 

Prom the equation v = w+/«, we have / --^=s3. 

Also, if P be the foif o expressed in poundals, wo have 
P=20 X 3 = 60 poundals. 

Hence P is equal to the 'Vfeight of about -Jl,, i.e. ij , pounds. 

2, A mass of 10 pounds is placed on a smooth horizontal plane, 
and is acted on by a force equal to the weight of 3 j^ounds; find the 
distance described^ by it in 10 seconds. 

Here moving force =wev"ht of 3 lbH.=3(/ poundals; 

and mass moved =10 pounds. 

Hence, if ft.-sec. units are used, the acceleration = , 

so that the distance required . ^.103—480 feet. 

3, Find the magnitude of the force which, 'Acting on a kilogramme 
for 5 seconds, produces in it a velocity of ojic metre, per second. 

Here the velocity acquired =100 cms. per sec. 

Hence the acceleration = 20 o.a.s. units. 

1000 X 20 

Hence the force = 1000 x 20 dynes = weight of about — — or 
20*4 grammes. 



THE LAWS OF MOTION 


67 


4. Find tbo acceleration produced when 

(1) A force of 5 poundals acts on a mass of 10 pounds. * 

(2) A force equal to the weight of 5 pounds acts on a mass of 

10 pounds. 

(8) A force of 50 poui^^s weight acts 6n a mass of 10 tons. 

5. Find the force expressed (1) in poundals, (2) in terms of the* 
weight of a pound, that will produce in a mass of 20 pounds an 
acceleration of 10 foot-second units. 

6. Find the force which, acting horizontally for 5 seconds on a 
mass of 160 pounds plaeed on a smooth table, will generate in it a 
velocity of 15 feet per second. 

7. Find the magnitude of the force which, acting on a mass of 
lOcwt. for 10 seconds, will generate in it a velocity of 3 miles per 
hour. 

8. A force, equal to the weight of 2 lbs., iicts on a mass of 40 lbs. 
for half a minute; lind the velocity acquir^^d, and the space moved 
through, in this time. 

9. A body, acted upon by a uniform force, in ten seconds describes 
a distance of 7 meties ; compare tbe force with the weight of , the body, 
and find the velocity acquired. 

10. In what time will a force, which is equal to the weight of a 
pound, move a mass of 18 lbs. through 50 feet along a smooth 
horizontal plane, and what will be the velocity ivcquired by the 
mass? 


11. A body, of mass 290 tons, is acted oij by a force equal to 
112000 poundals; hCw long will it take fo acquire a velocity of 
30 miles per hour? 

12. In what time will a force, equal to the weight of 10 lbs,, acting 
on a moss of 1 ton move it through 14 feet^? 

13. A mass of 224 lbs. is placed on a smodth ho»‘’ .ontal plane, 
and a uniform force acting on it parallel to the table for 5 seconds 
causes it to describe 50 feet in that time; shew that the force is equal 
to about 28 lbs. weight. 

14. A licavy truck, of mass 16 tons, is standing at rest on a 
smooth line o4 rails. A horse now pulls at it Bt>eHdily in the direction 
of the line of rails with a force.equal to the weight of 1 cwt. How far 
will it move in 1 minuie ? 

lb 

15. A force equal to the weight of 10 grammes acta on a mass 
of 27 grammes for I'* second; find the velocity of the mass and the 
distance it has travelled over. At the end of the first second the 
force ceases to act; how far will the body travel in the next minute? 

6—2 
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16. A force equal to the weight of a kilogramrae acts on a body 
6ontlnuously for 10 seconds, and causes it to describe 10 metres in 
that time ; find the mass of the body. 

17* A horizontal fotreo equal to the weight of 9 lbs. acts on a 
mass ^ong a smooth horizontal plane ; h.fter moving through a space 
of 25 feet the mass has acquired a velocity of 10 feet per second; find 
its magnitude. • ^ 

18. A body is placed on a smooth table and a force equal to the 
weight of 6 lbs. acts continuously on it; at the end of 8 seconds the 
body is moving at the rate of 48 feet i>cr second ; . find its mass. 

19. A body, of mass 3 lbs., is falling under gravity at the rate of 
100 feet per second. What is the uniform force that will stop it (1) in 
2 seconds, (2) in 2 feet? 

20. Of two forces, one acts on a mass of 5 lbs. and in one-eleventh 
of a second produces in it a velocity of 5 feet per second, and the otlier 
acting on a mass of 625 lbs. in 1 minute produces in it a velocity of 
18 miles per hour; compare the two forces. 

21. A mass of 10 lbs. falls 10 feet from rest, and^is then brought 
to rest by penetrating 1 foot into some sand; find the average thrust 
of the sand on it. 

« 

22. A cannon-ball of mass 1000 grammes is discharged with a 
velocity of 45000 centimetres per i^econd from a cannon the length of 
whose barrel is 200 centimetres; shew that the mean force exerted on 
the ball during the e^^loeion is 5*0625 x lb® dynoc. 

23. It found that when 1 foot was cut off from the muzzle of 
a gun firing a projectile of 100 lbs., the velocity of the projectile was 
altered from 1490 to 1330 feet per seconi^. Shew that th^ force 
exerted on the projqotile oy the powder-gas at the muzzle, when 
expanded in the bore, was about 315 tons weight. 

24. A bullet moving at the rate of 200 feet per second is fired futo 
a trunk of wood into which it penetrates 9 inches; if a bullet moving 
with the same velocity were fired into a similar piece of wood 5 inches 
thick, with wl;^t velocity would it emerge, supppsing thq resistance to 
be uniform? 

# T" ■ 

25. A motor car travelling at the raH of 40 kilometres per hour- 
is stopped by its brakes in 4 seconds; shew that it wilkgo about 22 
metres from the point at which the brakes are fint applied, and that 
the force exerted by^them is about *283 times the weight of the oar, 
and would hold the car at rest on an incline of about 1 iil*8J. 
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67. A poundal and a dyne are called Absolute Units 
because their values are not dependent on the value of 
which varies at different places on the earth's surface, The 
weight of a pound and « of a grammh do" depend on this 
value. Hence they are called OhravitaUoil Units. 

6S« The weight of a body is proportional to its inass 
and is independent of the kiml of mcUter of which it is com- • 
posed. The following is an experimental fact : If we have 
an air-tight receiver, and if we allow to drop at the same 
instant, from the same height, portions of matter of any 
kind whatever, such as a piece of metal, a feather,^ a piece 
of paper etc., all these substances will be found to have 
always fallen through the same distance, and to hit the base 
of the receiver at the same time, whatever be the sub- 
stances, or the height from which they are allowed to fall. 
Since these b6dies always fall through the same height in 
the same time, therefore their velocities [rates of change of 
space,] and their accelerations [rates of changp of velocity,] 
must be always the same. 

The student can apprc^iniatcly perform Ij^e above ozpenmenii 
without creating a Vacuum. Take a penny and a light substance, 
say a small piece of paper; place the paper” on the penny, held 
horizontally, and allow both to drop. They will be found to keep 
together in their fall, although, if they be dropped separately, the 
penny will reach the ground much quicker than the paper. The 
penny clears the air out of the way of the pspdr and no the same 
result is produced as would be the case if there w<^i.e no air. 

i Let Wi and poundals be the weights of any two of 
these bodies, nif and their masses. Then since their 
accelerations are same and equal to pr, haye 

land ^ ^ = 

- * Wi'. War.Tni'.m^, . 

J! 

or the weight of a body is proportional to its mass. 
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Hence bodies whose weights are equal have equal 
masses; so also the ratio of the masses of two bodies is 
known when the ratio of their weights is known. 

The equation TF^ = mg is a numerical one, and means 
that the numTber of units of force in the weight of a body 
is equal to the product of the number of units of mass in 
the mass of the body, and the number of units of accelera- 
tion pi*oduced in the body by its weight. 

From the result of Art. 61, combined with this article, 


we have 


P f 

W' g 


i.e. the ratio of any force to the weight 


of a body is the same as the acceleration produced by the 
force acting on the body to the acceleration produced by 
gravity. 

This form*of the relation between P and / is preferred 
by some. 


69 . Distinction hetirmi mm and weighU The student must 
caroTully notice the ditlcrcnce between the mass and the weight of a 
body. Ho has probably bc< a so accustomed to estimate the masses of 
bodies by means of their weights that he has not clearly distinguished 
between the two. If it were possible tq have a cannon-ball at tlio 
centre of the earth fo would have no weight there ; for tlie aitniction 
of the earth on a particle at its centre is zero. If, however, it were in 
motion, the same force would be required to stop it as would bo 
necessary under similar conditions at the surface of the earth. Hence 
wo see that it might be iM)ssiblo for a body to have no weight; its moss 
however remains unalicredr 

The confusion is probably to a great extent caused by the fact that 
the word “iwund” is used in two senses which are scientifically 
different; it is used to denote both what we more properly call **the 
mass of one pound ** and “ the weight of one pound.” It cannot be 
too strongly impresi^cd on the student that, strictly speaking, a pound 
is a mas^ and fi mass only ; when we wish to sneak of the force with 
which the earth attracts this mass we ought to speak of the ** weight 
of a pound.” This latter phrase is often shortened into “ a pound,” 
but care must be taken to see in which sense this word is used. 

It may also be noted here that the expression **a ball of load 
weighing 201J)8.” is, strictly speaking, an abbreviation for “a ball of 
lead whose weight is equal to the weight of 20 lbs.” The mass of the 
lead is 20 lbs. ; its wei^t is 20^^ poundals. 
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70 . Wcujhing hy Scales and a Spring Balance. We have pointed 
out (Art. 42) that the acceleration due to gravity, i.e. the value of ff, 
varies slightly as wo proceed from point to point of the earth^a surface. 
When we weigh out a substance (say tea) by means of a pair of scales, 
we adjust the tea until' the weight of the tec^is tb|^ same as the weight 
of sundry xneces ot metal ^hose masses are Imown, Q,nd then, by 
Art. 68, we know that the moss of the teals the safne as the mass of 
the metal. Hence a pair of scales really measures masses and not 
weights, and so the apparent weight of the tea is the same evei^- 
wheie. 

When we use a spring balance, wo compare the weight of the tea 
with the force necessary to keep the siting stretclied through a certain 
distance. If then we move our tea and spring balance to another 
place, say from Ijondon to I’aris, the weight of the tea will be different, 
whilst the force necessaiy to keep the sieving stretched through the 
snine distance as before will be the same. Hence the w'eiglit of the 
tea will pull the spring through adisUince different from the former 
distance, and hence its axiparent weight as shewn by the instrument 
will be different. 

If we have two idaces, A and Jl, at the first of which the numerical 
value of g is greater than at the second, then a given mass of tea will 
I a.s tested by the BX)ring balance,] ajipear to weigh more at A than it 
does at B. 

Bx. 1. At the equator the value of g is 32’09 and in London the 
value is 32*2: a merchant buys tea at the equator, at a shilling 
per ixmnd, and sells in London ; at W'hat price per pound (aiipftrent) 
must he sell so that he may neither gain nor lose, if ho ilso the same 
spring balance for both transactions? 

A quantity of tea whieli weighs 1 lb. at tjie equator will appear 

82*2 * * 32*2 

to weigh lbs. in Tjondon. Hence he should sell - ^ lbs. for 

qJ'UVI o2*U9 

3209 

one shill ing, or at the rate of shillings per pound. 

Ex. 2. At a place .4, </=32*24, and at a*placo P .7=32*12. A 
merchant buys goods at £10 per cwt. at A and .sells at B, using the 
same spring balanbc. If he is to gain 20 pi^r cent., shew that his 
selling price must be £12. Qs. 10J<f. per cwt. 

71. Physteal Independence of Forces. The 

latter pari of the Second Law states that the change of 
motion produced by a force is in the direction in which 
the force acts. 

Suppose we have a particle in motion in the direction 
AB and a force acting on it in the direction AG •, then 
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the law states that the velocity in the direction ilJ? is 
Unchanged, and that the only change of velocity is in the 
direction AG \ so that to find the i:eal velocity of the 
particld at the end of a .unit of time, we must compound 
its velocity in the ^irecti^ AB with the velocity generated 
in thlit unit of time by *the force in the direction AC, 
The same reasoning would hold if we had a second force 
acting on the particle in some dthor direction, and so for 
any system of forces. Hence if a sot of forces act on a 
particle at rest, or in motion, their combined effect is 
found by considering the effect of each force on the particle 
just as if the other forces did not exists and cbs if thp pnrticfe 
were at rest^ and then compounding theso effects. This 
principle is often referred to as that of the Physical hide- 
pendence of Forces. 

As an illustration of this principle consider the motion of a ball 
allowed to fall from the hand of a f)assenger in a train which is 
travelling rapidly. It will be found to bit the floor of the carriage at 
exaetdy the same spot as it would have done if the carriage had been 
at rest. This shews that the ball must have continued to move 
forward with the same velocity thi»t the train had, or, in other words, 
the weight of the body only altered tbe motion in the vertical direction, 
and had no influence cm the horizontal vel&oity o£>the particle. 

Again, if any two small bodies be placed on the edge of a table, 
and 1^ hit so that thc> leave the table at the same moment, but with 
velocities differing as much as posRiblo, then whatever be their masses 
or their initial velocities, they will be heard to hit the floor at the 
same instant. It heqce follows that the vertical accelerations and 
velocities produced in the bodies are independent of their masses and 
also of their initial velocities. * 

So also, a circus rider, who wishes to jump through a hoop, springs 
in a vertical direction from the horse's bock; his horizontal velocity 
is the same as that of the horse and remains unaltered ; ho therefore 
alights on the l^orse’s back at the spot from which he started. 

72. I^aralleloenram of Forces. We have shewn 
in Art. 30 that if a particle o| mass m have accelerations 
fi andys I'^PV^sented in magnitude and direction by lines AB 
an4 AC^ then its resultant acceleration f^ is represented 
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ill magnitude and direction by AJ)^ the diagonal o£ the 
parallelogram of which AB and AC are adjacent sides/ . 



Since the particle has an acceleration J\ in the direction 
AB there must be a force (=w/*i) in that direction, and 
similarly a force P^ in the direction AC. Let 

ABx and AC^ represent these forces in magnitude and 
direction. Complete the parallelogram ABJIfi^^ Then 
since the forces in the directions AB^ and AG^ are propor- 
tional to the accelerations *in these directions, 
AB^\AB\\BJ)^\BD. 

Hence, by simple geometry, we have A^ D and in a 
straight line, and ^ 

AB^\ABv.ABi.AB, 

It follows that AB^ represents the force which produces 
the acceleration represented by AB, and hence is the force 
which is equivalent to the forces represented by AB^ and 
AC^. 

Hence we infer the truth of the Parallelogram of Forces 
which may be enunciated as follows ; 

^Jf a particle^he acted by two forces ^represented in 
magnitude and direction by the two sides of a paiVLlelogram 
drawn from a point, they are equivalent to a force repre- 
sented in magnitude and direction by the diagonal of the 
paraUeXogram passing through the point. 



•74 


DYNAMICS 


Oor, If in Arts. 13 — 19 which ai-e founded on the 
Parallelogram of Velocities we substitute the word force” 
for “ velocity ” they will still be true. 

r 

73- Law III. To ^try acViwi there is an equal and 

opposiie reaction. 

Every exertion of force consists of a mutual action 
between two liodics. This mutual action is called the stress 
between the two bodies, so that the Action and Reaction 
of Newton together form the Stress, 

niuatratlons. 1, If a book rest on a tablo, ibo bo(3k presses the 
table with a force equal and opposite to that which the table exeics on 
the book. 

2. 'If a man raise a weight by means of a Btring tied to it, 
tho string exerts on tho man’s hand exactly the samo force that it 
exerts on the weight, bub in the opposite direction. 

3. The attraction of tho earth ion a body is its weight, and 
the body attracts tho eartli with a force equal and opjiosito to 
its ovn weight. 

4. When a man drags a he.i^y body along the ground by means 
of a rope, the ro|)e drags the man back with a force cMpial to that 
with which it drags the body forward. fJ'he weight of the I’ope is 
neglected.] 



[In the figure AB represents the central line of the man’s body. 
F and li are the horizontal and vertical forces which the earth exerts 
on his feet, ahd which are equal and opposite to the forces his feet 
exert on the earth. T is the tension of the rope which acts in 
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opposite directions at its ends. ¥ is the horizontal force between 
the earth and the body. * - 

The man moves because ¥> T, 

The body moves because r>F'. ^ 

Thus at the comnic7icem9nt of the motion we have F T>F*, 

When the man and body are moving unifonnly these three forces 
are equal.] 

5. In the case of a stretched piece of indiarubber, with the ends 
held in a man’s hands, the indiarubber pulls one hand with a force 
equal and opi)osite to that with wdiich it pulls the other hand. 

The compressed buyers between two railway carriages push one 
carriage with a force exactly equal and opposite to that vrith which 
they push the other carriage. 



CHAPTER V. 

LAWS OF MOTION (continued)/ APPLICATION 
TO SIMPLE PBOBLEMS. 

74. Motion of two particles connected by 
a string. 

Two ‘partideSy of masses and m^y are connected hy a 
light inextensible string which 'passes over a 
small smooth fixed pulley^ U m^yjmd 

the resulting motion of the systemy cmd t\e 
tension of the string. 

Let the tension of the string be 2^ 
poundals ; the pulley being smooth, ttiis 
will be the same throughout the string. 

Since the string is inextensible, the velo- 
city of 702 upwards nihst, throughout the 
motion, b^ the same as that of 7ni downwards. 

Hence their accelerations [rates ''of change 
of velocity] must be the same in magnitude. 

Let the magnitude of the common acceleration be^/! 

Npw the force on mj downwards is^m^g — T poundals. 

Hence roig— mj (1). 

So the force on Wg upwards is T — m^g poundals ; 

T -m^ig^m^f 


Q 




It 


km. 


( 2 ). 
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Adding (1) and (2), we have wliich is the 

common acceleration. 

Also, from (2), ^ 

^ = »»s(/ + fl')--^^^fl'poundaIs (3). 

. Since the acceleration is Jcnowri and constant, the 
equations o£ Art. 32 give the space moved through and 
the velocity acquired in any given time. t 


Bzperlment. By using the foregoing result the value of g may 
be roughly obtained if allowance be mode for the friction etc. of the 
pulley. 

Fix^ light pulley at a convenient height from the ground, so that 
the distance through which the masses move may be measured. 
Bound the pulley put a light string having at its ends two equal 
masses [weights of the shape P, in Art. 82, are convenient]. By 
trial find the mass li which, when placed on the right-hand P, will 
make it very slowly and uniformly descend to the ground. This mass 
11 is in general small, and wo shall neglect it. 

Now place on the same P an additional mass Q so that it descends 
to the ground with an acceleration / which is given by the previous 
formula. For P-\-Q and w?o = i\ ^ 


* ' •' wtj + wig ^ 2P + 

, Measure the distance Vi through which tljp weight falls, and the 
lime t that it talfes; then 


» Here everything is known except g whicji can thus be found. 

In an actual experiment the pulley used waa*a light s inminium one. 
The original masses P at the ends of the striug weoe each 265 
grammes. 

A smalFtnass of the shape Q [Art. 82] equal to 4 grammes when 

S laced on one of the weights P was found to just make it very slowly 
escend to the ground, so that this weight just overcomes the frictional 
resistance.® • • 


An extra mass of grammes was put on, and the combined 
weight was then found to descend a distance«of 8 feet to the floor in 
5*5 seconds. [This time can be found to a considerable degree of 
accuracy by a 4top- watch or by placing an ordinary watch beating four 
times per second to the ear ; the mean of several deteunlinations would 
be taken.] 
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Neglecting the 4 famines put on in order to overcome the friction , 
have = 265 and 265 + 9. 


and henc 


H — ^ 


8 X 2 X 539 X 4 . . « 

•••"= -g-i-,y-=about31-7. 


This is as accurate a result as we can expect to obtain from this 
experiment. 

That the tension of the string is as found may be experimentally 
verified as follows: 



Attach the pulley to the end A of a uniform rod, which can turn 
about its centre. Then if during the motion the pulley C be at rest, 
tho tension of the string AC must, by result (3), 

= 2T+ wt. of, pulley C= — p + wt. c)f pulley, 

"t* Wtj 

and hence to keepi the beam horizontal weights must bo put into tho 
scale-pan at JJ which will just balance this tension. 

As a numerical illustration take 7^1 = 70 and wijj=30 grammes,* let 
the mass of the pulley G be 40 grammes and that of the scale-pan B 
be 10 grammes. 

During tho motion, 

4.70.30 . . . 

i;=84 grammes weight ; 

therefore total weight to be placed in the scale-pan 

=wt. of pulley C-l-84 grammes - 10 grammes =114 grammes. 

Put 114 grammes into the scale-pan B ; and hold the pulley C7, so 
that it cannot rotate, in such a position that BOA is ho^rlzontal ; now 
let motion ensue; the beam will be found to remain honzontal so long 
^ as the motion continues; this shows that the tension of the string AO 
really was 124 grammes as the theory gives. 
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If the Btriiig be Blippecl off the rim of the pulley, bo that no motion 
can ensue, then, in order to balance wtj and the weights that mu^#t 
be put into the scale-pan 

= wtB. of C, wii, and Wj- wt. of the scale-pan 
= 40 -1 70 + 30 - 10 = 130 grammes. 

HeTKic when there is motion -we see, from experiment, that the tension 
of the string is less than when the pulley is not free to move. 

75. Two particles^ of naissea mul are connected 
hy a light inextensihle string; 

is 07i a smooth ho7'i‘:,ontal 

table and tJie string over a • (. 

light smooth 'p^dley at the edge of /v.T 

the table ^ hmigxng freely; find 
the resultmg motion^ 

Let the tension of the siring be T pountlals. 

The velocity and acceleration of along the table must 
be equal to the velocity and acjceleration of wix in a vertical 
direction. 

Let y*bo the common acceleration of the masses. 

The force on downward is 'ni^g— T \ 

mpj-T ^ ( 1 ) 

The only horizontal force acting on is the tension T ; 
[for the weight of is balanced by the reaction of the 
table], 

/. T=^vuf ' 2 ). 

Adding (1) and (2), wo have * 


* Wl + W?.2 

giving th <4 requirdid acceleration. 

Hence, from (2), poundals = weight of a 

body whose mass is 


7/i, + 7/ia 
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76. Two masses^ ??ii a'nd are cminected by a string ; 
rift^ is placed on a smooth ^lane inclined at an angle a to the 
horizon^ and tlw string, after passing 
over a small smooth pulley at the top R 

of the plane, supports which hangs \ 1"^ 

vertically ; if m^ descend, find the re- \ 

suiting motion, 

Let the tension of the string be 
T poundals. The velocity .and accele- 
ration of wia up the plane are clearly equal to the velocity 
and acceleration of vertically, v 

Ivet f be this common acceleration. For the motion of 
mi, we have , 

= *. ( 1 ). 

The weight of is m^g vertically downwai*ds. 

The resolved part of 'tn^g perpendicular to the inclined 
])]ane is balanced by the reaction R of the plane, since 
has iTo acceleration perpendieular to the plane. 

The resolved part of the weight down the inclined plane 
is sin a, and hence the total force *up the plane is 


‘m,g sin a. 


Hence T - m.j^g sin a m^f (2^. 

Adding (1) and (2), we easily have . 

- mi-masina ’ 

/= -g- * 

Also, on substitution in (1), 

+ sin a) 

mi + 7»a 

"giving the tension of the string. 
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EXAMPLES. X. 

1. A mass of 9 lbs., descending vertically, drags up a mass of 
Gibs, by means of a string i)a8sing over smooth pulley; find the 
acceleration of the system %nd the tension of the string. 

2. Two particles, of masses 7 and 9 lbs., arc connected by a light 
string passing over a smooth pulley. Find (1) their common accelera- 
tion, (2) the tension of the string, (3) the velocity at the end of 
5 seconds, and (4) the distance described in 5 seconds. 

3. Two particles, of masses 11 and 13 lbs., arc connected by a 
light string passing over a smooth pulley. Find (1) the velocity at the 
end of 4 seconds, and (2) the space described in 4 seconds. If at the 
end of 4 seconds the string bo cut, find the distance described by each 
particle in the next 6 seconds. 

4. Masses of 450 and 550 grammes are connected by a thread 
passing over a light pulley; how far do they go in the first 3 seconds 
of the motion, and what is the tensfbn of the string? 

5. Two masses of 5 and 7 lbs. are fastened to the ends of a cord 
passing over a frictionless pulley supported by a hook. When they 
arc free to move, shew that the pull on the hook is equal to llflbs. 
weight. 

6. Two equal masses, of 3lhs. each, are connected by a light 
stilng hangirig over a smooth peg; if a third mass of 3 lbs. be laid on 
one of them, by how much is the pressure on the peg increased? ^ 

7. Two masses, each equal to P, are connected by a light string- 
passing over a smooth pulley, and a third mass P is laid on one <*f 
them ; iind by how much the pressure on the peg is iucreased. 

8. Two masses, pacli etfiial to ?«, are connected by a string passing 
over a smooth pulley ; w'hat mass must be taken from one and added 
to the other, so that the system may describe 200 feet in 6 seconds? 

9. A mass of 3 lbs., descending vertically, draws up a mass of 
2 lbs. by means of a light string passing ijver a pulley ; at thu i-nd of 
.5 seconds the string breaks; find how much l^ighor tl’e 2 lb. mass 
will go. 

10. A body, of mass 9 lbs., is placed on a smooth lable at a 
distance of 8 feet from its edge, and is connected, by a string passing 
oVer the edge, with a body of mass 1 lb. ; find 

(1) the common acceleration, 

f2) tile time tlfat elapses before the body reaclBos the edge of 
the table, 

and (3) its velocity on leaving the table. 

11. A mass of 350 grammes is placed on a smooth table at a 
distance of 245*25 cms. from its edge and connected by a light string 
passing over the edge with a mass of 50 grammes hanging freely; 
what time will elapse before the first moss will leave the table? 

6 


L. D. 
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12. A particle, of mass 5 lbs., is placed on a smooth plane in> 
oHned at 30° to the horizon, and connected by a string passing over 
the top of the plane with a particle of mass 3 lbs., which hangs ver- 
tically; find (1) the common acceleration, (21 the tension of the 
string, (3) the velocity at the end of 3 seconds, (4) the space described 
in 3 seconds. 

13. A particle, of mass 4 lbs., is placed at the bottom of a plane, 
inclined at 45° to the horizon and of length 7 feet, and is connected 
with a mass of 3 lbs. by a string passing over the top of the plane ; find 
the common acceleration of the masses, and the time that elapses 
before the first arrives at the top of the plane. 

14. A body, of mass 12 lbs., is placed on an inclined plane, whose 
height is half its length, and connected by a light string passing ovta* 
a pulley at the top of the plane with a mass of 8 lbs. whicli hangs 
freely ; find the distance described by the masses in 5 seconds. 

15. A mass of 6 ounces slides down a smooth inclined plane, 
whose height is half its length, and draws another mass from rest over 
a distance of 3 feet in 5 seconds afong a horizontal table which is level 
with the top of the plane over which the string passes ; find the mass 
on the table. 

16. A mass of 4 ozs. is attached by a string passing over a smooth 
pulley to a larger mass ; find the magnitude of the latter so that, if 
after the motion has continued 3 seconds tbe string be cut, the former 
will ascend ft. before descending. 

17. Two scale-pans, of mass 3 lbs. each, are connected .by a string 
^ssingover a smooth pulley; shew how to divide a mass of 12 lbs. 
between the two scale-pans so that the heavier may descend a distance 
of 50 feet in the first 5 seconds. 

18. Two strings ^ass'over a smooth pulley ; *bn one side they are 
attached to masses *of 3 and 4 lbs. respectively, and on the other to 
one of 5 lbs. ; find the tensions of the strings and the acceleration of 
the system, 

19. A string hung ovena pulley has at one end a weight of 10 lbs. 
and at tbe other end weights of 8 and 4 lbs. respectively ; after being 

• in motion for 5 seconds the 4 Ib. weight is taken off ; find how much 
further the weights go before they first come to rest. 

20. unequal masses are connected by a string passing over 
a small smooth pulley ; during the ensuing motion shew that the 
thrust of the axis of the pulley upon its supports is always less 
than the sum 'of the weights of the masses. '* 

21. A stripg passing across a smooth table at right angles to two 
opi^Bite edges has attached to it at the ends two masses P and Q 
which hang vertically. Prove that, if a mass M be attached to the 
portion of the string which is on the table, the acceleration of the 
system when* left' to itself wiU be 

P+Q+M^- 
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77. Motion on a rough plane. A •par tide 
slides down a rough plane inclined to the horizon at dn 
angle a; if p he the coejfftcient of friction^ to det&rmine the 
motion. 

Let 7/1 be the mass of the particle, so that its weight is 
mg poundals ; let bo the normal reaction of the plane, 
and pR the friction. 



mg 


The total force perpendicular to the plane is 
(^R — mg cos a) poundals. 

The total force down the plane is (mg sin a — /*i{) 
poundals. • • • • 

Now perpendicular to the plane there cannot be any 
motion, and hence there is no change of motion. 


Hence the acceleration, and therefore the total force, in 
that direction is zero. 

.*. — m^cos a==0....n (1). 

Also the acceleration down the plane 


moving force mg sin a — u.R , . 

Si ^^3 f— g (sin a - 

mass moved m * ' 


/A tos a), by (1). 


Hence the velocity of the particle after it has moved 
from rest over a length I of the plane is, by Art. 32, equal 
to >j2gl (sin a — /a cos a). 


6—2 
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Similarly, if the particle were projected up the plane, 
we have to change the sign of fi, and its acceleration in 
a direction opposite to that of its motion is 
^ (sin a-\- fi cos, a). 

78 . Two equally rough vudincd pla7ies^ of equal height^ 
whose inclinatious to the horizon are a'lid a^, are placed 
hack to hack; two masses^ and are placed on their 
inclhicd faces and are connected hy a light inexteusihle string 
passing over a smooth pulley at the common vertex of the two 
planes ; if vii descend^ find the resulting motion. 

Let T be the tension of the siring, A\ and the 
reactions of the planes, and p tlie coetlicieiit of friction. 



Since nii moves down^ the friction on it Jicta np the 
plane. 

Since ni^ moves up^ the friction on it acts down the 
plane. 

Hence the total force on down the piano 

^ =mi/7sinai-^-;aZ?i ^ 

ai’-p COS tti) — T, 

Hence, if f be the common acceleration of the two 
particles, we have 

m^g (sin Oi — /a cos viif, ( 1 ). 
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Similarly, the total force on itu up the plane 
~ T — 1x^2 — Ola 

- T -- [sin + /i.^os an]. 

Hence 

T—m^g (sin Qo + /x cos a..) -- 

Adding (1) and (2), wo have 

L~ (sin tta + /X cos a.j)J 
giving the required acceleration. 


.( 2 ). 


79 . A irnin, of mass 50 tonSf is ascf^nlbaj an incline of 
1 in 100; the emjine exerts a comtant tractive force equal to 
the weight of 1 ton, and the resistance due to f notion etc, may 
bo taken at 8 Ihs, weight lior ton ; find the acceleration with 
which the train ascends the incline. 

The train is retarded by the resolved part of its weight 
down the incline, and by the resistance of friction. 

The latter is equal to 8 x 50 or 400 lbs. wt. 

The incline !s at an angle a \o Iho horizon, wliere 
sina-^Jo. 

Tlio resolved' part of the weight dow’ii tlie incline 
therefore • 

— W sin a -- 50 X 224.0 x ^ Ihs, wt. 

1 120 lbs. wt. 

Hence the total force to retard the train 1520 lbs. wt 

But tlie engine pulls with a force equal* to 2240 lbs. 
Mteight 

Therefore the total force to increase the speed eijuals 
(2240—1520) or 720 lbs. weight, i.e. 720g paundals. 

Also the mass moved is 50 x 2240 lbs. 
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Hflnue the acceleration 

50 X 2240 


Since the acceleration is known, we can, by Art. 32, 
find the velocity acquired, and the space described, in a 
given time, etc. 


EXAMPLES. XI 

1, A mass of 5 lbs. on a rough horizontal table is connected by n 
string with a mass of 8 lbs. which hangs over the edge of the table ; if 
the coefTicient of friction bo hnd the resultant acceleration. 

Find also the coefficient of friction if the acceleration be half that 
of a freely falling body. 

2. A mass Q on a horizontal table, whose coefficient of friction is 
is connected by a string with a mass 3Q which hangs over the 

edge of the table ; four seconds after the commencement of the motion 
the string breaks ; find the velocity at this instant. 

Find also the distance of the new position of equilibrium of Q from 
its iifitlal position. 

3, A mass of 200 grammes is moved along a rough horizontal 
table bf means of a string which is attached to a mass of 
40 grammes hanging over, the edge of thO' table \ if the masses take 
twice the time to acquire the same velocity from rest that they do 
when the table is smooth, find the coefficient of friction. 

4. A body, ot mass 10 lbs., is placed on a rough plane, whose 
coefficient of friction is -^*and whose inclination to the horizon is 

• fs/o 

30° ; if the length of the plane be 4 feet and the body be acted on by a 
force, parallel to the plane, equal to 15 lbs. weight, find the time that 
elapses before it reaches the top of the plane and its velocity there. 

6. If in the previous question the body be coimectod with a mass 
of 15 lbs., hanging freely, by means of a string passing over the top of 
the plane, find *i>he time and velocity. ^ 

6. A rough plane is 100 feet long and is inclined to the horizon |t 
an angle sin"^ f, the coefficient of friction being and a body slides 
down it from rest at the highest point ; find its velocity on reaching 
the bottom. , 

If the body were projected up the plane from the bottom so as just 
to reach the top, find its initial velocity. 
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7, A particle slides down a rough inclined piano, whoso inclination 

to the horizon is ^ and whose coef&cient of friction is ~ ; shew that the 
4 4 

time of descending any space is twice what it would be if the plane 
were perfectly smooth. • 


8. Two rough planes, inclined at 30® and 60® to the horizon and 
of the same height, are placed back to back ; masses of 5 and 10 lbs. 
are placed on the faces and connected by a string passing over the top 


of the planes ; if the coefficient of friction be -7^ , find the resulting 
acceleration. 


9. If in the previous question the masses be interchanged, what 
is the resulting acceleration? 

10. A train is moving on horizontal rails at the rate of 15 miles 
per hour ; if the steam be suddenly turned off, find how far it will go 
before stopping, the resistance being 8 lbs. per ton. 

11. If a train of 200 tons, moving at the rate of 30 miles per 
hour, can be stopped in 60 yards, compare the frictional resistances 
with the weight of a ton. 

12. A train is running on horizontal rails at the rate of 30 miles 

p.ir hour, the resistance due to friction, etc. being 10 lbs. wt. per ton ; 
if the steam be shut off, find (1) the time that elapses before the train 
comes to rest, (2) the disWee described in this time. • 

13. In the previous question if the train be ascending an incline 
of 1 in 112, find the corresponding time and distance. 

14. A train of^ass 200 tons is running *at the rate of 40 miles 
per hour down an incline of 1 in 120 ; find the resistance necessary to 
stop it in half a mile. 

15. A train runs from rest for 1 mily down a plane whose descent 
is 1 foot vertically for each 100 feet of its lenj^th ; if the resistances 
be equal to 8 lbs. per ton, how far will the tram bo ,d.rried along the 
horizontal level at the foot of the incline ? 


16. A train of mass 140 tons, travelling at the rate of 15 miles 
per hour, comes to the top of an incline of 1 in 128, the length of the 
incline being half a mile, and steam is then shut off ; taking the 
resistaifco cftie to fridtion, etc. as 10 lbs. wt. per ton, find the distance 
it describes on a horizontal line at the foot of the incline before 
doming to rest. 

17, In the preceding question, if on arriving at the foot of the 
incline a brake-van, of weight 10 tons, have all its wheels prevented 
from revolving, find the distance described, assuming the coefficient of 
friction between the wheels and the line to be *5. 
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18. An engine, of mass 30 tons, pulls after it a train, of mass 
1‘30 tons ; supposing the friction to be weiglit of the whole 

train, calculate the force exerted by the engine if at the end of the first 
mile from the start the speed bo raised to 45 miles per hour. 

What incline would bb just sufficient to prevent the engine from 
moving the train? 

Also down what incline would the train run with constant 
velocity, neither steam nor brakes being on? 

80 . A body, of mass m lbs., is placed on a horizontal 
plane tvhich is in motixni with a vertical 'upward acederor 
lion f ; find the reaction between tlw body a'nd the plane. 

Let R be the reaction between the body and tlie plane. 

Since the acceleration is ver- 
tically upwards, the total force 
acting on the body must be ver- 
tically upwards. 

The only force, })esides R, 
acting on the body is its weight 
mg acting vertically dov, nwards. 

Hence the total force is R — mg yortically upwards, and 
this produces an acceleration f ; hence 
R — 'mg -- mf giving R. 

In a similar manner *dt may be shewn that, if the body 
be moving with a downward acceleration f the reaction R^ 
is given by 

mg — = mf 

Wo note that the reaction is greater or less than the 
weight of the body, according as the acceleration of the 
body is upwards or downwards. 

Bz, X. Hie body ia of mass 20 lha. and ia moving with (1) an 
« upward accelerUtion. of 12 ft.~acc, units, (2) a downward acceleration of 
the same magnitude; find the reactions* 
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In Ihc first case we have 


A'-‘i0./7:=20.12. 

7^=20(32 + 12) poundal3=wt. of 27^ Iba. 
In the second case we have ^ 

2(f.f/-A\ = 20.r2. 

7(:=20(32- 12) poundals=wt. of 1*21- lbs. 


Ex. 2. Two scale-pans^ each of mass ill, are connected Inj a litjht 
striiKj pnssiiuj oner a small pulley^ and in Lheni are placed masses M[ 
and shew that the reactions of the pans dnriny the motion are 


.V, + 31 J + 2M Mj + -Uj + 2.1/ ■ 

respectively. 

Let / be the cojninon acceleration of the system, and suppose 


Then, as in Art. 71, we have 

Mi 

231^31, kVj''’ 

Let P 1)0 tlie roMC'tion between and the scale-pan on which it 
rests; then the force on the mass il/^, considered as a sepanUe body^ 
is - P. Also its acceleration is /. 

Hence M^y-P=Mify 

P^^r,(y-f) 

__ ^1^.17+ J/,) 

‘"2xU+il7i'+j4^' 


81 . Three vuches^of raiti fall in d certain district in 
J 2 hours. Assuming that the droj^s fall freely from a height 
of a quarter of a viile^ find the pressure on the ground yer 
square mile of the district due to tfie rain dvrina ihc storm, 
the mass of a cubic foot of water being 1000 Knc7)ce8, 

The amount of rain that falls on a square foot ilui ing 
the storm is ^ of a cubic foot, and its mass is 250 ounces. 
IlenceJbUe ma^ that falls per second „ 


250 

=-i6-" 


1 5 

12,'‘6l0, 60 ~ 144x96 


lbs, per sq. foot. 


The velocity of each raindrop on touching the ground is 
s/2 X gx 440 x 3, or 16 a^SSO ft. per second. 
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Therefore the inomenturn that is destroyed per second is 
1 r ^ 16v/330, or — units of momentum. 

144 X 96 'V .j g0^ 

But the number of units of momentum destroyed per 
second is equal to the number of poundals in the acting 
force (Art. 61). 

Hence the pressure on the ground per square foot 
= poundals. 


Hence the pressure per square mile 

= weight of 9 X 4840 x 640 x lbs. 

o3 X oo4 

= weight of 4 1 tons approximately. 


In general, if a jet of water hit a wall, the pressure on 
the wall per square foot is mv^ poundals, where v is the 
velocity in feet per ‘second and m 


is the mass of a cubic foot of water 
in lbs. For a mass mv hits the 
square foot in each second, and the 
velocity of each particle of the water • 
is t’, so that the total momentum 
destroyed per second = mv x v = mv“. 

82 . ' Atwood^s Machine. 

This machine is used to verify the 
laws of motion and to obtain a 
rough value for g. In its simplest 
form it consists of a vertical pillar 
AB firmly clamped to the ground, 
and carrying at its top a light 
pulley which will movie very freely. 
This pUlar is graduated and carries 
two platforms, D and and a 
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ring all of which can be affixed by screws at any height 
desired. The platform D can also be instantaneously 
dropped. Over the pulley passes a fine cord supporting 
at its ends two long tlnin equal weights, one of which, P, 
can freely pass through the ring E, Another small weight 
(?, called a rider, is provided, which can bo laid upon the 
weight P, but which cannot pass through the ring E, 

The weight Q is laid upon P and the platform D is 
dropped and motion ensues; the weight Q is left behind 
as the weight P passes through the ring; the weight P 
then traverses the distance EF with constant velocity, and 
the time T which it takes to describe this distance is care- 
fully measured. 

By Art. 74 the acceleration of the system as the weight 
falls from D to E is 

. (r 

(e+>)+>^’ 'Q + '2P^' 

Denote this by J\ and let J)E = h. 

Then the velocity v on arriving at E is given by 
v^==2/h. • • 

After passing P, the distance EF is described with 
constant velocity v. 

Hence, if EF-h^y we have 

rn_K 

V ^Jifh 

Since all the quantities involved can l3e measured, this 
relation gives us the value of g. 

By giving different values to P, (?, h and Kt we can , 
in this manner verify all the fundamental laws of motion. 
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In practice, tlio value o£ g cannot by this method be 
found to any great degree of accuracy, and the interest of 
Atwood’s machine is cliiefly of an antiquarijin character; 
the chief causes of discrepancy aro^the mass of the pulley, 
which cannot be neglected, the friction of the pivot on 
which the wheel turns, and the resistance of the air. It 
is also difficult to accurately measure the times involved in 
the experiment. 

It will be noted that the object of both Galileo’s Inclined 
Plane [Art. 41] and of Atwood’s Machine is to lessen the 
effect of gravity so as to make its results measurable, or, as 
it has been well expressed, to “ dilute ” gravity. 

The friction of the pivot may be mininuserl if its ends 
do not rest on fixed supports, but on the circumferences of 
four light wheels, called friction wheels, two on each side, 
which turn very freely. 

There are other pieces of apparatus for securing the 
accuracy of the experiment as far as possible, e.g. for 
instantaneously withdrawing the platform D at the rtv- 
quired moment. , 

*. « I) 

83 . By using AtwootVs ntachine to shew that the acceleration of a 
given mass is proportional to the force acting on it. 

We shall assume that the statement is true and see whether the 
results we deduce therefrom are verified by experiment. 

To explain the method of procedure we shall take a numerical 
example. 

Let P be 49^ ozs. and Q 1 oz. so that the mass moved is 100 ozs. 
and the moving force is the weight of 1 oz. 

The acceleration of the system therefore (Art. 74). 

Let the dista nce BE be one foot so that tU^ velocity when Q is 

taken off=>y^ 2 . ft. per sec., if, for simplicity, we take g 

equal to 32. 

Let the platform F be carefully placed at such a point that the 
« mass will move from 7? to in some definite time, say 2 secs. 

Then EF=. yjs .2=^ feet. 
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Now alter the conditions. Make P equal to 48 and Q equal to 4 ozs. 
The mass moved is still 100 ozs. and the moving force is now tlve 
weight of 4 ozs. 

4q 

The acceleration is now , and the velocity at E 
100 • 




l=f feet per second. 


In 2 seconds the mass would now describe -y feet, so that, if our 
hypothesis be correct, the platform F must be twice as far from F as. 
before. • 2'his is found on trial to be correct. 


Similarly if we make P— 45^ ozs. and Q = 9 ozs., so that the mass 
moved is still 100 ozs., the theory would give us that EF should be 
feet, and this would be found to be coiTect. 

Tlie experiment should now be tried over again ah initio and P and 
Q he given dilTercnt values from the above; alterations should then be 
made in tlveir ditTercnt values so that 2P + Q is constant. 

By the same method to shew that the force varies as the mass when 
the acceleration is constant. 


As before let P^IO^' ozs. and Q=1 oz. so that, as in the last 
experiment, we have EF=j feet. 

Secondly, lob i’=99 ozs. and Q=2 ozs., so that the moving force 
is doubled and the mass moved is doubled. Hence, if our enimciation 
be correct, the acceleration should bo the same, since 
second moving force _ first moving force 
second mass movecl first mass moved ' 

The distance EF moved through in 2 seconds should therefore be 
the same as before, and thil, on trial, is fomd t^) be the case. 

Similarly if we make P~148j ozs. and Q = 3 ozs. the samo result 
would be found to follow. 

In actual practice some extra weight P must be put on in o»der to 
overcome the friction at the pulley, etc.* This should be dciermined 
before Q is put on ; it will be that weight which wil^ jUst make the 
P on which it is placed move very slowly and uniformly down to the 
ground. This weight R must be kept on when Q is added, and must 
not be counted as part of in tho above work. 


EXAMPLES. Xn. 

- • • 

1, If I jump off a table with a twenty-pound weight in my hand, 
what is the thrust of the weight on my hand ? 

2, A mass of 20 lbs. rests on a horizontal plane which is made to 
ascend (1) with a constant velocity of 1 foot per second, (2) with a 
constant acceleration of 1 foot per second per second^ find in each 
case the reaction of the plane. 
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3. A man, 'whose mass is 8 stone, stands on a lift which moves 
v^ith a uniform acceleration of 12 ft.-sec. units ; find the reaction of 
the floor when the lift is (1) ascending, (2) descending. 

4. A bucket containing 1 owt. of coal is drawn up the shaft of a 
coal-pit, and the reaction between the /soal and the bottom of the 
bucket is equal to the weight of 126 lbs. Find the acceleration of the 
bucket. 


5, A balloon ascends with a uniformly accelerated velocity, so 
that a mass of 1 cwt. produces on the floor of the balloon the same 
thrust which 116 lbs. would produce on the earth’s surface ; find the 
height which the balloon will have attained in one minute from the 
time of starting. 

6, Two scale-pans, each of mass 30 grammes, are suspended by n 
weightless string passing over a smooth pulley ; a mass of 300 grammes 
is placed in the one, and 240 grammes in the other. Find the tension 
of the string and the reactions of the scale-pans. 

7, A string, passing over a smooth pulley, supports two scale- 
pans at its ends, the mass of each scale-pan being 1 ounce. If masses 
of 2 and 4 ounces respectively be placed in the scale-pans, find the 
acceleration of the system, the tension of the string, and the reactions 
between the masses and the scale-pans. 

8, On a certain day half an inch of rain fell in 3 hours ; assuming 
that^ the drops are indefinitely smnJl and that the terminal velocity 
was 10 feet per second, find the impulsive pressure in tons per squaro 
mile consequent on their being reduced to rest, assuming that the 
mass of a cubic foot of water is 1000 ounces and that the rain was 
uniform and continuous. 

9, Find the pressure in lbs. wt. per acre due to the impact of a 
fall of rain of 3 inches in 24 hours, supposing the rain to have a 
velocity due to falling freely through 400 feet. 

10 , A jet of water is projected against a wall so that 300 gallons 
strike the wall per second with a horizontal velocity of 80 feet per 
second. Assuming that a gallon contains 277-^ cubic inches and that 
the mass of a cubic foot of water is 1000 ounces, find the reaction of 
the wall in pounds’ weight. 

1 1, The two masses in an Atwood’s machine are each 240 grammes, 
and an additional mass of 10 grammes being placed oh one of them 
it is observed to descend through *10 metres in 10 seconds; hence 
shew that <7 =^980. ' 

12 , Explain how to use Atwood’s machine to shew that a body 
acted on by a constant force moves with constant acceleration. 
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13. Sixteen balls of equal mass are strung like beads on a string; 
some are placed on a smooth inclined plane of inclination sin*^ -Jf, and 
the rest hang over the top of the plane; how have the balls been 

arranged if the acceleration at first be^? 

« • 

14. Two bodies, of masses P and Q, are connected by a stretched 
string ; P hangs vertically and Q is placed on a smooth plane inclined 
at 80*^ to thediorizon, the string passing over the top of the plane; if 
P descend from rest through a given distance in 4 times the time in 
which it would fall freely from rest through the same distance, find 
the ratio of P to Q. 

15. P hangs vertically and is 9 lbs. ; Q is a mass of 6 lbs. on a 
smooth plane whose inclination to the horizon is 30^; shew that P 
will drag Q up the whole length of the plane in half the time that Q 
hanging vertically would take to draw P up the plane. 

16. If the height of an inclined plane bo 12 feet and the base 
16 feet, find how far a particle will move on a hoiLzontal i>lane after 
sliding from rest down the length of the inclined plane, supposing it 
to pass from one plane to the other without loss of velocity, and that 
the coefficient of friction for each plane is . 

17. Shew that a train going at the rate of 30 miles per hour will 

bo brought to re.st in about 84 yards by continuous brakes, if they 
press on the wlieels with a force equal to three-quarters of tho weight 
of the train, the coellicient of friction being -10. ^ 

18. A train of mass 50 tons is moving on a level at the rate of 
30 miles per hour when the steam is shut oil, and the brake 
applied to the brake-van the train is stopped in a quarter of a mile. 
Find the mass of.the bftike-van, taking thif coefiicient of friction 
between the wheels and rails to bo one-sixth, and supposing the un- 
locked wheels to roll without sliding. 

19. A mass m is drawn up a smooth inclined plane, of height h 
and length Z, by means of a string passing over the vertex of i lio plane, 
from the other end of which hangs a mass mi. Shr:- i,hat, in order 
tliat m may just reach the top of the plane, musu do detached after 
m has moved through a distance 

m + w' hi 

m* 7i + Z ’ 

20. Tvg) miiBBe%are connected by a string passitig over a small 
pulley ; shew that, if the sum of the masses be constant, the tension 
of the string is greater, the less the acceleration, t 

21. A mass hanging at the end of a string, draws a mass 
along the surface of a smooth table; if the mass on the table be 
doubled the tension of the string is increased byonc<*hal£; find the 
ratio of to 
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22. Two bodies, of masses 9 and 16 lbs. respectively, are placed 
OP a smooth horizontal table at a distance of 10 feet ; if they were 
now to attract each other with a constant force equal to 1 lb. wt. at all 
distances, find after what time they would meet. 

23. Ill tlie of single movable pulley tlie free end of 
the string passes round a fixed pulley and supports a weight P greater 
than ^W, where W is the weight suspended from the movable pulley. 
Find the tension of the string during the ensuing motion, the three 
parts into which it is divided by the pulleys being parallel. 

24. A mass in will just support a mass M in a system of 
two pulleys in which each string is attached to ilf, the strings being 
parallel. A mass m is now attiiched to M\ find the subsequent 
motion, neglecting the weights of the pulleys. 

25. A system of three movable pulleys, in which all the strings 
are vertical find attached to the beam, is emiiloyed to raise a body, of 
mass 1 cwt., by means of one of mass 15 lbs. attached to a string 
passing over a smooth fixed pulley. Shew that the body will rise with 

acceleration , the masses of the pulleys being neglected. 

26. A string, with masses in and in* at its ends, passes over three 
fixed and under two movable pulleys, each of mass il/, hanging down 
between the fixed pulleys, the parts of the stririg between the pulleys 
being vertical. Find the condition that the movable pulleys should 
neither rise nor fall, and in this case determine the acceleration of 
m and m*. 

27. A rope hangs do^n over a smooth pulicy, and a man of 
12 stone lets himself rdown the portion Cl rope, on one side of the 
pulley with unit acceleration. Find with what uniform accelera- 
tion a man of llj stone must pull himself up by the other iiortion of 
the rope so that the rope may remain at rest. 

28. A man, of mass 12«BtonG, and a sack, of mass 10 stone, are 
suspended over a smoDth pulley by a roiMi of negligible weight. If 
the man pull himself up the rope so as to diminish what would be his 
acceleration by one-half, find the upward acceleration of the sack in 
this case, and shew that the acceleration upwards of the man relative 

to the rope is “ . 

29. A train, whose mass is 112 tons, is travelling at the uniform 
rate of 25 miles ^r hour on a level track, and the resistance duo to 
air, friction, etc. is 16 lbs. per ton. Part of the train, of mp.BB 12 tons, 
becomes detached. Assuming that the force exerted by the engine is 
the same throughout, find how much the train will have gained on 

' the detached pM after 50 seconds and the velocity of the train when 
the detached part comes to rest. 
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30. Two particles, of masses m and 2wi, lie together on a smooth 
horizdhtal table. A string which joins them hangs over the edge anc\ 
supports a pulley carrying a mass ; prove that the acceleration of 

99 

the latter mass is . 

• * f 

31. A smooth wedgct of miss is placed on a horizontal planet 
and a particUt of mass m, slides doten its slant fadk^ which is inclined 
at an angle a to the horizon; inove that the acceleration of the wedge 

Q mg Binit COBOL 
Af+jasin-o ’ 

[Let fi be the acceleration of the particle in a direction perpen- 
dicular to, and towards, the slant face ; f^ the horizontal acceleration 
of the wedge ; and li the normal reaction between the particle and 
the slant face, so that Jt acts in one direction on the particle and in 


the oxjposito direction on the wedge. Then 

vit\ = mg cos a- B (1), 

and Mf^ = Rsma (2). 


Also, since the particle remains in contact wMih the slant fac^, the 
acceleration must be the same as the acceleration of the wedge 
resolved in a direction perpendicular to the slant face. 

/i=/sSiuo 

Solving (1), (2), and (3), we liave/^.] 


( 3 ). 



CHAPTER VL 

IMPULSE, WORK, AND ENERGY. 

84. Impulse. Def. The impulse of a force in a 
given time is equal to the product of the force (if constant, 
and the m^an value of the force if variable^ and the time 
during which it acts, 

Tho impulse of a force P acting for a time t is therefore 
P,t, 

The impulse of a force is also equal to the momentum 
generated by the force in the given time. For suppose a 
particle, of mass m, nuning initially with velocity u is 
acted on by a constant force P f^r time t. If f bo the 
resulting acceleration, we have P~mf' 

But, if V Iw the velocity of the particle at the end of 
time t, we have ^v-u-k-ft. 

Hence the impulse —Pt — mft = rnv - mu 

= the momentum generated in the given time. 

The same result is also true if the force be variable. 

Hence it follows that the second law of motion might 
have been enunciated in the following form ; 

The change of momentum of a parade In a 
given time is equal to the impulse of the force 
which produces it and is in the same direction* 
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85. Impulsive Forces. Suppose wo have a force 
P acting for a time t on a body whose mass is m, and let 
the velocities of the mass at tlie beginning and end of this 
time bo u and r. Then by the last article * 
pT — vti(y — u). 

Let now the force become bigger and bigger, and the time 
T smaller and smaller. Then ultimately P will be almost ‘ 
infinitely big and r almost infinitely small, and yet their 
product may be finite. For example P may be equal to 

lO’^ poundals, t equal to seconds, and m equal to one 

pound, in which case the changt^ of velocity produced is 
the unit of velocity. 

To find the whole effect of a finite force acting for a 
finite time we have to find two things, (1) the change in 
the velocity of the particle produced by tho force during 
the time it acts, and (2) the change in tho position of 
the particle during this time. Now in the case of*an 
infinitely largo force acting for an infinitely short tim'^, 
tho body moves only a ¥ery short disj;ange whilst the force 
is acting, so that this change of position of the particle 
may bo neglected. Hence the total effect of such a force 
is known when we know the change of momentum vdiich 
it produces. • 

Such a force is called an impulsive force. Hence 
Def. An imptdsive force is a very great force acting 
for a very short time, so that the change in the position of 
the particle^ dwrinf the time the force acts oft it may he 
neglected. Its whole effect, is measured by its impulse, or 
the change 'of momentum produced. 

In actual practice we never have any experience of an 
infinitely great force acting for an infinitely short time. 

7—2 
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Approximate examples are, however, the blow of a hammer, 
and the collision of two billiard balls. 

The above will be true even if the force be not uniform. 

t 

In the ordinary case of the collii^ion of two billiard balls 

the force generally varies very ^considerabl}'. * 

% ' ^ 

Bz. 1. A body, whose mass is 9 lbs., is acted on by a force which 
changes its velocity from 20 miles per hour to 30 miles per hour. Find 
the impulse of the force. 

Am, 132 units of impulse. 

Bz. 2. A mass of 2 lbs. at rest is struck and starts oif with a 
velocity of 10 feet per second ; assuming the time during which the 
blow lasfs to be one-hundredth of a second, find the average value of 
theiorce acting on the mass. 

Am. 2000 poundals* 

Bz. Sf A glass'marble, whose mass is 1 ounce, falls from a height 
of 25 feet, and rebounds to a height of 16 feet ; find the impulse, and 
the average force between the marble and the floor if the time durihg 
whieh they are in contact be one- tenth of a second. 

4m. 4^ units of impulse ; 47 poundals. 

86. Impact of two bodies. Wlien masses A 
and D impinge, then, by the ihfrd la;v of motion, the 
tiction of A on 'D is, at each instant during which they are 
in contact, equal and opposite to that of B on A, 

Hence the impulse of the action ot A 6n B is equal and 
opposite to the impulse of the action of B on A. 

It follows that the change in the momentum of B is 
equal and opposite to the ch%nge in the momentum of A, 
and therefore the sum of these oHangai, meaarired in the 
same directibn, is zero. * 

Hence the sum of, the momenta of the iwo masses, 
measured |n the same direction, is unaltered by their 
impact. 
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Bx. 1. A body, of vwsx 3 Ibti., moving with velocity 13 feet per 
secmid overtakes a body^ ofnmss 2 Ihs.^ moving with velocity 3 feet pir 
second in the same straight line, and they coalesce and form one body ; 
find the velocity of this single body^ 

Let Vhe the required velocity. Then, since the sum of the momenta 
of the two bodies is unalterea by the impact, we have 

(3 +^2) 3 X 13 + 2 X 3 =r 46 units of momentum, ^ 

9 ft. per sec. 

Bx. 2. If in the last example the second body he moving in the 
direction opposite to that of the first, find the resulting velocity. 

In this case the momentum of the first body is Represented by 3 x 13 
and that of the second by -2x3. Hence, if be the required 
velocity, wo have 

(3 + 2) Fi = 3 X 13 - 2 X 3 = 33 units of momentum. 

ft. per sec. 

87. Motion of a shot and gun. When a gun is 
fired, the powder is almost instantaneously converged into 
a gas at a very high pressure, which by its expansion 
forces the sHbt out. The action of the gas is similar to 
that of a compressed spring trying to recover its natural 
position. The force exerted on the shot forwards is, at any 
instant befpre the shot leaves the gun, equal and opposite 
to that exerted on the* gun back wafds, "and therefore the 
impulse of this force on the shot is equal and opposite to 
the impulse of the force on the gun. Hence the momen- 
tum generat^ in the shot is equifl and opposite to that 
generated in the gnn, if the latter be free wO move. 

Bx. A shot, whose mass is 400 lbs. , is projected from a gun , of mass 
60 tons, with a velocity of 900 feet per second; find the resulting velo- 
city of the gun. > 

Since theenomentem of the gun is equal and oprasite to that of 
the shot we have,, if v be the velocity communicate to the gun, 
60 x 2240xf?=5400 x 900. 

.*. v=3^ft. per sec. 
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EXAMPLES. XIU. 

1, A body, of mass 7 lbs., moving with a velocity of 10 feet per 
second, overtakes a body, of mass 20 lbs., moving with a velocity of 
2 feet per second in the same direction as the first ; if after the imptict 
they move forward with a common velocity, find its im^uitude. 

2, A body, of mass 8 lbs., moving with a velocity of 6 feet per 
second overtakes a body, of mass 24 Jbs., moving with a velocity of 
2 feet per second in the same direction as the first ; if after the impact 
they coalesce into one body, shew that the velocity of the compound 
body is 3 feet per second. 

If they were moving in oi)posite directions, shew that after impact 
the compound body is at rest. 

3, A body, of mass 10 lbs., moving with velocity 4 feet per second 
meets a body, of mass 12 lbs., moving in the opposite direction with a 
velocity of 7 feet per second ; if they coalesce into one body, shew that 
it will have a velocity of 2 feet per second in the direction in which the 
larger body was originally moving. 

4, A shot, of mass 1 ounce, is projected with a velocity of 1000 feet 
per second from a gun of mass 10 lbs. ; find the velocity with which 
the latter begins to recoil, 

5, A shot of 800 lbs. is projected from a 40-ton gun with a velocity 
of 2000 feet per second; find the velocity with which the gun would 
commence to recoil, if free to^movc in the line of projection. 

6, A shot, of ma§s 700 lbs., is fired wWi a velocity of 1700 feet per 
second from a gun of mass 38 tons; if the rdboil bo resisted by a 
constant force equal to the weight of 17 tons, through how many 
feet will the gun recoil? 

7, A shot, whoso mass* is 800 lbs., is discharged from an 81 -ton 
gun with a velocity 1400 feet per second ; find tber constant force 
which acting on the gun would stop it after a recoil of 5 feet. 

8, A gun, of moss 1 ton, fires a shot of mass 28 lbs. and recoils 
up a smooth inclined plane, rising to a height of 5 feet ; find the initial 
velociQ^ of the projectile. 

88. IVbrk. We have pointed out'in Statres, Chapter 
XI, that a force is said to do work when it moves its 
point of application in the direction of the force. The 
work is n^asured by the product of the force and the 
distance through which the point of application is moved 
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in tlio direction of the force. Tlie unit of work used Try 
engineers is a Foot-Pound, which is the work done in 
raising tho weight of one pound through one foot. 

The British absolute unit of work is the work done 
})y a poundal in moving its point of application through 
one foot. 

This unit of work is called a Foot-Poundal. 

With tliis unit of work tho work dono by a force of P 
poundals in moving its point of ajiplication tlirough s feet 
is P . s foot-poundals. 

Since the weight of a pound is equal to ^-poundals, it 
follows that a Foot-Pound is 0(jual to g Foot- Poundals. 


Tlie e.G.s. unit of work is that dono by a dyne in moving its point 
of application through a centimetre, and is called an Srg. 


A Foot-Poundal _ 
An Erg 


Poundal x Foot 
Dyho X Centimetre 


= 13«00x ■- 


12 


neatly 


•3937 
[Arts. 66 and 3] 

= 421390 approx. 

When an agent is performing 1 Joule, i.e. 10^ Ergs, per secemd it 
is said to be working witli a jiGwcr of 1 Watt. One Horse-Power is 
equivalent to about 746 Watts. 


80. Sx. 1. What is tite 11,1*, of an eaujin^ which canjmi keep a 
train t of mass 150 moving at a uniform rate of 00 miles per hour, 
the resistances to thfi motion due to friction t the resistance of the air^ 
etc. being taken at 10 lbs, weight per ton? 

The force to stop the train is equal to the weight of 150 x lO, i,e, 
1500, lbs. weight. * 

Now 60 miles per hour is equal to 88 feet per soor*.a. 

Hence a force, equal to 1500 lbs. wt., has its point of application 
moved through 88 feet in a second, and hence the work done is 
1500x88 foot-pounds per second. 

If X be the n.p. of the engine, the work it does per minute is 
X X 33000 foq^-lbs., and hence the work per second is x^, 550 foot-lbs. 
a; X 550= 1500x88. 

.-. a; =240. 

XSx. 8. Find the least H.P. of an engine which is able in 4 minutes 
to generate in a trains of. mass 100 tons^ a velocity of SO^niles per hour 
on a level line^ the resistances due to friction^ etc, being equal to 8 lbs, 
weight per ton^ and the pull of the engine being assumed constant. 
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Since in 240 seconds a velocity of 44 feet per second is generated 

t 44 11 

the acceleration of the train must be s in or foot-second units. 

01 / h 

Let the force exerted by the engine be P poundals. 

The resistance due to friction is e<iual to 800 pounds’ weight; ^ 
hence the total force on the train is P>800^ poundals. 


Hence 


P-800f>=100 x 2240xy. 


P=800 (^g + poundals =800 ^ 1 weight 

12*5 

= 800 X lbs. weight. 

When the train is moving at the rate of 30 miles per hour, the 

125 

work done per second must be 800 x - x 44 foot-lbs. 

•Hence, if x be the h.p. of the engine, we have 

a;x 550=800 44. 

48 


Sx. 8. A train f of 100 i/t ofmending uniformly an incline 

of 1 in 280, and tlie resUtance due to frictim^ etc. is equal to 16 Ihs.per 
ton;* if the engine he of 200 H.P. and he working at full power , find the 
rate at whicK the train is going, ' 

The resistance due to friction, ete. is equal to the weight of 1600 lbs., 
and the resolved part^ of weight of thtf» train dbwn the incline is 
equal to the weight oi of 100 tons, or to the weight of 800 lbs., 
so that the total force to impede the motion is equal to the weight of 
2400 lbs. 

Let v'be the velocity of ^ the train in feet per second. Then the 
work done by the engine is that done in dragging a force equal to 
the weight of 2400 Ibsf. through v feet per second, and is equivalent to 
24OO1; foot-pounds per second, * 

But the total wor^ which the engine can do is qj. 


110,000 foot-pounds per second. 

Hence 24001? >110000, 

iibo 

and hence the velociiy of the train is 81^ miles per hour. 


60 
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EXAMPLES. XIV. 


1, A train, of mass 50 tons, is kept moving at the uniform rate 
of 30 miles per hour on the level, the resistance of air, friction, etc., 
being 40 lbs. weight per ton. Find the n.p. of the engine. 

2. What is the horse-power of an engine which keeps a train 
going at the rate of 40 miles per hour against a resistance equal 
to 2000 lbs. weight ? 


3. A train, of mass 100 tons, travels at 40 miles per hour up an 
incline of 1 in 200. Find the n.p. of the engine that will draw the 
train, neglecting all resistances except that of gravity. 

4, ^ A train of mass 200 tons, including the engine, is drawn 
up an incline of 3 in 500 at the rate of 40 miles per hour by an engine 
of 600 U.P.; .find the resistance x)6r ton due to friction, etc. 


6, Find the n.p. of' an engine which can travel af'the rate of 
25 miles per hour up an incline of 1 in 100, the mass of the edgine 
and load being 10 tons, and the resistances due to friction, etc. being 
10 lbs. weight per ton. 


6, ^ Determine the rate in ir.p. at which an engine must bo able to 

work in order to generate a velocity of 20 miles per hour on the level 
in a train of mass 60 tons in 3 minutes after starting, the resistances 
to the motion being taken at 10 lbs. per ton, and the acceleratioa 
being supposed to bo constant. ^ • 

7. A weight of 10 tons is dragged in Imlf-an-hour through n 
length of 330 feet up a rough plane inclined at an angle of 30® to the 

horizon; the coefficient of friction being , find the work expended, 

and the h.p. of an engine by which it will be done. 


8. Find the work done by gravity on a stone having a mass of 
\ lb. during the tenth second of its falldrom rest. 


9,, A steamer, with engines of 25000 n.p., -can ' o just kept going . 
at the rate of 20 miles per hour. What is the resistance of the water 
to its motion ? 


90. Xall6r^y« D6f** Ths Ehwrgy of a hody^ is its 
capacity for doing work and is of two kindfi. Kinetic a/n4 
Potential, 

The Kinetic^ESnerg^ of a body is the energy which it 
possesses by virtue of its motion,^ and is measwred by the 
amount of work that the body can perform agaiTist the im- 
pressed forces before its velocity is destroyed, , 
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A falling body, a swinging pendulum, a revolving fly- 
wlieel, and a cannon-ball in motion all possess kinetic 
energy. 

Consider the case ot a particle, <5f mass m, moving with 
velocity and let us find the work done by it before it 
comes to rest. 

Suppose it brought to rest by a constant force P re- 
sisting its motion, which produces in it an acceleration—/ 
given by P=mf, 

Ijet X be the space described by the particle before it 
comes to rest, so that 0 = + 2 ( —/) . x ; 

Hence the kinetic energy of the particle 

= work done by it before it comes to rest 
— Px = mfx — \7nu^. 

Hence the hhietic energy of a parUde is equal to the product 
of Ui mass and wie half the square of its velocity, 

91. Theoren^. To shew thatvihe change of kmetlc 
energy per unit of space is equal to the acting force. 

If a force P^ acting on a particle of mass wi, change its 
velocity from w to v in ^tiine t whilst the particle moves 
through a space ^ we have = %fs^ where f is the 

acceleration produced. 

/. = ( 1 ). 

This equatiott proves the proposition ^hen thfe force is 
constant. 

When the force is variable, the same proof will hold 
^if we take t po small that the force P does not sensibly 
alter during that interval 
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Cor. It follows from equation (1) that the change in 
the kinetic energy of a particle is equal to the work d6ile 
on it. 

On multiplying th» first and third relations of Art. 32 
by m, we have 

m (v — u) — mft Pt, 

and {v^ — vF) = wfs - Ps» 

These are often known as the MoTiientuiu and Energy 
Equations respectively. Expressed in words, they state that 
(Change of Momentum -- Force x Time, 
and Change of Kinetic Energy — Force x Space. 

92 . Tlie Potential Energy of a body is the work it 
can do by means of its position in passing from its present 
configuration to some standard configuration {usually called 
its zero position), 

A bent spring has potential energy [as in the case of a 
watch-spring which, by its uncoiKng, keeps a watch gbing], 
viz, the work it can do in recovering its natural shape. 

A body raised to a height above the; ground \e,g. a clock - 
weight, when the clock is wound up, a stone at the edge of 
a precipice, or water stored up in a reservoir] has potential 
energy, viz, the work its weight^can do as it falls to the 
earth^s surface, which is usually taken the zero of 
potential energy. Compressed air has potential energy, 
viz, the work it can do in expanding to the volume it would 
occupy in the atmosphere. 

93. ^A partfcle of mass m falls from rest at a height h 
above the ground; to shew that the sum of its potential and 
kinetic energies is constant throughout the motion. 

Let II be the point from which the paitiple starts, and, 
0 the point where it reaches the ground. 
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Tiet V be its velocity when it has fallen* through a 
distance HP{=^x)y so that v^= 2gx. 

Its kinetic energy at P = Jmv* = mgx 
Also its potential energy at P ** 

= the work its weight can do as it falls from P to 0 
= mg . OP ^mg{h — x). v 

Hence the sum of^its kinetic and potential energies at P 
= mgh. 

But its potential energy when at H is mgh^ and its kinetic 
energy there is zero. 

Hence the sum of the potential and kinetic energies is 
the same at P as at //; and, since P is any point, it follows 
that the sum of these two quantities is the same throughout 
the motion. 

As tho particle falls to the ground it will be noted that 
the potential energy which it has when at its highest point 
(and which was stored up in it as it was lifted intp that 
position) becomes transformed into kinetic energy, and this 
goes on continually <unttl the particle reac}ies the ground, 
when its store of potential energy becotnes exhausted. 

In the case of a pendulum the potential energy w^hich 
the bob possesses, when instantaneously at rest in its 
highest position, beAomes converted into kinetic energy as 
the bob swings down to its lowest position, and is re- 
converted into potential energy as the bob travels to its 
next position of instantaneous rest at the end of its swing. 

94 . The example of the pluvious article is an ex- 
tremely simple illustration of the principle of the Conser- 
vation of Energy, which may to stated {is follows : 

• . • ... 

If a body or system of bodies be in motion under a con- 
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servative sy%iem of forces, the mm of its kinetic and potential 
energies is constant. 

Forces, of the kind which occur in the material universe, 
are said to he conservaifive when they depend on the position 
or configuration only of the system of bodies, and TWt on the 
velocity or directio^i of motion of the bodies. 

Thus from a conservative system are excluded forces 
of the nature of friction, or forces such as the resistance of 
the air which varies as some power of the velocity of the 
body. Friction is excluded because, if the* direction of 
motion of the body be reversed, the direction of 'the friction 
is reversed also. 

When the forces are conservative, it is found that the 
amount of work required to bring a system from one con- 
figuration to another is always the same, and does not 
depend on the path pursued by the system during the 
alteration of its configuration. 

Referring to the case of a particle sliding down a rough 
plane of length I (Art. 77), we see that the kinetic energy 
of the particle.^on reaShiag the grodnd Is 

j7?i[2^Z(sin a — fi cos a)], i,e,, mgl sin a-~mglp cos a. 

Also the potential energy there, is zero, so that tiio sum 
of the kinetic and potential energies at foot of the 
plane is ’ * * ' 

mgl sin a — pmgl cos a. 

But the potential energy of th&^ particle when at the top 
of the plfcne is ihg , I sin a, so that the total* loss of visible 
mechanical energy of the particle in sliding from the 
top to the^ bottom of t^he inclined plane is pmgl cos a. 
This energy has been transformed and appears chiefly in 
the form pf heat, partly' in the moving body, and partly in 
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the plane ; it is ultimately dissipated into the surrounding 


air. 


Other cases of loss of kinetic energy occur in the examples of 
Art. 86. • , 

In each case the kinetic energy before impact 

= ^ . 3 X 13® + 5 . 2 X 32 = = 262 J foot-poundals. 

a a A 

In Ex. 1, the kinetic energy after impact 

= ^ . 5 . 92 — ~ 202 J foot-poundals. 

2t 2 

In Ex. 2, the kinetic energy after impact 

= 2 . 5 X ( ^ J = -j— = 108-9 foot-poundals. 

Hence in the two cases 60 and 153-6 foot-poundals of kinetic 
energy respectively are lost. 


95. fix. 1. A bullet^ of mms 4 oza,^ its fired itilo a target with a 
velocity of 1200 feet per second. The ma^s of the target is 20 Ihs, and 
it is free to move; find the loss of kinetic energy in foot-pounds. 

Let V be the resulting common velocity of the shot and target. 
Since ,no momentum is lost (Art. 86) \ve have 


, ... y -*00 , 

•• ’^- 27 * 

The original kinetic energy 1200* =180000 foot-pounebds. 


The final kinetic energy = 


1 

2 





20000 
■ 9 


foot-poundals. 


The energy lost ?= 180000 - 


20000 1600000 
9 

50000 


” 9 

ft.-lbs. 


foot-poundals 


It will be noted that, in this case, although no momentum is lost 
by the impact, yet ^ tbs of the energy is transformed. 

' It will be foiind that, in all cases of impact, kinetic energy is lost 
or rather transformed. 
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ESC. 2. Compare the "kinetic energiee of the shot and gun in the 
example of Art, 87. 

The kinetic energy of the shot = ^ . 400 x (900)® foot-poundals 


200x9002^^ 200x900® 

= --¥2-“-^’’®- = 32 
=2260 ft. -tons nearly. 

The kinetic energy of the gun 


ft. -tons 


= . f>0 X 2240 X ft.-poundals 
2.5 /4.5\2 

~82 ^ Vl4/ ft.-tons nearly. 

Tlio kinetic energy of the shot is thus 280 times that of the gun, 
although their morneiila are equal. 

It is to this great superiority in kinetic energy of the shot that its 
destructive' power is due. 


96 . When we take into account the energy which has 
been transformed into heat, sound, light and other forms 
which modern Physics recognizes as forms of energy, wo 
find that there is no real loss of energy in an isolated 
syst/cm which is left to itself. This doctrine of the 
indestructibility of energy is the central Principle of 
Modern Science. Tt may be expressed thus; 

E'neryy cannot he created nor can it he destroyed, but it 
may be transfornUd into any of the foi'nis which it can take. 

As a numerical illustration, it may be stated that 
778 foot-pounds of work is equivalent to the heat D*^c»..ssary 
to raise the temperature of 1 lb. of water by 1® Fahrenheit, 
Le. 778 foot-pounds is the mechanical equivalent of 
heat. 


EXAMPLES. XV. 

• • 

1, A oody, of mass 10 lbs., ia thrown up vertically with a velocity 
of 32 feet per second ; what is its kinetic energy (1) at the moment of 
propulsion, (2) after half a second, (3) .after one second? 

2. Find the kinetic energy measured In foot-pounds of a cannon- 
ball of mass 25 pounds dis^arged with a velocity of 200 feet per 
second. 
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Exs. XV 


3. Find the kinetic energy in ergs of a cannon-bjiU of 10000 
grammes discharged \vith a velocity of 5000 centimetres per second. 

4, A cannon-ball, of mass 5000 grammes, is discharged with a 
velocity of 5Q0 metres per second. Find its kinetic energy in ergs, 
and, if the cannon be freb to move, anc} have a mass of 100 kilo- 
grammes, find the energy of the recoil. 

5, A bullet, of mass 2 ounces, is fired into a target with a velocity 

of 1280 feet per second. The mass of the target is 10 lbs. and it is 
free to move ; find the loss of kinetic energy by the imp^tP in foot- 
pounds. * 

6. Compare (1) the momenta, and (2) the kinetic energies of a 
bullet of mass 4 ozs. and moving with a velocity of 1200 feet per 
second, and a cannon-ball of mass 15 lbs. moving with a velocity of 
40 feet per second. 

Find the uniform forces that would bring each to rest in one 
second and the distance through which each would move. 

97 . As a further illustration of the use of the Princii^lcs of 
Momentum and Energy, consider the following examples. 

Bz. X. A Hkimmert of mass M lhs,y falls frhm a height of h feet 
upon the top of a pile^ of inass m and drives it into the ground a 
distance a feet; find the resistance of the ground^ it being assumed to 
be constant and the pile being supposed inelastic. 

Find also the time during which the pile is in motioUf and the kinetic 
energy lost at the impact. 

Let u be {he velocity of the hammer on hitting the pile, so that 

• • u^=2gh f , (1). 

Let V be the velocity of the hammer and pile immediately after the 
impact. Then the principle of Conservation of Momentum gives 

+ m) vr= Mu ^ (2) . 

If P be the resistance of the ground in poundals, the forcse to resist 
the driving of the pile into the ground = I* - {M -h m) g. 

The Principle of the Conservation of Energy gives 
J m) [P - (JU+ m) p] . a. 

:.Pzz{M+m)g + (M+m) ^ 

^ A weight oil slightly more than ^ lbs. placed on the pile 
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would thus slowly overcome the resistance and just drive the pile 
down. • 

^ The principle of Momentum gives the time t during which the pile 
is in motion. For ^ 

[P- (ilf +?rt) //] X change in the momentum 

so that tx - 

M+m2a * 


M+m 2a /2 

' Tr ' 'u ~ ~ir ~ " V • 


The kinetic energy lost at the imi)act 
l tn)f2 
11- 

" - J/ + VI 

= i 

^ M -f VI 

= energy of the hammer on striking the pile. 

The greater that Jlf is compared with i.e. the greater is the mass 
of 4-he hammer compared with that of tho pile, the less is the fraction 
of the energy which is destroyed. 


Ex. 2. BKotlon of a hlcyele. A cyclist^ whotta weight added to 
that of hist machine is 200 Ihs., is riding on a level road at the rat 
10 wiles an hour; his hicycy is geared up 7{\and the length of the 
cranks is 7 inches; if the resistance to his motion he 5 Ihs. wt.jind the 
dtnenward thrust he nntst exert on his pedals and the rate at which he 
works compared with a Horse-Power. 

By saying that a bicycle is “geared up” to 70 inches, wi- moan 
that for every revolution of tho rider*? feet his bicycle advances 
through a distance oqtial to the circumference o< a wheel of diameter 
70 inches, i.e. he advances tt.TO inches. 

Let P be the downward thrust, supposed constant, in lbs. wt. 

Then in one complete revolution the work done =2 x Px ^^ft.-lbs. 

The work done against tho resistance to the machine in this time 
=5 TT . X 5 ft.-lbs. * 

Assummg that no work is lost on account of friction, in other 
words that the bicycle is a theorelioally perfect one, we have by 
equating these works, 

2 X P X X Yi ^ 5, 

i.e. P='^^ir-«39 j lbs. wt. nearly. 


L. D. 


8 
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The work done by the man per hour =5 x (5280 x 10) foot-pounds, 
work done per minute = 6 x 88 x 10. 

. . , . 6 X 88 X 10 2 

rate of working= — h-p* = 13- w-P- 

If the cyclist were asceruiing an inclme of 1 50 at the same rate^ 

find the downward thrust. 

For each complete revolution of the pedals he goes forward w . 70 
inches, i.e. ft., and therefore lifts himself and the machine 

through a vertical distance of doing must 

perform an extra x ir x y§- ft. -lbs. of work. In this case we then 
have 

2 X P X yJ . Y® X 5 + X TT . yj- , 

IT =: 70y lbs. wt. nearly. 


EXAMPLES. XVI. 


1. A shot of mass ni is fired from a gun of mass M with velocity u 
reli^ive to the gun ; shew that the actual velocities of the shot and gun 

are their kinetic energies are 

inversely proportional to their masses. 


A gun is mounted on a gun-carriage movable on a smooth 
horizontal plane, and the gun is elevated at an angle a to the horizon ; 
a shot is fired and leaves the gun in a direction inclined at an angle 0 
to the horizon ; if the^mas^ of the gun and its carriage be n times that 


of the shot, shew that 


tan d 




tana. 


3. A mass of half a ton, moving with a velocity of 800 feet per 
second, strikes a target and is brought to rest in ^ hundredth 
part oPa second, find the impulse of the blow on the target, and 
supposing the resistance to be uniform throughout the time taken to 
bring the body to rest, find the distance through wl^ioh it penetrates. 

4. A mass of 4 cwt. falls from a height of 10 feet upon an inelastic 
pile of mass 12 cwt. ; supposing the mean resistance of the ground to 
penetration by the pile to be I-} tons’ weight; determine the distance 
through which the pile is driven at each blow, and the time it takes to 
travel this distance. 

Find also what fraction of thd energy is dissipated at each blow. 

5. A bullet, of mass 20 grammes, is shot horizontally from a rifle, 
the barrel of which is one metre long, with a velocity of 200 metres per 
second into a mass of 60 kilogrammes of wood floating on water. If 
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the bullet buries itself in the wood without making any splinters or 
causing it to rotate, find the velooity of the wood immediacy after tt- 
is struck. 

Find also the average force in grammes* weight which is exerted on 
the bullet by the powder. • 

6. A hammer, of moss 4 cwt., falls through 4 feet and comes to 
rest after striking a mass of iron, the duration of the blow being 

of a second; find the force, supposing it to be uniform, which is 
exerted by the hammer on the iron. 

7. Masses m and 2wi are connected by a string passing over a 
smooth pulley; at the end of 3 seconds a mass m is picked up by 
the asfeending body; find the resulting motion. 

8. Two equal masses, A and JB, are connected by an inelastic 
thread, 3 feet long, and arc laid close together on a smooth horizontal 
table 3^ feet from its nearest edge ; B is also connected by a stretched 
inelastic thread with an equal mass G hanging over the edge. Find 
the velocity of the masses when A begins to move and also when B 
arrives at the edge of the table. 

9. Two masses of 6 and 7 lbs. respectively are connected by a 
string passing over a fixed smooth pulley; at the end of 3 seconds 
the larger mass impinges on a fixed inelastic horizontal plane ; shew 
that the system will be instantaneously at rest at the end of ^ seconds 
more. 

10. A string over a pulley supports a mass of 6 lbs. on one siue 
and of 2 and 3 lbs. on the either, tne lower ma^s 2 lbs. being ^stant 
1 foot from the othef. The two-pound weight is suddenly raised to 
the same level as the other and kept from falling. Shew that the 
string will become taut in half a second, and that the vrholo system 
will then move with a uniform velocity of 3*2 ft. per sec.. 

• 

11. Twd equal weights, P and (?, connected by a string i^ssing 
over a smooth pulley, are moving with a common velocity, P descend- 
ing and Q ascending. If P be suddenly stopped, and instantly let drop 
again, ^nd the time that elapses before the string is again tight. 

12. A mass M after falling freely through a feet begins to raise a 
mass m greater than i^lf and connected with it by means of an 
inextensiele eUking polking over a fixed pulley. She^ that m will 
have returned to its original position at the end of 'time 

2M /S 
ni - M V g ' 

Fmd also what fraction of the visible energy of M is destroyed at 
the i^tant when m is jerked into motion. 


8 —:? 



116 


DYNAMICS 


Exs, 


13. A lighfc inclastio string passes over a light frictionless pulley 
and has masses of 12 ozs. and 9 ozs. attached to its ends. On the 
9 oz..mass a bar of 7 ozs. is placed which is removed by a fixed ring 
after it has descended 7 feet from rest. How much further will the 
9 oz. mass descend? 

If whenever the 9 oz. mass passes up through the ring it carries 
the bar with it and whenever it passes down through the ring it leaves 
the bar behind, find the whole time that elapses before the system 
comes to rest. 

14. Two railway carriages are moving side by side with different 
velocities ; what is the ultimate effect of the interchanging of passen- 
gers between the carriages? 

15. A man of 12 stone ascends a mountain 11000 feet high in 
7 hours and the difficulties in his way are equivalent to carrying a 
weight of 3 stone ; one of Watt’s horses could pull him up the same 
height without impediments in 56 minutes ; shew that the horse does 
as much work as 6 such men in the same time. 

16. A blacksmith, wielding a 14-lb. sledge, strikes an iron bar 
25 times per minute, and brings the sledge to rest upon the bar after 
each blow. If the velocity of the sledge on striking the iron bo 32 feet* 
per second, compare the rate at which he is working with a horse- 
power. 


17. A steam hammer, of mass 20 tons, falls vertically through 
5 feet, being pressed downwards by steam pressure equal to the weight 
of 30 tons ; what velocity will it acquire, and how many foot-pounds 
of work will it do before coming to rest? 

18. A train of 150 tons, moving wifli a velocity of 50 miles per 
hour, has its steam shut off and the brakes applied, and is stopped in 
363 yards. Supposing the resistance to its motion to be uniform, find 
its value, and find also the mechanical work done by it i-ieasured 
in foot-pounds. 

19. A train, of mass 200 tons, is ascending an incline of 1 in 100 

at the rate of 30 miles per hour, the resistance of the rails being equal 
to the weight of 8 lbs. per ton. The steam being shut off, and the 
brakes applied, the train is stopped in a quarter of a mile. Pind the 
weight of the l3rake-van, the coefficient of sliding friction of iron on 
iron being i-. ^ 

20. If B* bicyclist always works with h.p. and goes 12 miles 
per hour on the level, shew that the resistance of the rood is 
3*125 lbs. wt. 

If the mass of the machine and its rider be 12 stone, shew that 
up an incline' of 1 in 50 the speed will be reduced to about 5*8 miles 
per hour. 
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21. A man can bicycle at the rale of 16j- miles per hour on a 

smooth road. Ho exerts a down pressure, equal to 20 lbs. weiglft, 
with each foot during the down stroke, and the length bf this stroke is 
12 inches. If the machine be geared up to 63, hnd the work he does 
per minute. • 

22. A rifle bullet loses -^(jth of its velocity in passing through a 
plank; find how many such uniform planks it would pass through 
before coming to rest, assuming the resistance of the planks to bo 
uniform. 

23. A man sculling does E foot-pounds of work, usefully applied, 
at each stroke. If the total resistance of the water when the boat is 
moving n miles per hour be R lbs. weight, find the number of strokes 
ho must take per minute to maintain this speed. 

24. A bicycle is geared up to 70 inches; the rider works at 

H.P. and makes 60 revolutions per minute with his feet. Neglecting 

friction, find the resistance to his motion and the downward thrust on 
his pedals (supijcu^ed constant), if the length of the cranks be 
6:} inches. 

25. The mass of a rider and his bicycle is 180 lbs. ; the machine 
is running freely down an inclino of 1 in 60 at a uniform rate 
of 8 miles per hour ; shew that to go at the same rate up an incline of 

1 in 100 he must work at the rate of -1024 n.i*. 

26. A horizontal jet delivers 200 pounds of water per minute with 
a velocity of 10 feet per second against a fixed vertical plate set at right 
angles to the direction of the jet. What quantity of momentum 
is destroyed per second and what is the force, in lbs. weight, c.n 
the plate? 

Find also the rate at whi%h the jet is delivering energy and express 
it in terms of a horse-power. 

27. A hammer, of mass 3 lbs., is used to drivo a nail, of mass 

2 ozR., into a board, and the hammer when it strikes the nail bus 
a velocity of 8 feet per second. If each Ijow drives the nai^ half an 
inch into the board, find the resistance against which the nail moves, 
both nail and hammer being treated as inelastic. * 

Motion of the centre of inertia of a system of 
particles. 

*98. Theorem. If the velocities at any instant of 
any mimher of masses parallel to any line fixed in 

spcLce he u^, W3..., then the velocity parallel to that line of 
the centre of inertia of these masses at that instant is 

?W,W, + WloWg + . . . 
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At the instant under consideration let scg... be 

the distances of the given masses measured along this fixed 
line from a fixed point in it, and let 3! be the distance of 
their centre of inertia. « 

Then (Statics, Art. Ill), we have 

... 

mi + m3 + . . . 

Ijet a^', a!./... be the corresponding distances of these 
masses at the end of a small time t, and the corresponding 
distance of their centre of inertia. Then we have 
a:/ = 0 ?! + u^ty 
X^ ~ ai2 "I* 

X^=X^+UjLy 


Also 


mj 4- mg-*' ... ’ 

, 5 - _ - m^{ x(-x^ ) + 7n,{xi -0!^+ ... 

mi-Hm3+... 


^ 4- m 2 ^ 2 <t+ ... 

^ •//ii + m2+... 

«But, if H be the velocity of the centre of inertia parallel 
to the fixed line, we hs^ve »' = ® + uty 

. ® __ + . . . 

~ ^ "" mi + 77ia+... 

Hence the velocity of the centre of inertia of a system of 
particles in any given direction is equal to the sum of the 
momenta of the particles in that direduion, divided by the 
sum of the masses of the particles. 

Cor. If a system of particles be in motion in a plane, 
and their velocities and directions of motion are known, 
we can, by resolving these velocities parallel to two fixed 
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liTies and applying the preceding proposition, find the 
motion of their centre of inertia. 

*99 • Theorem. If accelerations at .cmy instant 
of cmy number of massed mj, •parallel to any line fixed 
in space, he fufifz^*^^ then the acceleration of the centre of 
inertia of these masses parallel to this line is 

mi/i + TMa/a-f ... 
mi + TWa + ... 

The proof of this proposition is similar to that of the 
last article. We have only to change Xi, Ui, x/, w/ into 
’Vj make similar changes for the other 

particles. 


Bx. 1. Two masses are connected hy a light string as in 

Art. 74 ; Jind the acceleration of the centre of inertia of the system. 


The acceleration of the maes Wj is g vertically downwards, 

.ind that of 7 /I 2 is the same in the opposite direction. 

Here then /, = - so that the acceleration of the dtntre 
t/tj 4- m-2 

of 

^ * • 

Bx, 2. Two bodies, of masses m and Sm, are connected by a light 
string passing over a smooth pulley ; shew that during the ensuing 

motion the acceleration of their centre of inertia is ? . 

4 


Bx. 3. Find the velocity of the centre of inertia of two masses of 
6 and 4 lbs. which move in parallel lines with velocities of B and 8 feet 
respectively, (1) when they move in the same direction, (2) when they 
move in opposite directions. 

Afis. fl) 5 feet per second ; (2) l|* feet per second in the direction 
in which tne second body is moving. 


Bx. 4. «Two masses, mn and m, start simnltanecusly from the 
intersection of two straight lines with velocities v and nv respectively ; 
shew that the path of their centre of inertia is a straight line bisecting 
the angle between the two given straight lines. 


Bx. 5. Two masses move at a uniform rate along two straight 
lines which meet and are inclined at a given angle ; Ihew that their 
centre of inertia describes a straight line with uniform velocity. 
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PEOJECTILES. 

100 . In the previous chapters we have considered only 
motion in straight lines. In the present chapter we shall 
consider the motion of a particle projected into the air 
with any direction and velocity. We shall suppose the 
motion to be within such a moderate distance of the 
earth’s surface, that the acceleration due to gravity may 
be considered to remain sensibly constant. We shall also 
neglect the resistance of the air, and consider the motion 
to be in vacuo ; for, firstly, the hiw of resistance of the air 
to tfie motion of a particle is not accurately known, and, 
secondly, even if this law were known, the discussion 
would require a nipch .larger range ,of knowledge of pure 
mathematics than the reader of the present book is sup- 
posed to possess. 

Def. When a particle is projected into the air, the 
angle that the direction in which it is projected makes 
with the liorizontal plane through the point of projection 
is called the angle of projection \ the path which the 
particle describes is called its trajectory; the distance 
between the «point of projection and thc5 point •where the 
path meets any plane drawn through the point of pro- 
jection is its range on the plane ; and the time that elapses 
^ before it again meets the horizontal plane through the 
point of projection is called the time of flight. 
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101 . If the earth did not attract a particle to itself, 
the particle wouVd, if projected into the air, describe a 
straight 4ine ; on account of the attraction of the earth, 
however, the particle describes a ciwved line. This curve 
will be proved in Art. 1 1 3 to be always a parabola. 

Let 7^ bo the point of projection, u the velocity and 
a the angle of projection ; also let PAP be the path of the 
particle, A being the highest point, and P’ the point where 
the path again meets the horizontal plane through P, 


A 



By the principle of the Physical Indepondeiict^ oi 
Forces (Art. 71), tluf weight of the lx)dy only has effect 
on the motion of the body in the vertical direction; it 
therefore has no effect on the velocity of the body in the 
horizontal direction, and this homzontal velocity iherefore 
remains unaltered. • 

The horizontal and vertical components of the initial 
velocity of the particlo are u cos a and u sin a respectively. 

The hprizontftl velocity is, therefore, tljroughout the 
motion equal to u cos a. 

In the vertical direction the initial velocity is u sin a 
and the acceleration is -g, [for the acceleration due to^ 
gravity is g vertically, dovmwards, and we are measuring 
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our positive direction upiJoard8\ Hence the vertical motion 
is*the same as that of a particle projected vertically up- 
wards with velocity t6sina, and moving vrith acceleration 
- 9 - 

The resultant motion of the particle is the same as that 
of a particle projected with a vertical velocity u sin a inside 
a vertical tube of small bore, whilst the tube moves in a 
horizontal direction with velocity u cos a. 

102 . To find the velocity and direction of motion after 
a given time hda elapsed. 

Let V be the velocity, and 6 the angle which the direc- 
tion of motion at the end of time t makes with the hori- 
zontal 

Then v cos 0 = horizontal velocity at end of time t 

= u cos a, the constant horizontal velocity. 

Also V sin 6^ the vertical velocity at end of time t 
= u sin ft — gt. 

Hence, by squaring and adding, 

V® sin a -f- 

and, by division, tan d = - . 

^ cos a 

103 . To find the velocity and direction of motion at a 
given height. 

Let V be the magnitude, and 0 the inclination to the 
horizon, of tjie velocity of the particle at«ji givei^ height h. 
The horizontal jiiid vertical velocities at this point are 
therefore vcos^ and vsin^. 

Hence * 

vcos 0 = w cos a, the constant horizontal velocity... (1), 
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Also, by Art. 32, 

V Bin 0 =-- tj sin® a - 2gh. 
Squaring and adding (1) and (2), we have 


• = 2gfi, 


Also, by division, 


tan 0 — 


sju^ silica - 2gh 
u cos a 




104 . To find the greatest height attained hy a projectile^ 
and the time that elapses before it is at its greatest height. 

Let A (Fig. Art. 101), be the highest point of the path. 
The projectile must at ^ be moving horizontally, and lienee 
the vertical velocity at A must be zero. 

Hence, by Art. 32, 

0 sin^ a—2g. MA, * 



giving the greatest height attained. 

Let T be the time from P to ; then T is the time in 
which a vertical velocity u sin a is destroyed by -gravii,^ . 
Hence, by Art. J2, 0 = sin a - gT, 

, . ^ ^ sin g 

9 ' 

giving the required time. • 

105 . To find the range on tlie horizontal plane and the 
time of flight. 

When the projectile arrives at (Fig. Art. 101), the 
distanc6-it has described in a vertical direction is zero. 
Hence, if t be the time of flight, we have by Art. 32 (1 ), 
0 = H sin aJt — \g^* 

t = = twice the time to thd highest point. 
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During this time t the horizontal velocity remains constant 
and^'equal to u cos a. 

/. PP' = horizontal distance described in time t 
% 

sin a cos a 
— u cos a , t~ ^ . 

(J 

Hence the range is equal to twice the product of the initial 
vertical and horizontal velocities divided by g. 

106. For a given velocity of projection^ w, to find the 
maximuin horizontal range^ and the corresponding direction 
of projection. 

If a be the angle of projection, tlio horizontal range, by 
the previous article, 

sin a cos a _ “W® sin 2a 
^ - . 

Also sin 2a is greatest when 2a = 90“,, that is, when 
a=45‘\ 

Hence the range on a horizontal piano is greatest when 
the initial direction of projection is at fin angle of 45“ with 
the horizontal through the point of projection. 

The magnitude of this maximum horizontal range is 

sin 90 , ^.e., — . 

9 9 

107. To shew that, with a given velocity of projectio^i, 
there are for a given horizontal ra/nge in general two di- 
rections of projection, which a/re equally ^ihclindd to the 
direction of inaximum projection. 

By Art. 105, the range, when the angle of projection 

. u® . ^ 
iS a, IS sin 2tt. 

9 
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Also, when the angle of projection is ^ — a, the range 

vr , fir \ . u^, 

— sin 2 f ^ — fi j = — sm (tt - 2a) - — sin 2a. 

Hence we liave tlie same horizontal range for the angles 
of projection a and ? — a. 

These directions are equally inclined to the horizon and 
the vertical respectively, and are therefore equally inclined 
to the direction of maximum range, which bisects the angle 
between ihe horizontal and the vertical. 

108. Ex. 1. A huUct is projected, n ith a velocity of 640 feet per 
second, at an. amjle of 30” with the hvrizontnl; find (1) the greatest 
height attained, (2) the range on a horizontal plane and the time of 
flight, and (3) the velocity and direction of motion of the bullet when it 
is at a height of 576 feet. 

The initial horizontal velocity 

= 610 cos 30” =640 x =3‘20;^/3 leert per second. 

A 

The initial vertical velocity =640 sin 30° =320 feet per secona. 

i\ . , 

(1) If h be tfie greatest height attained, then h is the distance 
through which a particle, starting with velocity 320 and moving with 
acceleration goes before it comes to rest. 

0=d20^-2gi.; 

••• ^=i^^5 = 1600l4t. 

2 X 32 

(2) If t bo the time of flight, the vertical distance described in 
time t is zero. 

0=r320«-|i/«»; 

640 

{ = — = 20 seconds. 

9 

The horizontal range*: the distance described in 20 seconds by a 
particle moving with a constant velocity of 320,^3 ft.^per sec. 

=20 X 320i^3= 11085 feet approximately. 
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(3) If V be the velocity, and 0 the inclination to the horizon, at 
a height of 576 feet, we have 

t?* Bin2^=320*-2^. 576=322x64, 
and u2 cos2 d = (320^/3)2= 322 ^ 300. 

Hence, by addition, we have v=32 x ^^364= 610*5 ft. per sec. 

Also, by division, « 

so that, from the table of natural tangents, we have ^ = 24^47' 
approximately. * 

Hz. 2. A cricket ball is thrown with a velocity of 96 feet •per 
second; find the greatest range on the horizontal plane, and the tivo 
directions in which the ball may be thrown so as to give a range of 
144 feet. 

If the angle of projection be a, the range, by Art. 105, 

2 . 962 ^ gin q QQg ^ 902 ^ gin 2tt 

g g 

The maximum range is obtained when a =45^, and therefore 
962 

= = 288 feet = 96 yards^ 


When the range is 144 feet, the angle a is given by 


QgS 

— 8in2tt=U4. 

9 

. „ 144 x 32 144 

Bm2a_ “3x96' 


1 

2 * 


,*. 2a=30'», or 160®.e 
.*. a=15'^, or 75^ 


Bz. 3. A cannon ball is projected horizontally from the top of a 
tower, 4Q feet high, with a velocity of 200 feet per second. Find 

(1) the time of flight, * 

(2) the distance fiom the foot of the tower of the point at which 
it hits the ground, and 

(3) its velocity when it hits the ground, 

(11 The initial vertical velocity of the •ball is zero, find hence t, 
the time of flight, is the time in which a body^ falling freely under 
gravity, would describe 49 feet. * 

Hence 49 = . *2= lOt*. 

t =7 second. 

(2) During this time the horizontal velocity is constant, and 
tjjierefore the required distance from the foot of the tower 

* =200xJ= 350 feet. 
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(3) The vertical velocity at the end of second x 32=66 feet 
per second, and the horizontal velocity is 200 feet per second ; • 

IJie required vGlocity= /^200“+56®=8Ay674=207*7 feet nearly. 

Bx. 4. From the top qf a cliffy 80 fi^t hiflh, a simie is thrown so 
that it starts with a velocity of ISiS feet per second^ at an angle of 30** 
with the horizon; find wliere it hits the ground at thff^ bottom of the 
cliff. 

The initial vertical velocity is 128 sin 80**, or 64, feet per second, 
ahd the initial horizontal velocity is 128 cos 30°, or 64^3 > feet per 
second. 

Let T bo the time that elapses before the stone hits the ground. 

Then T is the time in which a stone, projected with vertical 
velocity 64 and moving with acceleration describes a distance 
- 80 feet. 

-80 = 64r- 

Hence seconds. 

During this time the horizontal velocity remains unaltered, and 
hence the distance of the point, where the stone hits the ground, from 
the foot of the cliff =820/^3= about 651 feet. 


EXAMPLES. XVII. 

1. A particle fs pi^jectcd at an angle a to the horizon with a 
velocity of u fcot per second; find the greatest height attained, the 
time of flight, and the range on a horizontal plane, when 

(1) u = C4, a =30°; 

(2f w=80, a=60°; • 

(3) «=96, tt=75°; 

(4) w=200, a=sin“^^. 

2. Find the greatest range on if horizontal plane when the 
velocity of projection is (1) 48, (2) 60, (3) lOO^eet per second. 

3. A shot leaves a gun at the rate of 160 metres per second; 
calculate the greatest distance to which it could be projected, and the 
height to which it would rise. 

4. If ft man pan^throw a stone 80 metres, how long is it in the 

air, and to %hat height does it rise ? • 

5. A body is projected with a velocity of 80 ft. per sec. in a 
direction making an angle tan’ ^ 8 with the horizon ; shew that it 
^rises to a vertic^ height of 90 feet, that its direction of motion is 
inclined to the horizon at an angle of 60° when itf^ vertical height* 
above the ground is 60 feet, and that its time of flight is about 4| secs. 
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6 * A ptojectUe is fired horizontally from a height of 9 feet from 
th^gtouna, and reaches the ground at a horizontal distance of 1000 
feet. Find its initial velocity. « 

7. A stone is thrown horizontally^ with velocity from the 

top of a tower of height h, * Find where itwill strike the level ground 
through the foot of the tower. What will dc its striking velocity? . 

8. A stoife is dropped from a height of 9 feet above the fioor of 
railway carriage which is travelling at the rate of 30 miles p^r hdur. 
Find the velocity and direction of the particle in space at the instant 
when it meets the fioor of the carriage. 

9. A ship is moving with a velocity of 16 feet per second, and 
a body is allowed to fall from the top of its mast, which is 144 feet 
high; find the velocity and direction of motion of the b^y, (1) at 
the end of two seconds, (2) when it hits the deck. 

10. A shot is fired from a gun on the top of a cliff, 400 feet high, 
with a velocity of 768 feet per second, at an elevation of 30°. Find 
the horizontal distance from the vertical line through the gun of the 
point where the shot strikes the water. 

11. From the top of a vertical tower, whoso lieight is g feet, a 
particle is projected, the vertical and horizontal components of its 
initial velocity bbing 6p and 8^^ respectively ; find the time of fiight, 
and the distance from the loot of the tower of the point at which it 
strikes the ground. 

12. A gun is aimed so that the shot stril^es horizontally the top 
of tho spire of Strasburg Cathedral, which is 141 metres high ; shew 
that, if the angle of projection be 6, then the velocity of projec- 
tion is nearly 268 metres per secend. 

13. Find the velocity and direction of projection ox a shot which 
passes in a horizontal 'direction just over tne top of a wall which is 
60 yards off and 75 feet high. 

14. A particle is projected at an angle of elevation sin**^ 4 , and 
its rknge on the horizontal plane is 4 miles; find the velocity of 
projection, and the velocity at the highest point of its path. 

15. Two balls are projected from the same point in directions 
inclin^ at 60° and 30° to the horizontal; if they attain the same 
height, what is the ratio of their velocities of projection? 

What is this ratio if they have the same horizontal range ? 

16. The velocity of a particle when at its •'greatest height is 

of its velocity when at half its greatest height; si^ew that^^^he angle of 
projection is 60°.** 

17. Find the angle of projection when the range on a horizontal 
^ane is (1) 4, (2) 4>/d times the greatest height attained. 

18. Find the angle of projection when the range to tbe 

•distance through which the particle would have4to 'f^*m- <p;der to 

acquire 4. velocity equal to its velocity of projection. ” 








